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PREFACE 


This  book  is  a  consolidation  of  the  tremendous 
amount  of  work  done  on  the  subject  during 
World  War  II  by  innumerable  investigators.  It 
may  be  used  as  a  basic  text  on  aviation  fire  con¬ 
trol  principles  for  use  in  the  training  of  officers 
in  the  military  academies,  in  ordnance  courses 
of  Reserve  Officers’  Training  Programs  at  uni¬ 
versities  and  colleges,  and  in  indoctrination 
courses  at  Armed  Forces  line  schools.  It  also 
may  be  used  to  great  advantage  by  scientists 
and  engineers  engaged  in  research  and  develop¬ 
ment  in  the  field  of  aviation  fire  control  in  mili¬ 
tary  establishments  and  in  the  laboratories  of 
academic  or  industrial  institutions  under  the 
auspices  of  the  government. 

The  text  presupposes  a  knowledge  by  the 
reader  of  the  mathematics  taught  in  the  usual 
undergraduate  college  calculus  course.  A  fami¬ 
liarity  with  vector  analysis  also  is  desirable  in 
following  the  development  of  the  theory  but  is 
not  essential  to  an  understanding  of  the  prin¬ 
ciples  and  the  conclusions.  The  main  vector 
operations  employed  in  this  text  are  defined  and 
briefly  explained  in  Appendix  A. 

The  specialized  nomenclature  and  notation 
adopted  in  this  book  represent  a  deliberate 
attempt  at  much-needed  standardization  in  this 
branch  of  military  science  and  considerable 
effort  has  been  expended  in  endeavoring  to 
harmonize  the  conflicting  opinions  and  usages 
encountered  among  the  various  principals  and 
pioneers.  The  commonly  accepted  standard 
mathematical  symbolization  has  been  adhered 
to  generally  and  any  deviation  rigorously  de¬ 
fined.  Numerous  diagrams  and  examples  have 
been  freely  included  to  illustrate  important 
concepts. 

It  is  to  be  noted  that  this  book  does  not,  as  a 
good  text  book  should,  contain  problems  the 
solution  of  which  is  designed  to  impress  upon 
the  student  the  principles  expounded.  The  omis¬ 
sion  is  partly  motivated  by  expedience  but  is 
mainly  the  result  of  the  authors'  opinion  that 
the  instructors  using  the  book  as  a  text  would 


be  in  the  best  position  to  formulate  problems 
commensurate  with  students’  requirements  and 
available  time.  It  is  hoped  that  such  problems 
can  eventually  be  compiled,  to  provide  a  sequel 
to  this  volume. 

This  text,  like  most  comprehensive  text  books, 
includes  the  work  of  many  contributors  to  the 
theory.  Although  the  authors  are  among  the 
list  of  contributors,  their  present  role  is  chiefly 
that  of  expositors.  In  the  exercise  of  this  func¬ 
tion,  it  is  impracticable  to  make  specific  acknowl¬ 
edgment  of  the  contributions  of  the  large 
number  of  scientists  who  played  a  part  in  the 
development  of  the  theory  of  aviation  fire 
control,  since  most  of  their  work  was  done,  and 
its  publication  remains,  under  military  security 
regulations  which  restrict  dissemination  of  the 
information.  It  is,  accordingly,  with  regret  that 
only  passive  credit  can  be  accorded  these  anony¬ 
mous  scientists  who  contributed  so  much  both 
to  the  theory  and  the  military  applications,  and 
whose  original  work  has  been  “borrowed”  in 
writing  this  book. 

It  is  possible,  however,  to  give  credit  to  those 
who  gave  direct  aid  in  the  preparation  of  this 
book.  Thus,  the  authors  gratefully  acknowledge 
their  indebtedness  to  their  associates  in  the 
Research  Department  at  the  Naval  Ordnance 
Plant  in  Indianapolis  for  their  criticisms  and 
suggestions  and  to  the  officials  in  the  Bureau  of 
Ordnance  for  their  encouragement  and  coopera¬ 
tion.  In  particular,  the  authors  are  grateful  to 
Dr.  L.  E.  Ward  of  the  Naval  Ordnance  Test 
Station  at  Inyokern,  California,  and  Dr.  Martha 
Cox  of  the  Naval  Ordnance  Plant,  Indianapolis, 
who  contributed  much  to  the  original  manu¬ 
script.  They  also  are  indebted  to  Mrs.  Mary 
Kelso  and  Mrs.  Nannie  Twineham  who  did  most 
of  the  computational  work  and  to  Mrs.  Janet 
Edwards  and  Mrs.  Eunice  Stultz  who  prepared 
the  manuscript. 

J.  F.  Heyda. 

K.  L.  Nielsen. 
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Chapter  I 

AEROBALLISTIC5 


PARTI.  REVIEW  OF  FUNDAMENTALS 


1. 1  introduction 

In  order  to  aim  a  projectile  toward  a  point  so 
that  it  will  collide  with  a  target  at  that  point,  it 
is  necessary  to  know  the  motion  of  the  projectile 
as  it  travels  the  required  distance  to  the  point. 
Hallistics  is  the  science  which  is  concerned  with 
the  motion  of  projectiles.  It  i.s,  therefore,  appro¬ 
priate  to  begin  the  theory  of  fire  control  with  a 
consideration  of  balli.stics.  The  theory  of  bal¬ 
listics  is  usually  separated  into  two  distinct 
parts : 

(1)  Interior  ballistics,  which  is  concerned 
with  the  motion  of  the  projectile  while 
it  is  still  in  the  bore  of  the  gun. 

(2)  Kxterior  ballistics,  Vv'hich  is  concerned 
with  the  motion  of  the  projectile  after 
it  leaves  the  muzzle. 

Although  no  discu.s.sion  can  be  complete  without 
considering  both  part.s,  in  the  theory  of  fire 
control  we  are  primarily  interested  in  exterior 
ballistics. 

In  fire  control  theory  the  term  projectile  may 
refer  to  any  missile  such  as  a  bullet,  rocket, 
bomb,  etc.,  which  io  projected  at  a  target.  The 
projecting  mechanism  will  henceforth  be  called 
the  gun.  Since  the  motion  of  a  projectile  de- 
)jends  upon  many  factor.s  such  as  its  shape,  size, 
weight,  initial  and  subsequent  velocities,  etc., 
any  general  theory  of  the  motion  of  projectiles 
must  be  specialized  for  particular  projectiles. 
The  clearest  approach  is  to  develop  the  theory 
for  bullets  and  make  the  necessary  changes  for 
rockets,  bemb.s,  and  other  projectile.^, 

A  detailed  treatment  of  the  theory  of  bal¬ 
listics  is  beyond  the  scope  of  this  book.  This 
chaiiter  will  consider  only  the  fundamental  prin- 
ciides  and  will  indicate  methods  for  the  determ¬ 
ination  of  the  necessary  data.  Since  this  book 
is  jirimarily  concerned  with  airborne  fire  control, 
all  comi)utations  will  be  specialized  to  aerial 
gunnery  and  the  ballistics  for  aerial  gunnery 
will  henceforth  be  termed  Aeroballi.stics. 


1.2  The  Coordinate  Systems 

In  order  to  describe  the  motion  of  a  projectile 
it  is  necessary  to  have  a  reference  coordinate 
system.  I.et  X,  Y,  Z  be  &  right-hand  set  of 
mutually  orthogonal  axes  with  their  origin  at 
the  muzzle  of  the  gun  and  such  that  the  (X,Y)- 
plane  is  horizontal  and  the  Z-axis  points  ver¬ 
tically  downward.  This  rectangular  coori  .nate 
system  is  shown  in  figure  2. 


Y  Z 


Figure  2.  —  Coordinate  System 

If  the  gun  is  mounted  in  a  moving  aircraft, 
this  rectangular  coordinate  system  is  then  mov¬ 
ing  with  the  gun  and  its  axes  can  be  defined 
more  closely  as  follows : 

the  X-axis  coincides  with  the  Armament 
Datum  Line  and  is  positive 
forward ; 

the  F-axis  coincides  with  the  aircraft’s 
lateral  axis  and  is  positive  along 
the  starboard  wing; 

the  Z-axis  coincides  with  the  aircraft  ver¬ 
tical  axis  and  is  positive  down¬ 
ward, 

The  motion  of  the  projectile  can  be  described 
in  terms  of  its  (X,Y,Z)  coordinates.  However, 
if  the  gun  is  moving  it  also  is  necessary  to  have 
a  coordinate  system  which  is  fixed  in  the  air 
m.ass  at  the  instant  of  fire.  Let  x,  y,  z  be  a  set 
of  axes  parallel  to  X,  Y,  Z  but  at  rest  in  the  air 
mass  and  such  that  the  origins  of  the  two 
systems  coincide  at  the  instant  of  projectile 
rclca.se.  For  a  gun  located  on  the  surface  of  the 
earth,  the  (x,?/) -plane  is  tangent  to  the  earth 
at  the  origin  and  is  often  called  the  datum  plane. 


I 


NAVORD  REPORT  1493  MATHEMATICAL  THEORY  OF  AIRBORNE  FC 


y 


Z 

Figure  3.  —  Coordinate  Systems 


It  is  convenient  to  have  still  a  third  set  of 
rectangular  axes,  tj,  moving  with  the  gun 
and  such  that: 

$  is  along  the  gun  bore  axis ; 

7;  is  in  a  vertical  plane  through  the  gun 
bore  axis  and  directed  away  from  the 
ground ;  and, 

i  is  in  a  horizontal  plane  and  directed  so 
that  the  ordered  set  (f,  ij,  t\  forms  a 
right-handed  system  of  coordinates. 

All  three  coordinate  systems  are  shown  in 
figure  .3.  The  airplane  is  assumed  to  be  flying 
in  a  horizontal  plane  and  the  angle  of  attack  of 
the  Armament  Datum  Line  is  ignored.  The 
restrictions  imiiosed  by  these  assumptions  will 
be  discussed  in  section  1.9,  Aerial  Gunnery. 

The  above  choice  of  sy.stems  of  coordinate 
axes  differs  from  the  usual  choice  employed  in 
surface  ballistics.  However,  it  coincides  with 
the  adopted  standards  in  the  discussions  of  air¬ 
craft  theories  and,  since  we  are  primarily  con¬ 
cerned  with  aeroballistics,  it  is  thought  to  be 
an  advantageous  system.  It  is  hoped  that  this 
change  of  notation  will  not  cause  too  much 
confusion  for  the  student  of  balli, sties. 


1.3  The  Trajectory 

The  tra.jectory  is  the  curve  in  space  traced 
by  the  center  of  gravity  of  the  projectile  a.s  it 
moves  through  the  air,  The  origin  of  the  trajec¬ 
tory  is  the  position  of  the  center  of  gravity  of 
the  projectile  at  the  instant  of  relea.se.  The 
tangent  to  the  trajectory  at  its  origin  is  the  line 
of  departure,  and  the  vertical  plane  through 
the  line  of  departure  is  the  plane  of  departure. 
The  angle  that  the  line  of  departure  makes  with 
the  horizontal  is  the  initial  angle  of  inclination 
of  the  trajectory  and  is  also  called  the  angle  of 
departure;  it  is  denoted  by 

If  the  coordinates  of  the  center  of  gravity  of 
the  projectile  are  specified  unitpiely  at  any  time  t 

•scribed.  Thus  the  trajectory  is  defined  by 
X  -  X(t) 

Y  -  Y(t) 

Z  =  Z(t) 

where  X(1),  Y(i),  Z(t)  denote  functions  of 
time  t.  The.se  functions  must,  of  course,  be  zero 
when  f  =  ().  1'he  coordinates  of  the  center  of 
gravity  of  the  jirojectile  may  be  expressed  in 
terms  of  the  coordinate  systems  (X,  Y,  Z)  or 
(t,  y,  CJ,  but,  for  reference  to  inertia!  space, 
these  coordinates  must  be  transformed  to  the 
space  coordinates  x,  y,  z. 
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(a)  FIELD  ARTILLERY  (b)  ANTIAIRCRAFT  (c)  HORIZONTAL 

FIRE  FIRE  FLIGHT  BOMBING 

Figure  4.  —  1  rajectories 


In  general,  there  are  four  factors  which  de¬ 
termine  the  trajectory: 

(a)  The  position  of  the  origin, 

(b)  the  conditions  of  projection, 

(c)  the  ballistic  characteristics  of  the  pro¬ 
jectile,  and 

(d)  the  characteristics  of  the  air  through 
which  it  passes. 

The  projections  on  the  plane  of  departure  of 
three  typical  trajectories  are  illustrated  in 
figure  4,  where  (a)  shows  field  artillery  fire, 
(b)  antiaircraft  lire,  and  (c)  iiorizontal  flight 
bombing. 

If  we  limit  our  attention  to  the  plane  of 
departure  and  consider  it  to  be  coincident  with 
the  ^-plane,  the  following  quantities  are  often 
referred  to  as  the  elements  of  the  trajectory. 

0  —  the  origin. 

B  —  the  point  of  impact  or  the  point  of 
burst. 

S  —  the  .summit  of  the  trajectory. 

OS  —  the  a.scending  branch, 

SB  —  the  descending  branch, 

OB  —  the  slant  range. 

00 — the  initial  angle  of  inclination. 

X,  —  the  horizontal  range. 

Zr  —  the  altitude  of  impact. 

It  is  to  be  noted  that  in  antiaircraft  fire  the 
jirojectile  usually  bursts  before  the  summit  is 
reached  and  thus  the  entire  trajectory  is  in  the 
ascending  branch.  In  horizontal  bombing,  the 
summit  is  the  origin  of  tht;  trajectory  and  the 
entire  trajectory  is  in  the  descending  branch. 


Figure  4  shows  only  the  projections  on  the 
plane  of  departure,  taken  to  be  the  (x,  2>plane 
for  these  illustrations.  Actually,  the  trajectory 
may  not  lie  entirely  in  this  plane  but  al.so  may 
have  a  projection  in  the  (a;,?/) -plane.  The  y 
value  at  the  point  of  impact,  y,  i.s  called  the 
deflection  and  that  part  of  it  which  is  not  due 
to  the  wind  i.s  called  drift.  The  three-dimensional 
picture  is  illu-strated  in  figure  5. 

1.4  The  General  Problem  of  the  Trajectory 

The  calculation  of  the  trajectory  of  a  jirojec- 
tile  of  given  characteristics  under  given  initial 
conditions  forms  the  primary  problem  of  ex¬ 
terior  ballistics.  In  order  to  state  the  problem 
specifically  let  us  consider  a  stationary  gun  and 
let  the  gun  bore  axis  lie  in  the  (x,z)-\)\s.w.  Let 
us  further  adoid  the  following  notation. 

(x,  y,  z)  =  Coordinates  of  the  center  of 
gravity  of  the  projectile  at 
any  time  t. 

(■»',„  y,„  z„)  =  initial  values;  i.c.,  at  t  =  0. 

=  initial  angle  of  inclination, 
angle  from  x-axis  to  the  line 
of  departure. 

v„  =  initial  velocity  of  the  projec¬ 
tile. 

I’j.,  v,„  V;  =  components  of  the  projectile 
velocity  in  the  directions  of 
the  coordinate  axes  at  any 
time  t. 


teotieg  0-62-2 
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OT  =-.  mass  of  the  projectile. 

Fj.,  F,„  F;  =  components  of  the  force  act¬ 
ing  on  the  projectile. 

The  imoblem  is  to  find  the  x,  y,  z  coordinate.s 
as  functions  of  the  time,  t,  As  the  initial  step 
in  its  solution  we  use  Newton’s  second  law  of 
motion, 

Force  ~  Mass  X  Acceleration,  and  apply 
it  for  each  component  direction.  Thus, 

dv^  dv„  dr'; 

(1,1)  ni - =  f\,  VI - :=  F,„  m - =  F-, 

dt  dt  dt 

wheri 

clvj-  dvi,  dv- 

- ,  - ,  and  - 

dt  dt  dt 

are  the  component.s  of  acceleration.  Since 


dx 

diJ 

dz 

dt  ' 

t  y  —  f  Ca11\4  i' i 

■  dt 

di 

the  equations  (1.1)  may  be  written 


d'^x 

m - =  F„ 

dV 

d'l/’ 

m - =  Fy, 

dt‘ 


d^z 

m - =  Ft. 

dt^ 


lln  this  and  subsequent  work,  the  earth’s 
rotation  is  neglected.] 

The  problem  is  then  two-fold:  first,  to  find 
vhv  componsntH  of  thti  forCw  Hnd,  sscondiy,  to 
solve  the  sy.stem  (1,2),  which  i,s  a  ,system  of 
.second  order  differential  equations.  The  solution 
of  the  .system  (1.2)  depends  upon  the  form  in 
which  the  force  components,  F,,  F,„  and  F-,  can 
be  expressed.  The  initial  values  of  the  variables, 
namely, 


Xq  —  2/o  —  Zq  - —  O, 

=  Vo  cos  9o, 


Vr„  =  ~  Vo  Bin  9o, 
Vyo  =  O. 
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are  used  to  determine  the  constants  of  integra¬ 
tion.  However,  the  determination  of  the  force 
comi)onents  is  not  a  simple  matter  and  requires, 
in  fact,  approximate  methods, 

For  the  sake  of  simplicity  in  future  work,  the 
following  notutional  convention  is  made. 

Convention ;  A  <.](jt  iilacod  aliove  any  vr.riablc. 

denotes  the  derivative  of  that 
variable  with  respect  to  time;  two 
dots  denote  the  second  (lerivativ<; 
with  re.s))ect  to  time,  etc.  Thus, 

.  dx  ■■  d'-’O  ...  d'y 

X  = - ;  0  =  - - ,  y  = - . 

dt  dt^  dV' 

1.5  The  Force  System 

A  projectile  is  generally  a  solid  of  revolution 
which  has  an  axis  of  symmetry,  or  such  a  body 


with  .symmetrically  placed  fins;  this  axis  of 
symmetry  is  referred  to  as  the  axis  of  the 
projectile.  A  projectile  v/ill  move  through  th', 
air  with  its  axis  at  an  angle  S  with  the  directioii 
of  motion ;  thi.s  angle  is  called  the  angle  of  yaw. 
The  i)lane  which  includes  the  axis  of  the  projec¬ 
tile  and  the  ta.ngent  to  the  trajt^ctory  is  called 
the  i)lane  of  yaw.  This  plane  makes  an  angle 
called  the  angle  of  orientation,  with  the  vertical 
])lane  through  the  tangent  to  the  trajectory. 
.See  figure  6. 

Ijct  O  be  the  location  of  the  center  of  gravity 
and  V  the  location  of  the  center  of  pressure.  The 
center  of  pressure  is  the  point  at  which  the 
resultant  of  the  aerodynamic  forces  is  applied. 
The  following  forces  are  acting  on  the  projectile 
and  are  shown  in  figure  7. 
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Figure  7.  —  forces  Acting  on  a  Projectile 


W  =  the  -veight  of  the  projectile,  acting  at 
the  .'Miter  of  gravity;  it  ha.s  it.s  line 
of  a  tion  parallel  to  the  vertical  plane 
through  the  gun  bore  axis  and  thus 
ha.s  no  x  or  ij  components  .since  the 
g:, //-plane  is  taken  to  be  horizontal.  Its 
componentfi  are,  therefore,  0,  0,  mg. 

li  =  a  retardation  force  acting  on  the  pro¬ 
jectile  due  to  the  rcsi.stancc  of  the 
atmosphere.  The  line  of  action  of  this 
air  resistance  is  considered  to  lie  in 
the  plane  of  yaw  and  has  its  origin 
at  the  center  of  pressure  which  is 
usually  ahead  of  the  center  of  gravity. 
The  force  R  is  decompo.sed  into  two 
components  D  and  L. 

D  -  the  drag  or  head  resistance.  This  force 
originates  at  the  center  of  piressure 
and  has  a  direction  parallel  and  oppo¬ 
site  to  the  direction  of  motion. 

L  =  the  cross  wind  force.  This  force  orig¬ 
inates  at  the  center  of  pressure  and 
is  directed  jierpendicular  to  the  direc¬ 
tion  of  motion.  In  aerodynamics  this 
is  the  usual  lift  force. 

It  is  well  known  from  the  principles  of  me¬ 
chanics  that  the  forces  acting  on  a  rigid  body 
may  be  rcjilaced  by  a  single  resultant  force  with 
a  certain  line  of  action  and  a  couiile  tending  to 
cause  rotation  about  this  line  of  action.  Here, 
the  resultant  force  is  R  and  its  line  of  action  is 
in  the  plane  of  yaw,  The  couiilc  is  very  small 


and  often  neglected.  However,  due  to  the  fact 
that  the  center  of  pressure,  P,  is  ahead  of  the 
center  of  gravity,  0,  there  exi.sts  an  overturning 
moment  M  of  R  about  O.  This  moment,  M,  is 
caused  by  the  component  of  R  which  is  in  the 
plane  of  yaw  and  perpendicular  to  the  axis  of 
the  projectile.  This  component  is  usually  called 
the  normal  force  and  is  denoted  by  N,i.  The 
moment  arm  is  the  distance  OP. 
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In  order  to  obtain  expressions  for  the  forces 
D  and  L  and  the  moment  M,  we  must  enter  the 
theory  of  aerodynamics.  Since  it  is  beyond  the 
scope  of  this  book  to  develop  this  theory  in 
detail,  we  shall  simply  draw  from  it  the  follow¬ 
ing  expressions : 

/  D  ^ 

(l.is)  I  L~  Kj.pad-V-  sin  8, 

(  M  =  K^pad-'V-  sin  8, 

where  K,,,  K,.,  and  Km  are  called  the  drag,  cross 
wind  force,  and  moment  coefRcients,  These  co¬ 
efficients  are  dimensionless'"  and  are  functions 
of  the  parameters 

PaVd  V 

- ,  — ,  and  8, 

0-  a 

where  the  new  .symbols  are  defined  as  follows; 
d  =  diameter  of  the  projectile; 

Pa  ==  air  density ; 

V  =  projectile  velocity  relative  to  the  air; 
a  speed  of  sound  in  air ; 
a  =  viscosity  of  the  air. 

In  aerodynamic  theory,  the  first  parameter  is 
called  the  Reynolds  number  and  the  second  is 
the  Mach  number.  Extensive  experiments  arc 
conducted  at  proving  grounds  to  determine  the 
above  coefficients  for  a  given  projectile  shape 
and  position  of  the  center  of  gravity. 

The  velocity  V  is  the  vector  difference  of  the 
projectile  velocity  v  which  is  with  re.spect  to 
the  ground,  and  the  wind  velocity  iv  with  respect 
to  the  ground.  Thus  the  components  of  V  are 
given  by 

Vf  =  Vr  —  tOj.,  —  Vy  ^nd  V.  =  V:  —w.. 

i  .6  The  SiabiiiTy  of  the  ProjecTile 

In  general,  projectiles  have  the  center  of 
jiressure  ahead  of  the  center  of  gravit.y.  The 
air  force  then  creates  a  moment  which  tends  to 
overturn  the  projectile  or  cause, s  the  projectile 
to  tumble.  In  order  to  prevent  this  tumbling, 

’■That  thi!  L-ouflicients  are  dimciiHionleKs  can  be  seen 
by  a  dimensiunai  analysis  of  equations  (1.3)  ;  e.g., 

(»0  (ft)  in  (ft)^  (ft)-  (m)  (ft) 

—  Kj,  -  —  K/,  . 

(sec)*  (/t)  ’  (see)*  (sec)* 


fins  may  be  attached  to  the  tail  of  the  projectile, 
thereb.v  bringing  the  center  of  pressure  to  the 
rear  of  the  center  of  gravity  whence  the  air 
moment  becomes  a  righting  moment  instead  of 
an  overturning  one.  This  is  usually  done  in  the 
case  of  bomb.s  and  rockets.  A  second  method 
to  prevent  tumbling  is  to  spin  the  projectile 
about  its  longitudinal  axis,  a  procedure  which 
is  generally  applied  to  bullets  and  shells  and 
occasionally  to  rockets.  The  projectile  then  be¬ 
comes  not  only  an  aerodynamic  body  but  also  a 
gyroscopic  body.* 

The  general  gyroscopic  action  of  a  projectile 
may  best  be  compared  with  that  of  a  spinning 
top.  Consider  a  top  spinning  on  a  flat  smooth 
-surface  and  let  the  contact  point  be  at  P,  the 
center  of  gravity  at  0,  and  let  8  be  the  angle 
between  the  vertical  and  the  axis  of  the  top.  The 
force  system  is  shown  in  figure  8.  It  is  easily 
.seen  that  the  component  of  the  force  due  to 
gravity  which  is  normal  to  the  axis  of  the  top 
is  mf)  sin  S.  The  overturning  moment  is  then 
given  by 

M  —  K  sin  8 


where  the  moment  factor  k  is  (PO)  (yng).  It  is 
well  known  that  if  the  top  is  spinning  rapidly 
enough,  the  axis  of  the  top  will  continue  to 
move  near  the  vertical  in  spite  of  any  outside 
interference.  When  this  i.s  the  case  the  motion 
of  the  axis  about  the  vertical  is  said  to  be  stable. 
As  the  top  loses  its  spin,  its  axis  “falls  av/ay’’ 
from  the  vertical  and  the  top  tumbles;  the 
motion  is  then  said  to  be  unstable.  The  condi¬ 
tion  for  stability  is  given  by  the  inequality 

A’W* 

- >  1 

ABk 


where  A  is  the  axial  moment  of  inertia,  B  is 


the  11 


/"ST  I  <• 

Ui  iiivi  ulc 


:t^TCHi»c'Q  nvto 


through  the  center  of  gravity,  N  is  the  spin  in 
radians  per  second,  and  k  is  the  moment  factor. 
The  .same  condition  is  true  for  a  projectile.  The 
factor  A^N‘/JfBK  is  called  the  stability  factor 
and  is  denoted  by  x.  For  a  projectile,  the  moment 
factor  K  is  given  by  (see  equation  (1.3)) 


K  =.-  Kftpud'V'^ 

and  the  spin  at  the  muzzle,  N,  is  given  by 

*’For  a  more  detailed  dcscrintion  of  the  behavior  of  a 
>5yiosfoi)e  see  Chapter  S. 
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(1.4)  N  = - 

nd 

where  V„  is  the  muzzle  velocity  and  n  is  the 
number  of  calibers  for  one  turn  of  the  rifling. 
Caliber  Ls  used  here  as  a  unit  of  length  equal 
to  the  diameter  of  the  gun  bore,  d.  The  stability 
factor  for  a  projectile  is  then  given  by 

(1.5)  s  = - ^ - 

■:r~BKs\p,id'V'^ 

and  s  >  for  1 'stable  motion.  If  s  <  1,  the  flight 
of  the  projectile  becomes  erratic  and  is  very 
similar  to  the  “wobbling”  of  a  top  as  its  motion 
becomes  unstable.  The  stability  factor,  s,  is  a 
dimensionless  quantity. 

It  i.s  to  be  noted  that  the  overturning  moment 
is  a  function  of  the  angle  of  yaw  and  becomes 
zero  if  the  yaw  is  zero.  It  has  been  determined 
experimentally  that  the  yaw  near  the  gun 
results  from  the  clearance  of  the  projectile  in 
the  bore  and  tends  to  dampen  out  in  time.  At 
some  distance  from  the  gun  the  curvature  of 
the  trajectory  becomes  considerable  and  a  rela¬ 
tively  steady  precessional  yaw  is  caused  by  this 
curvature.  At  first,  the  axis  of  the  projectile 
tends  to  point  above  the  trajectory  and  thus  a 
moment  arises  which  causes  the  axis  of  the 
projectile  with  riglit-hand  spin  to  process  like 
a  gyroscope*  toward  the  right  of  the  trajectory. 
If  the  angle  of  departure  is  not  too  great,  the 
projectile  continues  to  point  to  the  right  .so  that 
the  plane  of  yaw  is  approximately  horizontal 
and  the  orientation  angle  is  nearly  90"''.  Since 
the  cro.ss  wind  force  L  lie.-,  in  the  plane  of  yaw 
and  the  jmojectile  ]ioint;i  to  the  right  of  the 
trajectory,  L  will  push  the  projectile  1  o  the  right 
iiiT(l  iTroclucs  tiiG  {)lif3]TO!TisiTon  of  clrii"!.. 

For  large  angles  of  departure,  the  angle  of 
y.aw  becomes  greater  and  the  cross  wind  force 
has  appreciable  components  along  all  three  co¬ 
ordinate  axes. 

Fxtensive  measurements  under  conditions  for 
which  the  cross  wind  force  can  be  assumed  to 
be  perpendicular  to  the  X  axis  have  shown  that 
,sin  6  can  be  approximated  by 
ANcj  cos  0 

(1.6)  sin  h— - 

KtAihid'V-' 

*Sefc  Chapter  b. 


where  0  is  the  angle  of  inclination  of  the  tangent 
to  the  trajectory.  The  stability  of  a  projectile 
i.s  usually  assured  by  making  the  spin  N  suffi¬ 
ciently  large.  However,  equation  (1.6)  places  a 
warning  not  to  make  N  too  large  since  an  in¬ 
crease  in  N  increases  the  yaw. 

1.7  The  Equations  of  Motion 

A  form  of  the  equations  of  motion  of  the 
projectile  can  be  obtained  by  substituting  the 
components  of  the  forces  into  (1.2).  The  couple 
which  tends  to  cause  a  rotation  about  the  line 
of  action  of  R  will  be  neglected.  The  magnitudes 
of  D  and  L  are  given  by  equations  (1.3).  The 
directions  of  D  and  L  can  be  obtained  from 
figure  7.  D  is  parallel  and  opposite  to  the  direc¬ 
tion  of  motion.  The  components  of  —D  are  then 
given  by  its  magnitude  times  the  direction 
cosines  of  the  line  of  motion.  Since  the  vector 
V  coincides  in  direction  with  the  line  of  motion, 
these  direction  cosines  may  be  written, 

V.  V,  V, 

- ,  - ,  and - , 

V  V  V 

so  that  the  components  of  D  are 

F.  V,  V, 

—D  - ,  —D  - - ,  and  D  - . 

V  V  V 

The  general  direction  of  L  depends  upon  the 

angle  of  orientation,  How'ever,  for  projectile,? 
w'hich  have  their  angles  of  departure  less  than 
about  45'^,  the  cro.ss  wind  force  may  be  assumed 
to  be  in  the  same  direction  as  the  F-axis.  Under 
thiise  assumptions  the  equations  of  motion  then 
become 

/  ••  r 

I  rti  X  =  ~D - ; 

\ 

(1.7)<  ■»'-U  -  -R - (-  J'l 

I  V. 

I  mz  ---  -\-D - mg. 

\  y 

If  we  now  approximate  cos  0  in  equation 

(1.6)  by  y,/V,  we  can  sub.stitute  (1.6)  into 
(1.3)  and  obtain 


8 


AEROBALLISTICS 


3  K,.  F. 

(1.8)  L-.AN - . 

il  A\, 


The  substitution  of  (1.8)  into  (1.7)  then  gives 
in  units  of  mass,  length,  and  time. 


71  Dpfld- V 


F. 


m 


Kj,n„d^V  AN 
— - F„  d - 


m  m 

Kupud'V 


F.-  +  3 


m 


g  Ax, 

d  Am 


F, 

F» 


This  .system  of  differential  equations  must 
be  handled  by  approximate  methods.  However, 
before  discussing  such  methods,  it  is  appropriate 
at  this  point  to  stop  and  consider  two  factors 
which  enter  into  the  consideration  of  the  above 
system.  The  first  of  these  is  the  atmosphere. 
The  forces  and  the  moment  depend  upon  the 
wind  and  the  air  density.  The  wind  components 
HV,  «■„,  and  >(';  are  determined  as  functions  of 
the  altitude  which,  for  guns  located  on  the 
ground,  is  a  di.stance  along  z.  The  density  i>„  can 
be  determined  by  pressure  and  temperature 
measurements;  ho'-vever,  it  is  usually  obtained 
from  an  assumed  slatidard  structure  of  the 
almosjrhere.  The  standard  structure  assumes 
that  the  density  is  an  exponential  function  of 
the  altitude, 

Pu  “  pu 


where  p„  is  the  reference  density,  taken  to  be 
.07513  lb  ft’,  and  k  is  a  constant  equal  to 
.0000316  per  foot."^ 


The  second  factor  for  consideration  arises 
from  the  manner  in  which  the  drag  coefficient 
Kii  is  determined.  A,,  is  usually  found  as  a  func¬ 
tion  of  V/a  for  a  given  imojectile  shape,  by 
measurements  on  a  lu’ojectile  at  zero  yaw.  The 
drag  function  itself  is  determined  by  te.st  firings 
of  a  standard  projectile.  The  i)erformance  of  a 
given  ))rojectile  which  differs  from  the  standard 
projectile  may  then  be  estimated  by  the  intro¬ 
duction  of  a  form  factor,  i,  which  compares  the 
given  ijrojectile  with  the  standard  one.  If  the 
drag  coefficient  for  the  standard  jn-ojectile  i.s 
denoted  by  A„  ,  the  form  factor  is  defined  by 


'’Wo  liuvc  clvoigcd  tlic  units  from  mass  to  ijoiuicis. 


i  —  Ai,/Adj 

and  in  effect  provides  an  average  correction  to 
the  drag  coefficient  of  the  standard  projectile. 
A  new  con.stant  C,  called  the  ballistic  coefficient, 
i.s  now  defined  as 

IF  m<7 

C-- — =- — 

id'  idr 

and  this  factor  is  used  in  equation  (1.9). 

In  practice,  the  form  factor  i  and  the  drag 
coefficient  A„  are  seldom  determined.  Actually, 
the  ballistic  coefficient,  C,  is  determined  from 
test  firings  which  relate  the  performance  of  the 
projectile  to  that  of  the  standard  projectile  to 
which  it  is  most  similar. 


1.8  The  Siacci  Method* 

This  method  modifies  the  differential  equa¬ 
tions  of  motion  so  that  it  becomes  possible  to 
.solve  them  in  term.s  of  quadratures.  The  modi¬ 
fication  consists  in  assuming  a  constant  average 
value  for  the  air  density  and  introducing  a 
pseudo  velocity  u,  defined  as  the  vertical  projec¬ 
tion  of  the  remaining  velocity  upon  the  line  of 
departure.  The  remaining  velocity  is  the  actual 
velocity  of  the  projectile  at  any  point  on  the 
trajectory. 

It  is  easily  seen  from  figure  9  that 

(1.10)  u  cos  00  =  V  cos  0  or  u  —  V  cos  0  sec  Oo. 

If  the  plane  of  departure  is  in  the  (x,  «) -plane, 
then  we  also  have 

u  —  Vr  sec  0„  or  =:  u  cos 

A  drag  fimction'  for  a  standard  projectile  of 
a  given  type  may  be  determined  experimentally 
as  a  function  of  the  remaining  velocity.  Under 
conditions  of  no  wind  (F  =  ri)  we  may  then 
write 

(1.11)  F{V)=K;,V 

and  the  first  equation  of  (1,9)  becomes 

(1.12)  K=zV^=: - —F{v)v^. 

C/ 

’-For  a  more  detailed  discussion  of  the  Siacci  method, 
see  any  standard  text  hook  on  ballistics. 
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From  the  above  definition  of  u  we  have 


Vi—U  cos  do, 
dvx  —  du  cos  6o, 

dvx  dVx  dx  dVx 

Vx  =  - = - ^ - Vx 

dt  dx  dt  dx 

du 

~  - Vx  COS  do, 

dx 

so  that 

du  f,a 

(1.14)  X— - VxCOSOo  — - -F{v)vx 

dx  C 

or 

dx  C  COS  do 

(1.16)  - - . 

du  paF(v) 

If  now  the  Siacci  assumption  is  made  that 
PoF{v)  can  be  replaced  by  poGi^u),  equation 

(1.15)  then  becomes 

C  cos  do  du 

(1.16)  dx  = - — - , 

pc  G(u) 

and  can  be  integrated.  The  integral 


(1.17)  S(u) 


/du 
G(u) 


is  called  the  Siacci  space  function  and  is  evalu¬ 
ated  and  tabulated  for  a  range  of  predetermined 
values  of  u  and  initial  conditions. 

Similarly,  three  other  functions  may  be  ob¬ 
tained,  the  inclination  function  I{u),  the  alti¬ 
tude  function  A  (it)  and  the  time  function  T  (m)  . 
These  functions  are  completely  defined  by 

/  2g 

I  r(u)  — - 

I  u^G  (u) 

)  I{u) 

(1.18)  (  A'(u)  = - 

j  G(u) 

I  1 

\  T'iu)  = - 

\  uGiu) 

and  given  initial  values.  The  prime  denotes  the 
derivative  with  respect  to  u. 

The  procedure  for  solving  the  problem  of  the 
trajectory  then  reduces  to  the  determination  of 
the  drag  function  G(u),  the  tabulation  of  the 
four  Siacci  functions,  and  then  the  substitution 
of  these  values  into  the  equations  of  motion. 
This  process  will  be  specialized  to  the  case  of 
aerial  gunnery. 
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PART  2.  THE  BALLISTICS  OF  AERIAL  GUNNERY 


1 .9  Aerial  Gunnery 

This  book  is  primarily  concornod  with  the 
ririnjr  of  ))rojectilos  from  aircraft  in  ilijrht.  The 
fact  that  the  gun  is  moving  through  the  air  in 
a  speciliod  direction  and  with  an  appreciable 
velocity  adds  further  complications  to  the  prob¬ 
lem.  On  the  other  hand,  projectiles  tired  from 


an  aircraft  move  only  over  I’elatively  short 
ranges  and  the  maximum  ordinate  of  the  tra¬ 
jectory  is  not  too  great.  This  enables  one  to 
ignore  the  change  of  the  den.sity  during  the 
(light  of  the  projectile  and  also  to  ignore  the 
<lrift. 

Figui’t!  10  illustrates  the  general  situation 
for  aerial  gunnery  under  the  assumption  that 


W  /# 


Figure  1 0.  —  Aeroba/listics 
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the  iiirplaiie  is  liyiiiR  a  straight-lino  unacceler- 
atecl  course  in  a  horizontal  plane.  Should  the 
airplane  maneuver,  due  account  must  be  taken 
of  the  dive,  bank,  and  yaw  angles  of  the  airplane 
and  of  whatever  accelerations  may  be  p»'esent. 
The  path  of  the  pro.jectile  can  s+ill  be  comiuited ; 
however,  the  force  comijonents  alon'>'  the  axes 
of  a  chosen  coordinate  system  would  involve  the 
above  mentioned  angles.  Present  day  firing 
tables  are  computed  with  the  above  a.ssumptions 
and  the  maneuvering  of  the  airjilane  i,s  consid¬ 
ered  in  the  sighting  problem.  Consequently,  we 
shall  limit  our  ballistic  discussion  to  that  pic¬ 
tured  in  figure  10. 

Let 

Ao  be  the  azimuth  angle  of  the  gun  bore 
measured  in  the  (A^  Y) -plane  from  X 
through  Y ; 

Z„  be  the  zenith  angle  of  the  gun  bore; 

be  the  elevation  angle  of  the  gun  bore 
measured  positively  from  the  horizon¬ 
tal  plane  toward  the  zenith; 

V^,  be  the  gun  velocity  (i.o.,  aircraft’s  true 
airspeed)  ;  taken  to  be  along  the 
AT-axis ; 

be  the  muzzle  velocity  of  the  projectile, 
relative  to  the  A",  Y,  Z  coordinate  axes. 

be  the  initial  velocity  of  the  projectile; 
it  is  the  resultant  of  V  and  V,.. 

0  i* 

L  be  the  time  of  flight  of  the  projectile. 

P  be  the  Siacci  coordinate ;  it  is  the  dis¬ 
tance  along  the  line  of  departure  from 
the  origin  of  the  .r.  u.  z  system  to  a 
point  H  which  is  vertically  above  the 
projectile.  The  projectile  is  considered 
to  be  moving  without  drift. 

Q  be  the  Siacci  coordinate,  which  is  the 
vertical  distance  from  H  to  the  pro¬ 
jectile. 

?■/  be  the  distance  between  the  muzzle  of 
the  gun  and  the  projectile  at  any  in¬ 
stant  t-,  it  is  called  the  slant  range  or 
future  range  and,  in  firing  tables,  is 
denoted  by  D. 


Consider  again  the  three  coordinate  systems 
de.scribed  in  section  1.2,  The  Coordinate  Sjvs- 
tems. 


The  direction  co.sines  of  the  bore  of  the  gun 
in  the  (A',  Y,  Z)  coordinate  systems  are  given  by 

cos  A„  si)i  Z,„  sin  A„  sin  Z„,  and  cos  Z„ 

and  the  initial  components  of  the  velocity  of  the 
projectile  in  the  (u:,  y,  z)  system  are 

I  n,  =  V„  cos  A„  sin  Z„  -|-  V,„ 

(1.19)  x,!  —  V„si)i  An  sin  Z,„  and 

(  -  -  V..  cos  Z„. 

It  follows  then  that  the  initial  true  airspeed  of 
the  projectile  is  given  by 


Vn-  =  up  -j-  u„-  -J-  ?/.  “ 

=  cos-  A„  siti-  Z„  -b  2V„Vi/  cos  Ao  siti 
+  V,r  +  V,r  cos  Z„ 

+  Y,,'-’  sill-  A„  sin-  Z,  ', 

—  V„-  Z„{cos-  A„  -f  sin-  A„)  co,s-'  Z„\ 
-f  2V„Vu  cos  A„  sin  Z„  -f  Fo'-’, 

( 1.20)  11,;-  =  V„-  -b  2VaVu  cos  A„  sin  Z„  -b  Y(/-’. 

After  a  time  of  flight  h  the  Siacci  coordinates 
of  the  projectile  are  P  and  Q  and  X,  Y,  Z  coor¬ 
dinates  may  be  found  in  the  following  manner. 
The  right  spherical  triangles  shown  in  figure  11 
yield  the  following  relations 

cos  r  =  cos  E„  cos  Ao  =  sin  Z„  cos  A„, 
si7i  Ip  =  sin  E„/sin  t  =  cos  Zo/sin  t, 
sm  9o  =  sm  V  sin  p, 
cos  V  =  cos  On  cos  A'. 

The  vector  diagram  of  figure  12  yields 


(1.21) 


(1.22) 
so  that 
(1.23) 


sin  V  — - sin  t 

Wo 


sin  9„  7=^ 


cos  Zp. 


The  coordinates  x,  jj,  z  of  the  projectile  are 
given  by 


X  =z  P'  cos  A'  =  P  cos  Up  cos  A' 


(1.24) 


=  P  cos  i>, 

1/  ^  P'  sin  A'  =  P  cos  Up  sm  A', 
-z  —  P  sin  Up  —  Q 
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The  coordinates  X,  Y,  Z  of  the  projectile  in 
the  moving  frame  of  reference,  ligure  13,  are 
lelated  to  .r,  y,  z  by 

(1.25)  X=:A-  -  y  =  3/,  andZ=:z 

since  the  aircraft  is  assumed  to  be  moving  hori¬ 
zontally  along  the  x-axis. 

Upon  combining  (1.19),  (1.23),  (1.24),  and 
(1.25)  we  find  the  coordinates  of  the  projectile 


at  any  time  t  to  be 

!P 

X  —  —  ( Y i}  ^  V 0  siji  Zo  co8  Aq)  V Oitff 

li/Q 

Vo 

Y  —  P - sin  Zb  sin  A„, 

Ub 

I  Vo 

\-Z~P - cos  Zo  —  Q- 

\  Up 

The  relation  of  the  rectangular  coordinates 
Vj  which  are  moving  with  the  aircraft  (see 
section  1.2).  to  X,  Y,  Z  coordinates  is  given  by 
the  following  scheme; 


X 

Y 

-Z 

sin  Z„  cos  A„ 

sin  Z„  sin  A„ 

cos  Zo 

V 

— COS  cos  Ao 

-cos  Zo  sin  A„ 

sin  Zo 

C 

-sin  Ap 

cos  Ao 

0 

13 
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i  —  P - Q  cos  Zo 


for  a  triven  P.  They  are,  of  course,  dependent 
upon  the  following  quantities: 


The  slant  range  r,  is  now  given  by 


(1.28)  7-r  =  f+rr  +  r. 

In  aerial  gunnery  the  primary  ballistic  prob¬ 
lem  is  to  determine : 


j  i>  the  relative  air  density  pa/po, 

I  Vii  =  true  airspeed  of  the  aircraft, 

)  V„  —  muzzle  velocity  of  the  gun, 

(1.29)  \  —  zenith  angle  of  the  gun  line, 

I  A„  —  azimuth  angle  of  the  gun  line, 

\  P  =  the  Siacci  coordinate. 

Values  of  (/  and  Q  may  be  computed  for  given 
values  of  the  quantities  (1.29)  and  tabulated. 
The  usual  ]»rocedure,  however,  is  to  tabulate  tf 
and  Q  ac  fixed  interval  values  of  these  quantities. 
It  is  eustomaiy  to  replace  P  by  ?’/  in  this  tabu¬ 
lation. 
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Although  the  computation  of  t/  and  Q  forms 
the  primary  problem,  two  other  terms  also  are 
of  interest  and  are  tabulated;  namely, 

A  =  the  lateral  deflection, 

— .  the  angle  between  the  gun-projectile 
line  and  the  vertical  plane  through  the 
gun  bore ;  it  is  positive  when  the  gun- 
projectile  line  is  to  the  right  of  this 
vertical  j)lane  when  viewed  from  the 
gun.  It  is  an  instantaneous  relative 
position  angle, 

n  —  the  vertical  deflection, 

==  the  angle  'oet’veen  the  gun-projectile 
line  and  the  “.slant  plane”  through  the 
gun  bore  and  perpendicular  to  the 
vertical  plane  through  the  gun  bore; 
it  is  positive  when  the  gun-projectile 
line  lies  above  the  slant  plane.  It  also 
is  an  instantaneous  relative  position 
angle. 

These  angles  are  shown  in  figure  14.  It  is  easily 
seen  that  their  values  may  be  computed  from 


the  formulas 

(1.30)  j  = 

(  sin  ja  —  17/17 . 


I.IO  Dimensionless  Ballistic  Coefficient 

The  ballistic  cc  fficient  defined  in  section  1.7 
is  not  a  dimensio  less  quantity.  A  more  mathe¬ 
matically  logical  treatment  of  the  development 
of  the  Siacci  method  for  aerial  gunnery  is 
obtained  by  defining  a  dimensionless  ballistic 
coefficient.  Let  the  subscript  s  denote  quantities 
related  to  the  slandaid  projectile  of  a  given 
type,  then  we  may  define 

W  W 


to  be  the  dimensionless  ballistic  coefficient  for 
a  type  n  projectile. 

The  first  equation  of  (1.9)  under  conditions  of 

15 
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no  wind  may  now  be  written  (units  in  pounds, 
length,  seconds)  ' 

Kupa 

X  =  — - V 


mg 

Ku  W,  /d 


/  d  \  =  r  poKud^^w  1 

\^)  lw7~\  ^ 


—  -p- 


Ku  W 


K-d  /  \  ^ 


w 

w. 


po 


Kuv 


W, 


Po 


■KuV 


W, 


(1.32)  a:= - '—.G^(v)v, 

C„ 

where 


(1.33)  G„(u)  r= 


pnKi,V 

mjd/ 


is  the  drag  function,  for  the  standard  type  n 
projectile,  determined  from  test  brings  as  a 
function  of  the  velocity  v. 

In  aerial  gunnery,  the  trajectory  is  nearly 
flat  and  consequently  we  may  use  the  Siacci 
approximation, 

V  ~u  and  G„  (v)  =  G„  (u) 
and  equation  (1.32)  becomes 


(1.34)  a;:= 


G  (u)  Vt, 


Cn 

In  section  1.8  we  .saw  that  if  the  (x,  z) -plane  i.s 
the  plane  of  departure,  then 

Vr  —  U  COS  or  u  —  sec  (l„ 

from  which  we  get  by  a  differentiation 

16 


du 

(1.35)  —  =  sec 
dt 


= - Gn{u)  Vx  sec  Oo  since  Vx  =  x 

C„ 


C., 


Gn{u)  U. 


Since  u  —  dP/dt,  we  have 
du 
dt 


P  dP 

- GAu) - 

Cn  dt 


or 


(1.36)  dP=^- 


Cn  du 


P  Gn(W') 

Equation  (1.36)  may  be  integrated  to  give  the 
Siacci  range,  P, 

u 


(1.37)  P 


-A! 


du  Cn 


GAu)  p 


{S  ~  Sn), 


Uo 


where  S  is  the  Siacci  space  function 
V 

Ci'li 

(1.38)  S=-  I - ,  (V  >  Uo). 


Gn(w) 


u 


The  time  of  flight  may  be  obtained  by  integrat¬ 
ing  equation  (1.35) 


11 


Cn  f  du  Cn 

(1.39)  = - /  - = - (T^T„), 

p  J  uGniv.)  p 

Uo 

where  T  is  the  Siacci  time  function 
U 


(1.40)  T 


-I 


du 


u  G„{u) 


iU  >  Uo). 


u 


1. 1 1  The  Motion  of  Small  Arms  Projectiles 
Fired  from  an  Aircraft 

The  effect  of  the  yaw  on  the  drag  of  a  small 
arm.s  projectile  i.s  an  impoitant  factor  in  the 
motion  of  the.se  projectiles  when  fired  from  a 
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(ni-n2)  t 


Figure  15.  —  Vibration  Motion 


I  loviiiK  aircraft..  It  i.s  accounted  for  tiy  the 
i  pproxiniation  that  the  dray  force  due  to  yaw 
i  I  iji'oportioiial  to  the  .square  of  the  yaw  anyle 
1  jr  .small  yaw  anyles,  The  first  ptoblem  then  is 

find  an  e.xi)re.ssion  for  the  square  of  the  yaw 
anyle,  fi,  This  expression  is  found  by  con.sideriny 
the  yyroscoi)ic  motion  of  bullets  fired  from  an 
aircraft;  the  drift  is  iynored  and  only  the  vibra¬ 
tory  motion  of  the  center  of  gravity  about  the 
mean  trajectory  is  considered.  The  mean  trajec¬ 
tory  is  a  iiarticle  trajectory  that  differs  from 
th-c  actual  tn'.jectory  only  by  ijcriodic  terms. 

The  detailed  solution  of  the  vibratory  motion 
i.s  beyond  the  scope  of  this  book,  (For  the  theory 
of  vibrations,  see  any  .standard  book  on  me¬ 
chanics;  for  the  complete  tlieory,  on  which  this 
discussion  is  based,  consult  reference  (2)  of  the 
bibliography  in  the  back  of  this  book.)  The 
]n'esentation  here  will  be  more  or  less  along 
intuitive  line.s. 

Fet  ,/  and  /c  be  the  rectangular  components  ol' 
the  yaw.  Then  the  theory  of  vibrations  show.s 
that  the  tnotion  is  given  )jy  a  linear  combination 
of 


(1.41)  cos  71, t,  sin  n,t,  cos  7ijt,  and  sin  Uit 

with  four  coefficients  that  are  slowly  varying 
functions  of  time  and  in  which  n,  and  n,  are 
.solutions  of  the  us.sociated  frequency  equation 
and  take  the  form.s 


(1.42) 


(l  +  P) 


(i  -p) 


where 

(1.43)  p=  y/ 

and  the  quantities  A,  B,  N,  and  s  are  defined  in 
section  1.0. 

If  wc  ignore  the  gradual  variation  of  the  co¬ 
efficients,  then  (;/,  k)  may  be  considered  to  be 
i  he  rectangular  coordinates  of  a  point  M  which 
i.s  rotating  in  a  clockwi.se  direction  at  an  angular 
rate  a,  in  a  circular  path  of  radius  a,.  The  center 
of  tiiis  circular  path,  B,  rotates  clockwise  around 
the  origin  at  an  angular  rate  7ij  and  describes  a 
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Figure  16.  — Initial  Conditions  of  Vibratory  Motion 


circle  of  radius  a,.  The  clockwise  angle  from 
the  /-axis  to  the  radius  vector  of  M  is  the  angle 
of  orientation  of  yaw,  and  the  distance  of  M 
from  the  origin  may  be  rejjresented  by  the  angle 
of  yaw,  S.  I'he  configuration  is  shown  in  figure 
15,  from  which  it  is  seen  by  the  law  of  cosines 
that 

(1,44)  a/  -|-  a./  —  2u,U''  cos  (n,  —  ni)t 

if  the  time  is  mea.sured  from  a  suitable  instant 
and  the  algebraic  signs  of  rij  and  n,  are  taken 
into  consideration, 

']’he  rotation  in  the  circle  of  radius  a,  may  be 
called  the  nutation,  and  the  rotation  in  the 
circle  of  radius  a„  may  be  called  the  precession ; 


the  resultant  of  the,se  two  is  the  complete  yav/- 
ing  motion,  'i'he  slow  variation  of  the  coefficients 
of  the  iiei'iodic  terms  in  thi,s  vibratory  motion 
consists  of  arbitrary  constant  factors  multiplied 
by  damping  factors.  We  may  consider  a,  to  be 
the  amplitude  of  the  nutation  and  the  ampli¬ 
tude  of  the  precession.  The  rates  of  variation 
or  of  damping  of  the  amplitudes  may  be  experi¬ 
mentally  determined. 

For  small  arms  bullets,  the  two  damping 
factors  have  been  shown  experimentally  to  be 
equal  and  may  be  expressed  by 

(1.45) 
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where  P  should  be  the  actual  distance  the  bullet 
has  travelled  but  which  is  here  taken  to  be  the 
Siacci  P.  The  constant  c,  may  be  experimentally 
determined  and  is  given  by 

(1.46)  c,  = - + - 

2B  2m 

where  Kn  is  the  yawing  moment  coefficient. 

Let  us  consider  a  pro.jectile  which  starts  its 
motion  with  an  initial  angle  of  yaw  S„,  the  angle 
of  orientation  equal  to  90'’,  and  such  that  the 
initial  values  of  the  time  derivatives  of  8  and  ^ 
are  zei-o ;  that  is,  initially  t  —  0,  8  =  ha,  f  —  90°, 
(5  =  8  0.  Figure  16  pictures  the  situation  at 

i  =  0  and  also  at  some  time  t. 

Let  ^1  be  the  angle  between  OM  and  OS,  then 
from  figure  16,  we  have 

—  f  —  90^  -{—  (p. 


whence  we  may  solve  for  the  initial  values  of 
O;  and  a-., 

'Kihf, 

dm  — — — — — 

Ui  — 

n,h„ 

d'm  '  —  ( 

w,  — 

The  substitution  of  (1.42)  into  (1.48)  yields 

{1  —  Pa)  ha 
2Pa 

(1  H-  Pa)  ha 

IU„  — - , 

2Po 

where  p„  is  the  initial  value  of  p.  Since  the  damp¬ 
ing  factor  is  common  to  both,  we  have  a,  and  a., 
given  at  all  times  by 


(1.49) 


and  upon  differentiating  with  respect  to  t 

=  V  fi  • 

At  t  =  O  w'e  considered  ^  =  0  so  that  initially 

m  —  f, . 

If  wc  apply  the  law  of  sines  to  triangle  OMS, 
we  obtain 

c(i  sin  I  ISO""  —  If  I  —  (Ml  —  tia)t]  =  at  sin  f, 
or 

a,  sin  I  f,  -f  (n,  —  n.)  t  J  a,,  sin  f, . 

Uifferentiating  this  equation  with  respect  to 
time,  we  have 

«i  \  fi  +  (»i  —  n.j)]  cos  |v>,  -1-  (?i,  —  m)  t] 
~  (ijf,  cos  fi  , 


where  Pa'i^  is  the  arbitrary  con.stant  factor  mul¬ 
tiplying  the  damping  factor.  The  mean  value  of 
fi’’  averaged  over  a  single  period  of  h^  is 


S”’  =:  ad  -i-  ad 

1  +  Vd  / 

Po  \  OiP 

—  hd  -  1 

- \  e 

2pd  \ 

.  V  ) 

So  -  1 

=  h/ - 

/  2^0  \  ^’~^pa 

Thus,  at  t  —  0  v/G  have 

a,  |y,  +  {n,  —  m)  I  =  a,  f, 
or,  .since  f,  —  at  f  =  0, 
a,n,  =  a-,n-a . 

It  i,s  easily  .seen  from  figure  16  that 

S,j  =  (tj,  —a, 

so  that  we  have  two  simultaneous  equations 
(1.47)  S 

(  a, 71,  —  apv. 


where  the  last  equation  i.s  obtained  by  making 
use  of  equation  (1.43).  The  variation  of  the 
stability  s  along  the  trajectory  is  approximated 
by 


(1.52) 


-Pa  d'^  1 

- .  —Ki,P 

Va  _  ^So  —  1  m 


V 


The  mean  value  of  6'  is  then  finally  given  by 


(1.53) 


—2pa{Cn  -1-  C.a)P 
a 


»BeS9S  O  -  ||2  -  3 
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where 

cV 

(1.54)  r,  - - Ku. 

2is„  —  l)m 

The  yaw  of  the  projectile  hu.s  two  effect.s  upon 
the  trajectory.  First,  yaw  makes  the  drag 
greater  than  it  would  be  if  no  yaw  were  present 
and,  secondly,  it  introduce.s  the  .so-called  wind¬ 
age  jump.  At  the  instant  of  firing  to  starboard, 
the  tangent  to  the  instantaneous  trajectory 
points  higher  than  the  tangent  to  the  mean 
trajectory,  in  other  w'ords,  the  tangent  to  the 
mean  trajectory  is  lower  than  the  bore  of  the 
gun  by  an  angle  <  ;  this  angle  is  called  the 
windage  jump.  The  windage  jump  for  a  given 
bullet  deiiends  essentially  on  the  initial  angle 
of  yaw  and  the  initial  air  speed  of  the  bullet.  It 
can  be  shown  that  <•  is  given  by 


A  A  K\,  8o 

(1.55)  /  = - ^ - 

vid  7i.m  2t„ 

where  A',,  and  A'„  are  again  the  force  and  over¬ 
turning  moment  coefncients.  The  effect  of  the 
windage  jump  upon  the  trajectory  m.ay  be  con- 
sidei'cd  as  a  differential  correction  and  thus  the 
motion  of  the  ijrojectile  will  be  studi('d  first  by 
neglecting  the  wdndage  jump. 

The  effect  of  the  yaw  on  the  drag  may  be 
accounted  for  by  applying  a  modified  drag  force 
coefiicient  for  the  standard  projectile.  U.sing 
the  aiiproximation  that  the  drag  force  due  to 
yaw  is  iiroportional  to  the  square  of  the  yaw 
angle  for  small  yaw  angles,  we  may  write 

(1.56)  Ku^  =  Ku„  (1  + 
where 


--  drag  coefiicient  for  zero  yaw  angle; 

A’l.s  =  yaw  drag  coefficient; 

I-  =  mean  value  of  8-’  discus, sod  above. 

li  this  exiires.sion  for  is  substituted  into 
equation  (I.d.d),  we  have  a  new  drag  function, 
G  ,  which  makes  allowance  for  the  yaw  of  the 

projectile, 

(1.57)  Gs  =  (7,  (f  + /f„8  SO 

where  (1„  is  the  experimentally  determined  drag 
function  for  zero  yaw  for  a  type  n  projectile. 


Let  i„  ij  be  a  set  of  rectangular  axes  fixed  in 
the  air,  lying  in  the  plane  of  departure  with 
i,  horizontal  and  i.  vertical.  The  origin  is  the 
position  of  the  gun  at  the  instant  of  firing.  It  is 
easily  seen  from  figure  17  that 


(1.58)  j 


P  =  i,  sec  0„ 

Q  =  tan  6o  —  h. 


For  the  equations  of  motion  of  the  projectile, 
taking  account  of  the  influence  of  gravity  and 
drag,  we  have  equation  (1.32)  and  a  .similar 
equation  in  the  z  direction,  where  x  and  Vj-  are 
replaceil  by  i,  and  i, ;  -z  and  -v-  are  replaced  by 
and  A.  and  the  drag  function  is  corrected  for 
yaw  by  formula  (1.67).  Thus, 


1  ..  G„ 

. 

\  P  f. 

(1  -j-  P  F„8)  ii  -  <1 

(1.59)  { 

j  ..  G„ 

(  b  =  —  P  TT' 

•  (1  -f-  8^  7f/,8 )  ix  , 

\  c„ 

where 

(,  is  the  relative  air  density, 

G„  is  the  appropriate  drag  function  for 
zero  yaw, 

C'li  is  the  apiiropriatc  balli.stic  coefiicient, 
and 

/f„S  is  the  yaw  drag  coefiicient. 

From  equations  (1.58)  we  have 


(1.60) 


^  i,  —  P  cos  0„  , 

(  ?'...  —  P  sin  0„  —  Q 
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(1.61) 


?,  =  P  cos  6o  , 
i..  =  P  sin  0„  —  Q  ■ 


{  i,  =  P  cos  9c , 
(1.62)  .. 

(  i,  =  P  sin  0„  —  Q  . 


Equations  (1.59)  may  therefore  be  written  in 
the  following  form 


(1.63)< 


IP  sin  Og  ~  Q  p -  (1  +  S  '  ^/jS) 

Cn 

(P  sin  Og  —  Q)  g  =  0  , 

iG„ 

P  cos  0.,  +  p - (f  +  8'  Kog)  ♦ 

P  cos  Og  —  0. 


j  (i  +  (1  -f  8-  K„8  )  Q  =  9  sin  Og* 

\  Cg 

\  Gn  _  . 

(1.64)/  1^  +  ^ - (f  +  8-^  K..8)  P]  . 

j  Gn 

lp  +  p  (/  +  8“  /Cd8)  p  =  0  . 

\  C„ 

du 

Recall  that  u  =  P  so  that  P  =  u  = - -  The 

dt 

second  equation  of  (1.64)  then  takes  the  form 


(1.65)  du  -f  p - -  (1  +  8-  K„8)  dP=0, 

C„ 


(1.66) 


G„  _  dP 

P - (1  +S^K„8)  = - 


Since  G,,  is  a  function  of  u,  we  divide  (1.65)  by 
G„  and  rewrite  to  get 

du  p  _ 

- = - (1  +  8-  Ki,s)  dP  . 

Gg  C„ 

We  have  now  se{)aratod  the  variable.s  and  we 
can  integrate  to  find 


(1.67) 


u 

/du  p  r 

Gn~  Cg  j 


(1  +  8-  KvB)  dP 


1  r 

= - J"  dP  -(-  XdS  j"  8“ ' 


The  integral  on  the  left-hand  side  of  equation 
(1.67)  yields  the  Siacci  Space  function  S  for 
the  drag  function  G  [.see  equation  (1.17)].  On 
the  right-hand  side  we  have  from  equation 
(1.53) 

P 


P  1  P  », 

(1.68)  - P'  -f -  K^S 

Cn  J  Cn 

p  P« 

j L,  ‘tL  + 

Po 

where  P'  is  a  dummy  variable  used  to  indicate 
the  value  of  P  at  any  point  in  the  interval  of 
integration.  The  initial  value  of  P  —  Pg  is  zero 
and  the  initial  value  of  S  —  Sg  is  the  value  of 
S  at  Hg.  Let 

(1.69)  c  =  (c,  +  Ca)  po 

where  p„  is  the  standard  air  density.  We  can  now 
evaluate  the  integral  of  (1.68)  and  upon  substi¬ 
tution  of  the  initial  values  we  finally  have  from 
(1.67) 

(1.70)  S  =  Sg-\-~P  +  K  ^  . 

where 

(1.71)  K  =  —l—K,>iSg^~‘’-^. 

2CnC  So  —  1 

The  value  of  t  for  a  given  Siacci  coordinate  P 
may  now  be  found  in  the  following  manner.  The 
constants  necessary  for  the  given  projectile 
such  as  A/I.  A//8/  c.  C/.  C/.  etc.,  are  determined 
experimentally.  A  drag  function  G„(m)  also  is 
determined  from  measurements,  and  the  Siacci 
space  function  iS  is  tabulated  for  this  drag 
function  by  numerical  integration  of  (1.17). 
Then,  under  given  firing  conditions  of  Ao,  7jg,  Vo 
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and  V,:,  the  Siacci  function  S  is  obtained  from 
(1,70)  at  given  values  of  P.  Values  of  u  are  then 
found  from  tables  of  S'  for  these  values  of  S 
and  since 

dP 

u  —  P  — - -  , 

dt 

we  have 

1 

dt  = - dP 

u 

so  that 

P 


0 


where  the  prime  is  again  a  dummy  index. 

To  obtain  Q,  we  return  to  the  first  equation 
of  (1.64).  Upon  the  substitution  of  the  second 
equation  of  (1.64)  and  (1.66)  into  this  equation 
it  reduces  to 

dP  . 

(1.73)  Q - Q^g. 

dP 

The  latter  equation  is  a  linear  differential  equa¬ 
tion  in  Q  which  may  be  integrated  to  obtain 


or 

P  P' 

(1.77)  j  j  i<^-^dP"dP' 

0  0 

where  again  dummy  variables  of  integration  are 
used,  with  the  evaluation  of  t,  and  Q  for  given 
values  of  P  from  equations  (1.26)  or  (1.27)  and 
a  transformation  to  the  x,  y,  z  coordinate 
system. 

The  effect  of  the  windage  jump  upon  the 
trajectory  is  small  and  is  applied  to  the  trajec¬ 
tory  by  an  approximate  differential  correction. 
The  windage  jump  changes  the  direction  of  the 
line  of  departure  by  adding  to  the  vector  a 
vector  whose  magnitude  is  and  which  is 
directed  at  right  angles  to  the  plane  containing 
V^,  and  ,  in  a  sense  such  that  vectors  in  the 
directions  of  V,,,  V^,  J  form  an  ordered  right- 
handed  triad.  Since  it  is  perpendicular  to  the 
plane  containing  V^.  and  since  V^,  is  assumed 
to  be  directed  along  the  X-axis,  the  vector  J  is 
perpendicular  to  the  X-axis  and  its  direction 
cosine  with  respect  to  X  is  zero.  Since  this  vector 
also  is  perpendicular  to  V^,  it  is  easily  seen,  by 
referring  to  figure  11,  that  its  direction  cosines 
with  respect  to  the  other  axes  can  be  found 
from  the  diagram  of  figure  18  in  which  V/  is 
the  projection  of  Vo  upon  the  (T,^) -plane. 


(1.74) 


dt' 
P  ' 


Since  Q  =z  0  t  —  0,  F  zr.  m  — .  at  f  —  G, 

dt'  =  dP'/u,  and  F  =  P  at  f  =  f/,  we  have 


(1.75)  Q 


f  dl 
-  gu  /  -- 

J  u 


dP’ 


where  the  prime  is  again  a  dummy  index.  A 
second  integration  yields,  since  Q  O  &tt  z=  O, 


(1.76) 


Q  —  g 


ur'‘  dP']  dt 


They  are  thus  sin  f  and  cos  Formulas 
(1.21)  then  furnish  the  direction  cosines  for 
the  X,  y,  z  system  in  the  form 

(1.78)  O,  C09  ZJ  (1  —  sirP  Z„  cos‘  A„)  ^ , 

8in  Zg  sin  Ag/ {1  —  sin^  Zg  cos“  Ag)^. 

rpi.  .  _  - , _ , - 4_  *_  4-V''  .  /V  » Tf.i4'/vw>  o  virt  4'Vt/iClA 

i  IltJ  CUIfipOlit^Xlld  111  U,  f' 

direction  co.sines  multiplied  by  Ugt.. 

The  windage  jump  does  not  alter  the  magni¬ 
tude  of  u^;  its  effect  is  to  increase  the  X,  Y,  Z 
coordinate.s  of  the  projectile  by  the  x,  y,  z  com- 
imnents  multiplied  by  the  time  factor  PjUg.  We 
tfius  have  the  increments 

O  ; 

Fc  cos  Zg/'  {1  —  ain^-  Zg,  cos^  A„)  ^ ; 
Pc  sin  Zg  sin  Ag/  (1  —  sin^  Zg  cos^  A 


Ax  = 


(1.79)<^^ 
AZ  ; 


22 


cos  tp 


Figure  7  8.  —  Direction  Cosines  of  u^c 


It  follows  then  that  the  increments  on  i,  r),  t.  are 

/  M  =  0, 

(  6,1)  =  —  Pr  (1  —  8in‘  Zo  COS^  A„)"i  • 

i[sw'“  Zo  sin  Ao  +  cos^  Zo  sin  Ao] 

=  —  Pr.  {1  ~  sin^  Zo  cos^  Ao)-i  • 
{sin  Ao)  , 

=  Pr  COS  Zo  COS  Ao  {1  —  sin"^  Zo  • 
cos'^  i4o)'  4 . 

The  resulting  effect  on  r,  is  small  and  will  be 
neglected.  We  ar  v.  then  concerned  only  with  the 
small  increa.ses  in  \  and  /i,  which  are  represented 
by  SA  and  6/i.  The  initial  yaw  angle  may  be 
regarded  a.s  t  —  v  of  figure  10  so  Ihal 

F.; 

(1.81)  sin  6<,  = - sin  T  . 

Uo 

Since  the  theory  is  based  on  a  small  angle  we 
may  put  S„  equal  to  its  sine  for  the  following 
approximation: 

(1.82)  So-  =  Vfj’  {1  —  sin‘  Zo  cos^  A„)/w„'- 
or 

(1.83)  {1  —  sin"  Zo  cos-  Ao)  =■  8oW„/F(;  . 


Upon  using  (1.30)  and  (1.80),  the  increments 
on  A  and  /i.  are  then  approximated  by 

IP  Vo 

8A  — -  - I- - cos  Zo  cos  Ao  , 

t  f  S otto 

P  Fo 

S/x  ~ - £ - sin  Ao . 

Vf  6  otto 

Substituting  (1.55)  into  (1.84)  yields 

/  P  Fc 


(1.85) 


!&k  —  b - cos  Zo  cos  Ao , 

r, 

P  Fo 

8/.1  —  —  b  — - - sin  Ao 

\  If  txo' 


where 


(1.86)  5  = 


AN  K,. 
md  Kn 


1.12  Ballistic  Computations  for  Aerial 
Gunnery 

Balli.stic  data  is  computed  and  presented  in 
firing  tables.  For  aerial  gunnery,  the  computa¬ 
tion  is  based  upon  the  theory  developed  in  the 


•  • 


•  • 


‘ 

r'-  ' 


'  - 


.  w-' 

1 

•  • 
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(8)  Compute  c: 

c" 

c  —  c'  -i - . 

So  1 


last  .section,  the  computational  .steps  for  which 
may  be  summarized  brielly  as  follows: 

(1)  Determination  of  the  drag  function 

for  a  projectile  of  given  type  by 
test  firings. 

(2)  Determination  of  the  corresponding 
Siacci  Space  function  S(a).  See  equa¬ 
tion  (1.17). 

(3)  Determination  of  the  ballistic  con¬ 
stants  K,„  Ku,  K„,  K„^,  Vo,  s,,  c',  c",  b, 
and  C'„  for  the  .specific  projectile  from 
experimental  data,  c'  =  c,p„  and  c"  = 
i>„(.VKn/2m  are  determined  instead  of 
c,  and  Ci-  The  quantity  .5,  is  the  value 
of  the  stability  factor  .s  near  the  muzzle 
of  a  stationary  gun  in  air  of  standard 


(9)  Compute  K : 

1  —  .6 

K  = - . 

2C„c  So  —  1 

(10)  Compute  S  for  a  given  sequence  of  P 
taken  at  even  intervals ; 

p  —2flcP  ^ 

S  =  So  +  —P  +  Ka-e  ) 


density.  It  is  experimentally  deter¬ 
mined  in  such  a  manner  that  it  may 
be  used  in  step  7  below. 

(4)  Choose  values  of  the  variable.s,  each 
from  one  of  the  following  intervals  and 
hold  these  values  constant  throughout 
a  given  computation: 

0  1.  0  180° 
0  <  V,,.<  600  mi/hr.  0<Ao^  180° 
O  <P  <  10,000  ft.  Starboard  side. 

The  comiiutations  for  the  port  .side 
are  the  same  except  that  the  lateral 
deliections  change  signs. 

(5)  Comi)ute;o, : 

(f„-  =  V,/  -|-  2T,;V'„  .sill  Zo  cos  A„  -(-  V,/. 

(G)  Compute  6,/: 

= -  (1  —  sill-  Zo  cos-  A„)  in 

‘<,r 

radians. 

(7)  Compute  .s'„; 

Sij  -  1  o  So/ fill  o  . 


where  S„  is  the  value  of  th»j  Siacci 
space  function  at  ii„  and  is  found  from 
the  Siacci  .Space  Function  Table. 

(11)  Find  u  from  the  Siacci  Space  Function 
Table  using  the  values  of  S  from 
(10),  and  then  compute  \/u  and  1/u-. 

(12)  Compute  the  time  of  flight  t/i 


P 


by  a  numerical  integration  having 
given  1/m,'  the  integrand,  at  evenly 
spaced  intervals  of  P, 

(13)  Compute  Q: 

0  0 

by  a  numerical  integration.  This  is 
.simply  a  procedure  of  finding  the  sec¬ 
ond  primitive. 
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(14)  Compute  ^ : 


i^p — 

—  Q  cos  Z„ 

Uo 

+  F„  ( 

- t,] 

\Uo  / 

/P  ^ 

1  sin  Zo  cos  A, 

—  Q  sin  Zo , 

/P  \ 

1  cos Zo  cos  A 

1 

II 

[uo'V 

1  sin  A„  . 

(15)  Compute  r/i 

=4"  +  V'  +  • 


The  units  in  which  the  tables  are  computed 
are  feet,  radians,  mils,  and  seconds.  The  units 
in  which  the  table.s  are  publi.shed  are  usually 
yards,  miles  per  hour,  mils,  and  .seconds.  The 
mil  used  herti  i.s  the  military  mil  defined  to  be 
1/6400  of  a  revolution. 

1.13  Bullet  Firing  Tables 

In  ordei-  to  further  illustrate  the  computation 
and  use  of  (iriiiK  tables  let  us  consider  a  small 
portion  of  a  bullet  firing  table.  A  certain  20-mm 
projectile  has  the  following  ballistic  charac¬ 
teristics  : 

a.,  =  2.85 ;  c'  =  .0015488  ft.-’ ; 

C.,  =  .510 ;  c"  =  .0000978  ft.’’ ; 

Ki,^  =  16.4 ;  b  86,600  mils/ft/sec. ; 

Vo  —  2750  ft/sec. 


(16)  Compute  A  and /A : 

sin  A  — - and  sin  /j.  =  — - 

r,  r, 


(17)  (Jompute  SA  and  8/x; 

F.  P 

Sa  —  b - cos  7j„  cos  A„  , 

r, 


V„  P 

hji.  —  ~  h - sin  A„ . 

Ua  '  'I'l 

The  computation  gives  values  of  f,,  A,  ;/,  8A,  and 
8/1  for  evenly  spaced  values  of  P  and  correspond¬ 
ing  cominited  values  of  Vf  at  the  chosen  values 
of  the  variables  mentioned  in  (4)  above.  These 
(luantities  can  then  be  put  in  terms  of  eveidy 
spaced  values  of  ?'/  by  graphical  interpolation 
or  Ijy  any  other  convenient  method  of  interpola¬ 
tion.  This  is  the  usual  form  for  tabulating  data 
in  aircraft  firing  tables. 


Consider  the  following  values  of  the  variables: 
F,;  =  300  mi. /hr.  =  440  ft./sec. 

/.  =  .8 

=45'  =800  mils 
Z,.  =  22.5 ■■  =  400  mils 
<)  =  32.174  ft./.sec-. 

P  was  cho.sen  at  inU-iwals  of  1000  ft.  For  the 
integi'ation,  9-i)oint  Lagrangian  integration  co- 
(dlieionts  wcr»-  used.  The  (luantity  A  represents 
the  fir.st  integral  ol'  l/a'  and  B  is  the  second 
integral;  i.o.,  B  is  the  integral  of  A.  The  inter- 
liolation  for  eveidy  sjiaced  intervals  of  17  was 
done  grajihieally.  The  windage  jump  correc¬ 
tions,  8A,  and  S/i,  are  nearly  constant  for  77  and 
ai-e  usually  tabulated  foi-  all  17.  The  constancy 
can  be  .seen  by  the  check  made  at  the  two  ex¬ 
tremes.  The  evenly  siiaeed  intervals  for  77  are 
given  in  yards,  evei’ything  else  i.s  in  feet.  A  and 
/■  are  obtained  in  mils  by  simply  multiplying 
their  sines  by  1020. 
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Table  l.l  Computation  of  Firing  Tables 


X  1()+® 


0 

1 

4224 . 201 

2000. 102  , 

.4448) 

0 

. 1 1880 

2 . 55248 

.(.1778882(14 

(1(14(1.4(18 

2450. 7K1 

.40704 

. 47874 

. 10508 

5. 1010(1 

.()()(i()(l(1582 

7(124 .  (107 

2(108.8(17 

.47045 

.81870 

. 22700 

7 .  (15744 

.()(l0472r)l(l 

0101 . 171 

1777.208 

.  5020(1 

1 . 44005 

.41050 

10.20002 

.0(1()04()8(14 

107(12.014 

1480.775 

.07124 

1.05140 

.45057 

12.7(124 

.O(Kl(;028(i7 

12441.540 

1242  404 

. 80484 

2 . 08828 

.(>(775 

15.41488 

.(Kl()(l()0224 

14000. 177 

1074.142 

.04008 

4  55875 

. 80074 

17.8(174(1 

.(1(1()(:(10()17 

15408.804 

084.271 

1 .0170) 

4 . 54508 

1 .04442 

20.41084 

.OOOOdOOOl 

17047.441 

011.052 

1 .00055 

5.50012 

1.20242 

1  . 

- 

i  0  Ij 

i  lOOO 

:  2()()()  j 

;  ;^()()()  ! 
!  -lOdO  I 

j  .■)()()()  ' 
!  ()()()( )  ! 
i  7()()(j  '! 
!  8()U0  l! 


.  I4r);542 
.44Wt(i7 
.()(1S42I 

1  .r)4i44r) 
2,2!)(tl(il 
2.2!(i4():5 
4,4r)r)i24 


0 

.07()(i;r2 
.4()(i882 
.77417)4 
1  .r)r)<i')72 
2.802214 
4.()l)4r)21 
7.44<)02() 
1 1 .24r)4r)i 


(I 

2.2r)42 
1).  874(1 
24.8704 
00.1777 
1)0  l.oK-l 
lol  (1410 
24(1  (IdoO 
4()  1.48(12 


1  H'J 
48 
41» 


108.28 


2.02 

74 

50 
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Firing  tables  are  usually  massive,  A  small  portion  of  one  table  is  presented  hero  for  future  reference. 

Table  1.2 


*-D=rj 


1.14  Bomb  Ballistics 

In  bombing  fixun  an  aircraft  at  ground  tar¬ 
gets,  the  bomb  is  released  without  any  in'ojecl- 
ing  foi'ce  and  allowed  to  fall.  As  it  travels 
through  the  air,  it  is  acted  upon  by  the  forces 
of  gravity  and  aii’  resi.staiuu'.  1'ho  bomb  is,  of 
course,  given  an  initial  veloeiL\'  whieh  is  tl'ic- 
true  airsi)eed  of  the  aircraft.  If  a  wind  is  tjlow- 
iiig,  it  also  will  act  upon  the  bomb  and  will  cause 
it  to  di’ift  with  I’espect  to  the  ground,  and  this 
drift  becomes  a  serious  factoi'  in  liomliing. 

The  force  system  ffir  a  bomb  is  similar  to 
that  of  the  general  projectile  already  discussed, 
A  bomb,  however,  is  not  given  a  spin  ljut  is 
eciuipiied  instead  with  symmetrical  fins  which 
sei’Ve  to  bi  iiig  the  center  of  pi’cssure  behind  the 
center  of  gravity,  thus  making  the  bomb  stalde. 

The  ,«ame  coordinate  system  that  was  used 
before  also  can  be  used  for  bombing,  excejit  that 


the  origin  is  now  located  at  the  summit  of  the 
trajectory  and  the  trajectory  has  only  a  de¬ 
scending  branch. 

In  gonoral,  the  theory  is  the  same.  We  shall 
consider  the  theory  of  bombing  in  chapter  6. 


f  If-  n  .  I  .  j 

i.io  r\ocRt?i 


UUIIUI 


In  the  firing  of  rockets  from  aircraft,  the 
rocket  is  propelled  during  its  burning  time  and 
thei’eaftei’  falls  freely  like  a  bomb.  Thus  a  rocket 
acts  like  both  a  bullet  and  a  bomb.  The  forces 
acting  on  a  rocket  are  the  same  as  those  on  any 
other  i)rojectilc.  Howevei',  the  changing  of  its 
lu’ojecting  velocity  during  the  course  of  its 
ti-avel  cau.ses  added  peculiarities.  The  ballistics 
of  a  rocket  will  be  discussed  in  chapter  7  where 
the  theory  of  rocket  firing  will  be  considered  in 
detail. 
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Chapter 

DEFLECTION  THEORY  FOR  AIR-TO-AIR  GUNNERY 


2.1  Introduction 

In  the  main,  the  present  chapter  will  bo 
concerned  with  the  jirohlem  of  successfully  aim¬ 
ing  a  moving  gun  at  a  moving  target  so  as  to 
secure  a  hit.  Since  it  is  only  in  special  circum¬ 
stances  that  the  gun  will  be  ])oinced  directly  at 
the  target,  of  immediate  concern  to  us  will  be 
the  development  of  formulas  expressing  the 
angle  by  which  the  gun-boi‘e  axis  must  be  de¬ 
flected  from  the  gun-target  line  at  the  instant 
of  fire  in  terms  of  kinematic  and  ballistic  fac¬ 
tors  continuously  measurable  at  the  gun.  This 
angle  is  known  as  the  angle  of  load  or,  more 
briefly,  the  lead  angle.  The  gun  will  be  thought 
of  as  mounted  on  a  platform,  called  the  gun- 
platform,  and  hereafter  denoted  by  the  letter 
G ;  while  the  target,  denoted  by  T,  will  be  a 
fighter  aircraft  attacking  G.  The  gun  platform 
G  may  be  considered  to  be  a  bomber  or  turreted 
fightei-  with  flexible  guns,  i.e.,  guns  the  direction 
of  whose  fire  is  in  general  unrestricted.  By 
motion  of  G  or  T  we  shall  mean  motion  with 


respect  to  the  air  mass,  so  that  the  concept  of 
absolute  wind  need  not  be  taken  into  account 
here.  An  object  will  be  fixed  in  space  if  it  has  no 
motion  with  respect  to  the  air  mass. 

2.2  Actual  Motion  ond  Relative  Motion 

The  actual  path  in  space  traced  by  T,  and 
viewed  by  an  observer  fixed  at  O,  is  in  general 
a  very  different  appearing  curve  when  viewed 
from  the  moving  point  G.  Thus,  if  G  flies 
straight  and  level  and  T  flies  along  just  abreast 
of  G,  an  observer  at  O  sees  T  describe  a  straight 
line,  whereas  to  the  gunner  at  G  the  target  T 
will  ai)pear  to  hang  stationary  off  his  beam.  In 
general,  the  path  of  T  as  seen  from  0  is  called 
the  “air  coui'se”  of  T  whereas  the  path  as  viewed 
from  G  is  spoken  of  as  the  “relative  course.”  By 
way  of  illustration,  figure  20  shows  air  courses 
of  G  and  T,  supposed  coplanar,  with  correspond¬ 
ing  positions  of  G  and  T  indicated  for  consecu¬ 
tive  seconds.  The  angle  t  measured  from  G’s 
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bow  to  the  gLiii-tai-Kot  lino  GT,  is  called  the 
anglo-off  of  the  target  ov  simply  the  anglo-off. 
The  api^roach  angle  n,  measured  at  the  jiresent 
position  of  the  target,  is  formed  by  the  tangent 
to  the  target’s  path  and  the  gun-target  line. 
More  precisely,  it  is  do'hied  as  the  directed  angle 
f)'oni  -r  to  V-i-  The  distance  GT,  denoted  by  r, 
is  the  prtisont  range  of  the  target.  The  curve 
draw.n  in  figure  21  rei)resents  the  path  of  T 
relative  to  G  and  may  be  obtained  by  plotting  on 
])olar  coordinate  paper  the  points  (/■,  t)  asso¬ 
ciated  with  each  G  position  and  drawing  a 
smooth  curve  through  those  points.  In  figure  20, 
the  points  were  plotted  assuming  constant  tan¬ 
gential  sjieeds  for  both  T  and  G,  that  is  to  say, 
the  magnitudes  Vr,  Vc  of  tlie  velocity  vectors 
V,|.,  V^.  are  constant.  Hence,  it  is  important  to 
notice  that  while  on  the  air  cour.ses  etpial  dis¬ 
tances  arc  covered  in  equal  times,  along  the 
I’clativo  course  this  is  no  longer  true.  The  veloc¬ 
ity  of  T  relative  to  G  is  in  fact  whose 


Figure  21 .  —  Path  of  T  Relative  to  G 
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magnitude,  as  can  be  easily  verified  from  figure 
20,  is 

(2.1)  \yr-^a\ 

=  V "T  V-r'  -|-  2ViiVt  cos  (rt  t). 

This  magnitude  is  dependent  on  a  and  r  and 
hence  is,  in  general,  not  constant. 

2.3  Case  I — Fixed  Gun-Platform — Linear 
Target  Motion 

This  case  is  essentially  that  which  obtains  in 
antiaircraft  fire,  but,  as  will  be  seen,  it  also 
applies  to  the  fighter  pilot’s  problem  of  cor- 
)‘ectly  aiming  forward-firing  guns.  The  basic 
aiming  allowance  here  is  for  the  target’s  motion 
during  the  projectile’.!  time  in  flight  and  is  called 
the  kinematic  lead.  Additional  slight  modifica¬ 
tions  of  the  gun  bore’s  position  must  be  made 
to  allow  for  gravity  drop.  In  this  paragraph  we 
shall  consider  the  kinematic  lead  only,  reserving 
gi’avity  drop  corrections  foj'  later  cases  of  which 
this  case  can  be  considered  to  be  a  particular 
instance. 


Figure  22, — Fixed  Gun  vs.  Ato//ng  Target 


In  figure  22,  supiiose  that  T  traverses  line 
7’Tf  with  constant  speed  Vr.  T;  represents  the 
jiosition  of  the  target  at  the  time  of  impact  with 
a  suitably  aimed  ])rojectile  and  will  be  referred 
to  as  the  f utui~e  position  of  the  target.  Similarly, 
Vf  will  be  called  the  futui’e  range.  The  angle  A,., 
measured  j)ositively  in  a  clockwi.se  direction 
when  viewed  fi'om  above,  is  then  the  required 
kinematic  deflection.  Letting  t,  be  the  time  of 
flight  of  the  bullet  over  the  I'ange  )'/,  and  V/  be 
the  mean  velocity  of  the  bullet  over  this  range, 
then  in  triangle  GTT /  the  Law  of  Sines  yields 
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Sin  TT /  Vr'tf  T 

Sin  a  Vj  V ft/  Vi 

whence, 

V,  _ 

(2.2)  sin  Ajt  r= - .sin  a  . 

If  the  lead  angle  .h  small,  we  can  replace 
.sin  Aft  by  A^,  provided  A;,  i.s  measured  in  ra¬ 
dians,  with  resulting  error  les's  ^  A^’.  Equa¬ 
tion  (2.2),  considered  from  the  standpoint  of  a 
lead-computing  sight,  is  not  of  much  value  since 
the  quantities  Vr,  »  would  not  be  directly  avail¬ 
able  as  inputs.  If  we  resolve  the  vector  V,j,  into 
components  along  and  perpendicular  to  GT, 
then  the  perpendicular  component  may  be 
written 

(Id 

(2.3)  Fj  sin  a  =  7'i..  =  r  —  =  r(i 

(U. 

whei'ein  is  the  angular  rate  of  the  line  GT  in 
rad/sec  and  0  is  its  angular  coordinate  referred 
to  a  fixed  reference  lino  through  G.  Combining 

(2.3)  and  (2.2)  we  may  write 

/’ti) 

(2.4)  sin  =  - . 

Vi 

In  order  to  put  (2.4)  into  an  approximate  form 
involving  only  present  data,  let  us  introduce  the 
velocity  V,,  which  represents  the  moan  velocity 
if  the  bullet  had  to  cover  r  instead  of  r,.  Then, 

V  r  I'm  V  r 

sin  = - •  - -  = - ■  tu> 

V,  Vr  V/ 

where  f  i.s  the  present  time  of  fiigrit,  that  is,  tliC 
bullet’s  time  of  flight  over  the  range  r.  tiince  for 
.small  \u,  r  and  ?v  differ  very  little,  the  factor 
V 

•—  i.s  close  to  1  and  we  have,  as  a  useful  approxi- 

1  / 

mation,  the  formula 

(2.5)  A,,.  ~  , 

The  fighter  ])ilot’.s  problem  of  coi'i’cctly  aim¬ 
ing  forward-firing  guns  i.s  then  taken  care  of 
apiiroximately  by  (2.4),  wherein  F/  i.s  replaced 
by  a  new  mean  velocity  arising  out  of  the  fact 


that  the  projectile’s  muzzle  velocity  has  been 
augmented  by  the  velocity  of  the  aircraft.  Thus, 
as  far  as  the  mathematics  of  the  situation  is 
concerned,  the  pilot  might  as  well  be  sitting  in  a 
balloon  firing  bullets  of  higher  muzzle  velocity. 

2.4  Case  2 — Moving  Gun-P!atform 
— Fixed  Targe; 

This  ca.se  —  whic..  might  propeily  be  called 
the  strafing  case  —  is,  mathematically  speaking, 
the  complement  of  the  fixed  gun  versus  moving 
target  ca.se.  There  are,  however,  important 
jihysical  differences.  In  Case  1,  the  path  of  the 
bullet  i.s  an  extension  of  the  boi’e  axis,  a  fact 
which  is  no  longer  true  here  as  is  evident  from 
figure  23.  The  muzzle  velocity  y,  of  the  bullet 
is  compounded  with  the  gun-platform  velocity 
Vj.  according  to  the  parallelogram  law  to  give 
a  resultant  velocity  of  the  bullet  with  respect 
to  the  air  mass.  We  shall  refer  to  u  as  the 

o 

initial  velocity  of  the  bullet  and  to  the  parallelo¬ 
gram  GABC  as  the  firing  parallelogram. 

Under  the  a.ssumption  that  the  bullet  travels 
a  straight  line,  it  is  evident  from  the  figure  that, 
to  hit  the  fixed  target  T,  it  is  sufficient  to  aim 
the  gun  so  that  the  arrow  GB  will  be  pointing 
directly  towards  T  at  the  time  of  fire.  Neglect¬ 
ing  gravity  drop  as  before,  we  find  from  triangle 
GAB  that 

.sin  A  AB  GC  Vu 
sin  r  ”  GA  "  GA  ~  Vo 
whence 

(2.0)  sin  A  r-  - sin  t  . 

The  path  of  the  gun  platform  is  shown  as  a 
curved  line  in  figure  23,  for  the  sake  of  general¬ 
ity.  Actually,  the  individual  bullet  is  only  con¬ 
cerned  with  the  tangential  velocity  at  the 
in.stant  of  fire.  What  the  gun-platform  does  after 
the  bullet  leaves  it,  no  longer  affects  the  motion 
of  the  bullet. 

From  (2.6),  we  note  that  bullet  direction  is 
determined  by  V  and  V„  and,  except  for  gravity 
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drop,  i.s  indepondcnt  of  bullet  range  GT.  This 
contrasts  with  Case  1  of  the  fixed  gun-platform 
—  moving  target,  where  bullet  direction  was 
dependent  on  Vf  (cf.  Equation  (2.2)),  which  in 
turn  depended  on  the  bullet  range  GT/.  In  the 
present  case,  the  only  effect  of  range  is  that  a 
more  distant  target  will  be  hit  a  little  later, 

The  ratio 

speed  of  gun-platform  in  a 
direction  perpendicular  to 
V„  sin  T  the  gun-target  line 

Vi,  muz7de  speed  of  bullet 

appears  frequently  in  the  theory  of  aerial  gun¬ 
nery  and  is  called  the  own-.speod  deflection. 
Hence  we  may  say  that  for  a  fixed  target,  the 
■sine  of  the  lead  angle  is  .given  by  the  own-speed 
deflection. 

Equation  (2.6)  can  be  rewritten  involving 
r  GT  and  fJ  =  Thus, 

ro> 

(2.7)  sin  .V  =  - , 

E„ 

a  form  involving  mechanizable  inputs. 

As  far  as  the  actual  and  relative  motions  are 
concerned,  we  I’cmarlc  that  in  .space,  GT  I'otates 
about  T  as  a  pivot,  but,  as  the  gunnel’  at  G  sees 
things,  G  is  fixed  and  T  is  drifting  backwards 
with  angular  rate  w. 


2,5  Case  3 — Moving  Gun-Platform — Moving 
Target  on  a  Straight  Line 

In  this  .section  wc  shall  combine  Cases  1  and 
2  and  permit  both  platform  and  target  to  move. 
We  .shall  assume,  for  simplicity  at  this  point, 
that  the  air  courses  of  G  and  T  are  coplanar  and 
that  the  air  course  of  T  is  in  fact  a  straight  line 
traver.sed  with  constant  speed.  Gravity  drop 
will  again  be  neglected. 

Referring  to  figure  24,  G,  T  are  the  present 
liositions  of  gun  and  target,  that  is,  the  po,si- 
tions  at  the  instant  of  fire;  GTt  is  the  air  course 
of  the  bullet  (bullet  range),  T/  is  the  future 
position  of  T  (position  at  time  of  impact  with 
the  bullet)  and  //  is  the  time  taken  for  the 
bullet  to  covei-  the  range  GTf.  The  broken  lines 
represent  auxiliary  constructions  necessary  for 
the  following  derivation: 

FA  BD  -  BE 
sin  A  = - =  - - - - - 

Vo 

Vu  sin  T  —  u„  sin  if 


r  a 

(2.8)  .sin  A  =  - ,sin  T - sin 

V„  Vo 

a  form  useful  for  computational  purposefj. 


32 


DEFLECTION  THEORY  FOR  AIR-TO-AIR  GUNNERY 


From  triangle  GTT,  we  have  by  the  Law  of 
Sines 

V  jtf  F 

sin  If  = - sin  a  = - -  sin  a 

GT,  GTf 

~ 

Vt  qV t 

=  — —  sin  tt  =  = - sin  a , 

u  Uo 

where 

Uo  initial  speed  of  bullet 

5  —  - - -  >  1 . 

u  average  speed  of  bullet 
Equation  (2.8)  may  now  be  w'ritten 
Va  qVr 

(2.9)  sin  A  =  - sin  t - - sin  «  . 

Vo  Vo 

The  quantity  q  defined  above  is  a  measure  of 
bullet  slowdown.  Indeed,  the  average  bullet 
speed  is  obtained  by  multiplying  the  initial 

1 

speed  Vo  by  — .  An  intei  luetatiou  of  q  in  terms 

q 

of  t/  also  can  be  given.  Letting  GT,  =  li  we  have 


Uq  Uot,  tf  if 

(2.10)  = - =  — =  _ 

u  R  R  to 


wherein  t„  represents  the  time  required  for  the 
bullet  to  cover  R  in  a  vacuum.  Fi'om  (2.10), 

Uot, 

(2.11)  q^ - .-:--l  +  /. 

R 

and 

if  ~  to  "i  ‘  Ro  —  qto  f 

which  shows  that  I  represents  the  proportion 
by  which  the  time  of  flight  has  been  increased 
due  to  the  slowdown  of  the  bullet. 

A.ssuming  angles  to  be  measured  positively 
as  indicated  by  the  arrows  in  figure  24,  we  can 
now  see  how  (2.9)  can  be  regarded  as  a  com¬ 
bination  of  the  formulas  (2.2)  and  (2.6)  of  the 
two  previous  cases  of  fixed  gun-platform  v,s. 
fixed  target.  'I'he  first  term  of  (2.9)  tells  the 
gunner  to  aim  to  the  rear  to  make  allowance 
for  his  own  speed  while  the  second  term  tells 
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him  to  pull  the  gun  forwai'cl  (backwards  if  the 
target  is  recedi?ig)  to  allow  for  target  motion. 

As  before,  the  lead  angle  also  can  be 
expressed  in  terms  of  the  angular  rate  ot  of  the 
gun-target  line  GT  and  the  present  range  r.  To 
derive  a  formula  for  «,  we  make  use  of  the  rela¬ 
tive  velocity  concept  introduced  in  section  2.2. 
In  figure  2-5,  the  velocity  of  T  relative  to  G  is 
the  vector  V,|,  —  V^,.  Assuming  clockwise  angu¬ 
lar  motion  as  positive  and  linear  measurements 
on  GT  ])ositive  when  directed  from  G  towards 
T,  we  have,  uiion  7’esolving  this  vector  into 
components  perpendicular  to  and  along  GuT: 

—  rd  =  —  rw  =  TB  =  CD  —  ED 
=  Fy  sin  a~Va  sin  t 

or 

(2,12)  ro>  =  Vu  sin  t  —  Fy  sin  «  . 

A  u.seful  formula  for  range  rate  r  is  obtained 
by  considering  the  component  of  —  V^.  on 
GoT: 

r--AT=-.~AC-CT 
=  —  F(/  cos  T  —  Fy  cos  a 


or 

(2.13)  r  =  —  (Vo  cos  T  -t-  Fr  cos  a)  , 

Although  figure  25  is  drawn  for  straight  line 
target  motion,  it  is  obvious  that  the  formulas 
(2.12)  and  (2.13)  hold  in  general  since  V,^  at 
only  one  point  is  involved  in  their  derivations. 

Eliminating  in  succession  t  and  «  from  (2.9) 
and  (2.12),  wc  find 

To>  V  T 

(2.14)  sin  .\  = - I - sin  «  : 


?’m  F  (I 

(2.15)  sin  .\  =  q - I - sin  t  . 

Vo  V„ 

In  ordei'  to  interpret  these  equations,  observe 
that  if  there  wei’e  no  slowdown  of  the  bullet, 
we  would  have  I  —  0  and  then  sin  A  would  be 
given  by 

r...  V,j  Fy 

(2.1G)  sin  A  - sin  T  — . —  sin  «  . 

Vo  Vo  F„ 
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Figure  26. — Ballistic  Deflections 


Rewriting  (2.9)  as 


Vo  y. 

sin  A  =  - sin  t - sin  a 


we  sec,  by  comparing  it  with  (2.16) ,  that  bullet 
nlowuown  alters  the  lead  term  sin  A  by  the 
amount 

y, 

l - sin  a  . 

y„ 


2.6  Kinematic  Lead  and  Bullet  Trail 

To  ,sirni)lify  matters,  we  shall  assume  that  the 
gun  traverses  a  .sti-aight  line  with  constant 
speed,  the  target  path  being  unrestricted.  Again 

«e8995  0-92-4 


we  consider  only  the  two-dimensional  case  with 
both  air  courses  lying  in  the  same  mathematical 
plane  and  gi-avity  effect  on  the  bullet  negligible. 
In  figure  26,  G  and  T  are  the  positions  of  the 
gun-platform  and  target  at  the  time  of  fire. 
Their  positions  at  the  time  of  impact  of  the 
bullet  with  T  are  denoted  by  G/  and  T/.  Then  the 
distance  G/T/  from  the  gun  to  the  target  at  the 
time  of  impact  is  called  the  future  range  of 
the  target  and  is  denoted  by  ?>.  The  firing 
parallelogram  is  GA.BC  as  before.  The  angles- 
off  of  the  gun  and  sight  line  are  y  and  t,  respec¬ 
tively,  and  their  difference  y  —  t  is  by  definition 
the  total  lead  angle  A. 

The  bullet  leaves  the  gun  with  velocity  V 

o 

relative  to  the  gun  and  v/ith  velocity  u  = 

»  -  I  »—  o 

V  -f-  V  with  respect  to  the  air  mass.  We  shall 
suppo.se  that  the  effect  of  air  resistance  on  the 
bullet  can  be  accounted  for  by  a  drag  force, 
parallel  to  the  direction  of  motion,  and  acting 
on  the  bullet  at  its  center  of  gravity.  (As  ex- 
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plained  in  chapter  1,  this  assumption  is  valid, 
to  within  a  small  initial  correction  called  the 
windage  jump,  for  explaining  the  motion  of  the 
bullet  in  flight.)  The  effect,  then,  of  air  resist¬ 
ance  is  a  mere  slowing  down  of  the  bullet  along 
its  air  course,  GTi.  From  figure  26  and  the 
results  of  the  last  section  we  note  that,  for  a 
time  of  flight  of  t/  seconds,  the  bullet  range 
GTf  is  equal  to  the  vacuum  bullet  range  GD 

1 

(=  Uoti)  multiplied  by  the  slowdown  factor  — . 

Q 

Thus,  GT)  ^  Uotf/q.  If  air  resistance  were  lack¬ 
ing,  the  bullet  would  always  have  a  velocity 
component  in  the  direction  of  the  gun’s 
motion,  so  that  a  person  stationed  at  G  would 
always  see  the  bullet  moving  along  a  line  which 
would  be  a  mere  extension  of  the  gun  bore.  In 
other  words,  in  a  vacuum  the  relative  path  of 
the  bullet  would  be  the  straight  line  GA.  But, 
because  of  air  resistance  the  observer  at  G  sees 
the  bullet  “curve  toward  the  rear”  since  the 
bullet,  so  to  speak,  no  longer  keeps  up  with 
the  gun.  This  curved  path  is,  in  fact,  traced 
by  the  point  T/',  whose  polar  coordinates  are 
(r/,  Ti'),  as  it  moves  along  the  line  GTf  with 


Uo 

speed  — . 
Q' 


The  angle  DGfT/,  measured  from  the  bore 
axis  of  the  gun  to  the  future  range  line,  is  called 
the  bullet  trail  or  lateral  deflection  of  the  bullet. 
It  is  the  same  as  angle  AGTf'  appearing  in  the 
lower  part  of  the  figure,  where  the  line  GfTf 
ha.s  been  redravvii  in  tlio  po.sition  GT/.  Wc  shall 


denote  bullet  trail  by  A;,.  The  angle  TGT /  i.s 
called  the  kinematic  load,  I’ef erred  to  by  the 
symbol  A;,.  It  is  the  lead  arising  from  the  rela¬ 
tive  motion  of  ,hc  two  aircraft  and,  in  the 
absence  of  ballistic  effects,  is  coincident  with 
the  total  lead.  In  general,  as  is  evident  from 
figure  26,  we  have 


(2.17)  A  =  A, -A„. 


We  I'roceed  to  derive  .some  formulas  for  A/, 
for  the  situation  depicted  in  figure  26.  The  Law 
of  Sines  applied  to  triangle  EGfTf  yields; 


sin  Aft  sin  y  sin  Tf 

EG,  ~  GfT,  ~  ET, 

Since  ET,  is  drawn  parallel  to  G,D  =  Wti, 
ti-iangles  GET,  and  GG,D  are  similar.  Thus  we 
find  that 

IVat,  Vot, 

eg,  = - ,  ET,  = - , 

Q  <l 

whence 

IV „t,  sin  y  iVa 

(2.18)  sin  Ai,  = - =  - — —  siny, 

qr,  qV, 

where 

t'/ 

V,  —  - . 

tf 

Similarly, 

IVo 

(2.1D)  sin  A(,  = - sin  T,  . 


The  (luantity  V-  appearii  g  in  (2.18)  represents 
the  average  speed  of  the  bullet  ove)’  the  future 
range.  An  approxiniate  formula  for  this  quan¬ 
tity  is  found  by  applying  the  Law  of  Cosines 
to  triangle  EG,T,.  Thus: 

T =  EG,‘  ET ,~  —  2{EG,)  (ET,)  cos  y 

or 

1 

Fr  = - I  Kr  4-  -  2lV„Va  cos  y] 

q‘ 

1 

= -  i  (Fp  —  IVa  COS  y)  = 

9“ 

-I-  sm*  y]  . 

Since  Fo  <  <  F„,  the  term  1-7^-  sin-  y  is,  for 
mo.st  atUvck  data,  generally  negligible,  so  that 
apinoximately 


(2.20)  V, 
and 


F„  —  IV, i  cos  y 
Q 


IVo 

- sin  y  . 

F„  —  IFt  cos  y 


(2.21)  sin  A), 
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.-.V 
.nI 


.j-,  ..j- _ 


2.7  Determination  of  the  Kinematic  Lead 

The  angle  in  figure  26  can  be  determined 
readily  using  the  relative  path  of  T.  An  arc  of 
this  path  traversed  by  T  during  the  time  of 
flight  tf  is  shown  in  figure  27.  Since  the  path  of 
G  is  here  assumed  to  be  a  straight  line,  we  have 
immediately  o>  — -  t.  It  should  be  borne  in  mind 
that  this  is  no  longer  true  for  curvilinear  gun- 
platform  air  courses.  In  the  latter  case,  to  t  must 
be  added  the  angular  rate  of  turn  of  the  gun- 
platform  itself. 

To  find  an  approximate  expression  for 
sin  Afc  we  note  that: 

Area  of  triangle  TGT,  =  Area  of 

Sector  TGT/, 


or 


/* 

(2.22)  irr/  sin  =  i  j  r“wdt  ;  {o,dt  =  dr) . 


The  expression  ?’-w  can  be  interpeted  physically 
as  the  angular  momentum  of  a  unit  mass  placed 
at  point  T  and  moving  v/ith  T  with  respect  to 
the  moving  origin  G.  We  shall  denote  it  by  M 
and  j’efor  to  it  as  the  angular  momentum  of  the 
sight  line.  Let  M  (0  =  r-n  at  variable  time  t  and 
let  M  =  M(0). 


V  ■*  .  V 

‘  '**/•*'*  ■»" 


Expanding  M{t)  in  a  Maclaurin's  series  we 
may  rewrite  (2.22)  as 


h 

-I 


(2.23)  rv/  sin  Aa:  =  j  [M  +  tM  +  ...]dt 
o 


:=  Mt,  4-  iMt 


where  M  =  M(t)](  =  0,  etc.,  and  term.s  of 
higher  order  have  been  neglected.  This  yields 
finally  the  form 


t, 

(2.24)  sin  A*  =  - (M  -f  J  </  M) 

rr/ 


or  if  (2.20)  be  employed  for  Vf  —  Vf/tf, 


(2.25)  sin  A*  == 


q  (M-)-  it,  M) 
r  [Vo  —  IVoCos  y] 


The  approximation  (2.22)  assumes  that  the 
time  of  flight  is  small  and  that  the  curvature  of 
the  relative  path  is  not  large. 

When  the  air  courses  of  gun  and  target  are 
both  straight  lines,  M  i.s  identically  zero  and  the 
angular  momentum  is  then  constant.  To  prove 
this  let  us  write  M  in  the  form  r{r«>).  We  then 
have,  by  differentiation  with  respect  to  the  time, 

37 


■ 


g  - 
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d 

M  —  r(rM)  r - (nn)  . 

dt 

Using  the  relations  for  r  and  r™  given  by  equa¬ 
tions  (2.13)  and  (2.12),  we  find 

M  =  —rVo  («  —  t)  cos  t 
—  T  Vt  (“  “h  ®  • 

Since  the  gun-platform  is  on  a  linear  path,  m  = 

T.  Moreover,  although  the  angles  t  and  «  are 
themselves  variable,  their  sum  is  constant  and 
equal,  in  fact,  to  the  supplement  of  the  angle 
of  intersection  of  the  two  straight  line  paths. 
Hence, 

.  .  .  d 

=  — - O  * 

dt 

Substituting  into  the  last  expression  for  M,  we 
obtain  M  =  0  as  desired. 

2.8  Case  4 — The  General  Case  in  Three- 
Dimensional  Space 

2,8.1  Introduction 

In  the  preceding  sections,  lead  formulas  were 
derived  under  the  simplifying  assumption  that 
the  gun-platform  and  the  target  moved  in  a 
fixed  plane,  the  so-called  plane  of  action.  In  this, 
the  general  case,  we  shall  allow  the  gun  and 
target  paths  to  be  any  flyable  paths  in  space. 
Moreover,  the  additional  corrections  in  the  lead 
formulas  that  must  be  made  to  take  into  account 
ownship  acceleration,  projectile  drop  due  to 
gravity,  angles  of  attack  and  skid,  angles  of 


bank  and  dive,  and  the  secondary  ballistic  cor¬ 
rection  due  to  windage  jump,  will  be  accounted 
for.  A  general  vector  equation  for  the  lead  will 
be  derived  first.  This  equation,  valid  for  all  gun 
turret  coordinate  systems,  will  then  be  spe¬ 
cialized,  by  way  of  illustration,  for  the  case 
where  the  gun-carrying  aircraft  is  a  bomber 
with  an  azimuth-elevation  top  deck  turret.  An 
example  illustrating  the  computation  of  lead 
angles  for  a  specific  tactical  situation  concludes 
the  study.  It  should  be  emphasized  that,  through¬ 
out  this  chapter,  gun  and  target  speeds  are 
assumed  constant. 

2,8.2  The  Muzzle  Velocity  Vector  V^ 

As  noted  in  Chapter  1,  the  windage  jump 
vector  J  is  perpendicular  to  the  plane  of  V^  and 
V  and  has  the  direction  of  V  X  V  .  The  initial 

C  Co 

velocity  is  then 

(2.26)  u  =  V  "h  V  -f-  J. 

Thus  we  find  that 

(2.27)  V  =u  -V^-J. 

From  figure  28,  showing  the  present  and  future 
positions  of  the  gun  and  target,  respectively,  we 
note  that  the  Siacci  coordinates  P  and  Q  of  the 
point  T,  have  the  directions,  respectively,  of 
u  and  n,  where  n  is  a  unit  vector  directed  ver- 

o 

tically  downward. 

Hence, 

liiQ  "U/Q 

=  — P  =  -^(R-Q), 


P 
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and  thus  from  (2.27)  we  find  that 

(2.28)  V  =J^R-V  -J~w, 

op  G 

whei'ein  the  gravity  drop  component  is 
UoQ 

(2.29)  - n. 

P 

2,8.3  An  Expansion  for  the  Projectile  Range  R 

Consider  the  situation  as  depicted  in  figure 
29.  Here  C,  C  are  the  space  paths  of  ownship 
and  target,  respectively ;  G  and  T  are  their 
present  positions  while  T,  is  the  target  future 
position.  Vectors  r  and  R  are  the  present  and 
projectile  ranges ;  T  and  are  position  vectors, 
relative  to  tlie  fixed  point  0,  of  points  T  and  T,-. 
Finally,  V^.,  and  vectors  denote  the  gun  and 
target  velocities  at  points  G  and  T,  respectively. 

From  the  figure  we  note  that 

(2.30)  R  =  r  +  7T/==r-t-Tj-T. 

If  we  assume  that  t  —  O  corresponds  to  the 
instant  of  fire,  then  T(t  will  represent  the 
position  vector  of  an  arbitrary  point  on  the  TTf ; 
T(G)  =T^andT(o)  =  T.  Upon  expanding  T(t) 


in  a  Maclaurin’s  series  and  evaluating  it  at 
i  =  ti,  we  find 

(2.31)  T^=T  +  tiT  +  -^T-f  ,  .  .  , 

where  T  =  T  (f)  ] ,  =  O,  etc. 

Since  T  =  V  and  T  =  V  ,  we  may  rewrite  (2.31) 

T  T 

in  the  form 

(2.32)  T  _T=t/V^-h-^V^+...  , 

and  hence  obtain  from  (2.30)  the  following 
basic  expansion  for  the  projectile  range  R: 

(2.33)  R  =  r-f-f,V^  +  -^y  -f...  . 

An  aircraft  fire  control  computer  of  the  direc¬ 
tor  type,  i.e.,  one  where  information  gained  by 
positioning  the  radar  antenna  (line  of  sight)  is 
sent  to  the  computer  which  then  computes  the 
proper  gun  orders,  is  said  to  be  of  the  first 
(second)  order  if  the  first  two  (three)  and  only 
the  first  two  (three)  terms  of  the  right-hand 
member  of  equation  (2.33)  are  accounted  for  in 
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evaluating  the  lead  angle.  Thus,  a  first  order 
computer  uses  target  position  and  velocity  data 
only,  and  is  based  on  the  relation 

(2.34)  R  =  r  +  V^, 

which  represents,  for  varying  values  of  Vt  and 
tf,  the  vector  equation  of  the  line  tangent  to  the 
target  path  at  the  instant  of  fire.  For  this 
reason,  a  first  order  computer  is  sometimes 
referred  to  as  a  linear  predictor.  A  second  order 
computer,  in  addition  to  target  position  and 
velocity  data,  employs  target  acceleration  and 
is  based  on  the  equation 

(2.35)  R  =  r  +  t/V^+-^V^. 

Geometrically,  the  vector  relation  (2.35)  repre¬ 
sents,  for  varying  tf  and  Vt,  a  parabola  tangent 
to  the  target  path  at  the  instant  of  fire.  Hence, 
a  second  order  or  parabolic  predictor  partially 
accounts  for  target  course  curvature  by  replac¬ 
ing  the  arc  TTf  of  the  target  path  by  the  para¬ 
bolic  arc 

(2.36)  R  =  r-|-iV 

^  — 

These  facts  are  illu.strated  in  figure  30  in  which 
Cl,  €■.  and  C'  represent,  respectively,  the  tangent 


line  to  the  target  path,  the  parabolic  arc  (2.36), 
and  the  target  path  itself.  The  angles  e,  and  t-z 
represent,  respectively,  the  aiming  errors  pres¬ 
ent  in  first  and  second  order  computers  due  to 
neglect  of  higher  order  terms  in  the  expansion 
(2.33). 

In  the  present  study,  we  shall  base  the  devel¬ 
opment  of  lead  angle  formulas  upon  the  second 
order  expansion  (2.35) .  It  will  be  noted  that  this 
expansion  involves  target  velocity  and  accelera¬ 
tion  relative  to  the  air  mass,  quantities  not 
directly  measurable  at  ownship.  However,  since 
target  velocity  (acceleration)  relative  to  the  air 
mass  is  the  sum  of  target  velocity  (accelera¬ 
tion)  relative  to  ownship  plus  ownship  velocity 
(acceleration)  relative  to  the  air  mass,  in 
symbols 

(2.37)  V  =r-i-V  ,  V  =r  +  V  . 

we  can  express  R  in  terms  of  the  directly  mea¬ 
surable  quantities  r,  r,  V„,  V„. 

Cj  G 

Thus 

t  ^ 

(2.38)  R  =  r-f  «/(r  +  V  J  (r  +  V)  . 

2.8.4  Lead  Equation  in  Vector  Form 

Let  us  define  e  and  as  unit  vectors  pos¬ 
sessing  the  directions  of  r  and  V  ,  respectively. 
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Then  the  acute  angle  directed  from  e  to  is 
the  total  lead  angle,  A.  Since 

sin  A  =  |e  X 


we  shall  be  concerned  with  the  total  lead  vectoi , 
e  X  e  .  Dividing  (2.28)  by  V„  we  obtain  for 

o 

the  expression 


(2.39)  e 

O 


- R - 

P  Vo 


2.8.5  The  Ballistic  Factors  q  and  1 

The  interpretations  of  the  ballistic  quantities 
</  and  I  given  by  (2.42)  are  essentially  those 
given  earlier  in  equation  (2.10)  et  seq.  There  is 
a  slight  diffei'cnce  due  to  the  fact  that  we  do 
not  here  assume  that  the  bullet  moves  in  a 
straight  line.  The  quantity  t„  =  P/u,,  now  repre- 
.sents  the  time  of  flight  in  vacuum  of  a  projectile 
having  the  same  Siacci  coordinate  P  as  the  pro¬ 
jectile  under  consideration.  From  the  relations 


Substituting  R  from  (2.38)  we  have 


tf  —  Qta  —  to-\-  Itc 


U'o  • 

(2.40)  Lr  + «/(»■  + V^) 

Ve  J  w 

-h  ^  tr  (r-F  V^)] 

The  total  lead  vector  e  X  may  now  be  written 

by  forming  the  vector  product  rXe/n  since 
r  =  re.  The  result  is 


(2.41)  exe^  =  ;^^lrxr  +  rxv^ 

rXV^ 

+  i  t/(r  X  r  +  r  X  V^)  ]  - - 


it  is  seen  that  I  is  the  factor  by  which  the  time 
of  flight  has  been  increased  due  to  bullet  slow¬ 
down.  Moreover, 

t,  time  of  flight  in  air 

q  =  -^ - ^ -  >  1  . 

to  time  of  flight  in  vacuum 

A  second  interpretation  for  q  can  be  obtained 
if  we  observe  that  the  quantity  u  =  Pti  is  the 
average  speed  of  the  projectile  along  its  Siacci 
range  P.  For  a  bullet  moving  at  high  speed,  this 
quantity  is  a  very  good  approximation  of  its 
true  average  speed.  Since 


Uo 


r  X  J  rXw 


initial  speed  of  bullet 
average  speed  of  bullet  on  its 


rVo  rVo 
Introducing  the  quantity 

Uotf 

(2.42)  q  =  l  +  l~  — 

and  recalling  the  deflnition  of  w  given  in  (2.29) , 
we  may  rewrite  equation  (2.41)  in  the  form 

(2.43)  e  X  e  =  r  X  r  +  i  ^ 

»  tVo  l_ 

-h  i  ^/(r  X  V^)  X  ^  ^ 

ir  X  V  r  XJ 

G 

rVo  rVo 


it  follows  that  the  bullet  is  slowed  down  by 
approximately  l/q,  due  to  the  action  of  air 
resistance. 

2.8.6  The  Terms  Containing  V^,  and  Q  in 
Equation  (2.43) 

The  terms, 

t,  Q 

(2.44)  ~  (r  X  V  )  -  r  X  —  . 

2  « 

apiiearing  in  equation  (2.43),  can  be  I’ewritten 
so  that  when  linear  accelerometers  are  used  the 
dominant  part  of  the  second  term  is  included 
with  the  first.  We  note  firstly  that  Q/t,  can  be 
written  as 

41 


NAVORD  REPORT  1493  MATHEMATICAL  THEORY  OF  AIRBORNE  FC 


Q  t, 

(2.45)  —  =  — (g-^^n), 

tf  2 

where  g  is  the  acceleration  due  to  gravity  and 
F  is  a  correction  term,  depending  on  projectile 
type,  air  density,  and  time  of  flight.  Combining 
equations  (2.44)  and  (2.45)  and  denoting  the 
difference  V„  —  g  by  a,  we  can  write  (2.44)  in 
the  form 

ti  Ft, 

(2.46)  — rXaH - rXn. 

2  2 

2.8.7  Resolution  of  the  Ownship  Velocity 
Relative  to  the  Ownship  Axes 

We  begin  by  introducing  a  right-handed  sys¬ 
tem  of  mutually  perpendicular  unit  vectors  i^, 
j^,  related  to  ownship  as  shown  in  figure  31. 
These  vectors  are  fixed  relative  to  ownship.  The 
vector  i„  is  directed  forward  along  the  longi- 

G 

tudinal  axis ;  the  vector  is  directed  along  the 
starboard  wing;  the  vector  ^ 

completes  the  coordinate  system.  We  shall  in 
the  future  refer  to  this  as  the  ownship  system. 

In  order  to  resolve  the  ownship  velocity  V^, 
relative  to  the  ownship  system  of  axes,  we  define 
first  the  angles  of  attack  and  skid.  Figure  32 
shows  these  angles,  with  the  attack  angle  and 


Figure  31.  —  Ovt'nih/p  Axes 


the  skid  angle  a.,  both  positively  oriented.  (The 
numerical  subscripts  ,,  3  on  the  letter  a  indi¬ 

cate  corresponding  angular  rotations  about  the 
i^.  (roll),  jj.  (pitch),  (yaw) -axes,  respec¬ 
tively.)  More  precisely,  we  have  the  following 
definitions : 

(a)  the  angle  of  attack,  a-.,  is  the  acute 
angle  from  the  longitudinal  axis  i  to 
the  projection  of  upon  the 

plane;  is  positive  if  is  below  the 
(ij.,  j^.) -plane. 

(b)  the  angle  of  skid,  «,,,  is  the  acute  angle 
from  the  longitudinal  axis  to  the 
projection  of  V^,  upon  the  (i^,  j^,)- 
plane;  a-j  is  positive  to  starboard. 
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To  resolve  into  components  along  the  roll, 
pitch,  and  yaw  axes,  each  component  a  function 
of  ai  and  aj,  let  us  consider  the  unit  vector 
S  =  V  /V Cl.  From  figure  32,  the  unit  vectors 
are  given  by 

=  i^,  cos  a-i  +  sin  ai 
—  ij,  cos  etj  -f-  jj,  sin 
If  we  denote  ^  by 

(2.47)  ^  +  B,  -i-  B,  k^, 

then, 

'g-'i'  =  B,  cos  ai  -f-  Bj  sin  otj 

§  •  =  B,  cos  a,  -j-  Bi  sin  «j. 

However,  since  the  angles  which  makes  with 
and  jj,  are  complementary,  and  the  same  is 
true  of  the  angles  which  ^  makes  with  and 
k„,  we  have 

(t 

and  hence, 

IB,  cos  a,.  +  B,  sin  =y  1  —  B/ 

(2.48)  _ 

\B.  cos  a.,  Bi  sin  =y  1  —  B.^^  . 

If  now  we  combine  the  relations  (2.48)  v/ith  the 
fundamental  one, 

Br  +B/  +-B/  =  1, 

the  (luantities  B,,  Bj  can  be  obtained  as  the 
simultaneous  so'ution  of  the  system  of  three 
equations.  The  actual  solution  is  left  to  the 
reader.  Our  result  is  found  to  be 

(2.40)  V„  =  NVu  (i,,  cos  cos 

G  G 

+  j  ,  cos  at  sin  Of,  -f-  k  sin  cos  a,) , 

G  G 

where 

(2.G0)  N  ~  (1  —  sin"  a,  sin"  «j)-’b 


2.8.8  The  Windage  Jump  Vector  J 

In  Chapter  1,  it  was  shown  that  the  windage 
jump  vector  J  has  magnitude  b  8o,  where  b  is 
a  constant  depending  on  the  ammunition  (see 
equations  (1.55)  and  (1.86))  and  8„  is  the  initial 
yaw  angle  of  the  projectile,  shown  in  figure  33. 
Moreover,  the  direction  of  J  is  the  same  as  that 
of  V^.  X  V^.  Since  8o  is  a  small  angle,  we  see 
from  figui'e  33  that  to  a  good  approximation 

sin  Ta 

(2.51)  8o  =  V„ -  (radians)  . 

Uo 

Hence, 

6  Vo 

(2.52)  ,1  — - sin  t„  (yds/sec)  . 

Uo 

Since  the  direction  of  J  is  that  of  V„  X  V  ,  we 

G  o 

have,  equating  unit  vectors, 

1  V,,  X  V. 

—  J  — - . 

J  Vo  Vo  sin  To 

Thus,  using  (2.52)  we  obtain  the  following 
vector  expression  for  J : 

b 

(2.63)  J  =  — ^(VXV). 

For  the  20-mm  M97  projectile,  V,  =  2680  ft/sec 
and  b  =  102.4  ft/, sec.  From  equation  (2.43)  we 
see  that  the  maximum  contribution  of  J  to  the 
total  lead  \e  X  e  I  =  sin  .\  is 

{J),n..c/V„. 

Equation  (2.52)  shows  that  J  will  be  a  maxi- 
sin  To 

mum  when - ,  considered  as  a  function  of 

u„ 

To,  is  a  maximum.  But  from  figure  33  we  note 
that 

sin  T„  sin  (t^  —  h„) 

u„  Vo 
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sin  To  1 

Thus,  the  maximum  value  of - is - , 

Uo  Vo 


achieved  when  to  — - f-  So. 

2 


Hence, 

(2.54) 


bVo 

(J)  ,„aT/V„  - - X  1000  mils 


is  the  maximum  contribution  in  mils  to  the  total 
lead  angle  A,  this  maximum  being  achieved 
for  the  gun  angle-off  t„,  slightly  greater  than 
90°.  For  20-mm  M97  ammunition  and  Vu  = 
250  yds/sec,  we  find  this  maximum  to  be  10  mils. 

It  should  be  noted  from  equation  (2.52)  that 
windage  jump  is  negligible  for  fixed  forward¬ 
firing  gunnery  or  for  moderate  gun  angles-oft 
To,  i.e.,  To  <  15°. 


2.8.9  Lead  Angle  Equations  for  Azimuth- 
Elevation  Top  Deck  Turret 

2.8.9. 1.  Orientation — In  figure  34  [i^,  kj  is 
a  right-handed  set  of  unit  vectors  with  origin 
0  fixed  relative  to  the  air  mass,  the  vector  k^ 
being  directed  vertically  downward.  The  own- 
ship  coordinate  system  is  shown  relative  to  the 
octant  of  a  unit  sphere  and  is  purposely  posi¬ 
tioned  in  a  dived-and-banked  orientation  rela¬ 
tive  to  the  space  axes  i^,  The  sight  line  unit 
vector  e  is  determined  by  the  angular  coordi¬ 
nates  A,  E,  measured  positively  as  shown.  Angle 
A  is  in  the  ownship  azimuth  plane  determined 
by  the  vectors  i^,,  angle  E  lies  in  the  ownship 
vertical  i)lane  determined  by  k^,  and  the  term¬ 
inal  side  of  ~A.  If  the  corre.sponding  angular 
coordinates  of  the  gun-bore-axis  unit  vector 
are  designated  by  A„,  E„,  then  the  azimuth  and 
elevation  lead  angle.s,  a.,  and  a,;,  for  which  we 
seek  formulas,  are  defined  by 

(2.65)  a,,  =  A„  -  A,  A;,;  Eo  -  E  . 

These  load  angles  are  shown  in  figure  34  as 
angle.s  CGD  and  HGP„.  The  plane  of  the  circular 
arc  PH  is  parallel  to  the  ownshijj  azimuth  plane, 
so  that  arc  PlI  is  an  arc  of  a  small  circle.  The 
total  lead  angle  A,  of  which  A.i  and  At:  are  the 


desired  components,  is  of  course  the  angle 
PGPo  between  e  and  e  . 

o 

Since,  as  will  be  seen,  the  auxiliary  angles 
A.s;.,  Ax, ,  can  be  found  more  directly  from  the 
input  data  than  the  lead  angles  themselves, 
we  shall  express  A^  and  Ak  in  terms  of  A.^-,,, 
Ax, .  The  latter  angles  are  known  as  the  sight 
lateral  and  sight  vertical  angles,  respectively. 
They  are  defined  geometrically  as  follows:  A 
plane  is  passed  through  perpendicular  to  the 
ownship  vertical  plane  (i.e.,  the  plane  of  e  and 
k^,)  and  intersecting  the  latter  in  the  unit  vector 
e  .  The  sight  lateral  angle  Ax,,  is  then  defined 
as  the  acute  angle  between  the  vectors  and  e^. 
Similarly,  the  sight  vertical  angle  Ax,-  is  de¬ 
fined  as  the  angle  between  the  vectors  e  and 

2.8.9.2.  Relationship  Between  the  Angles 
A.,,  At:  and  Asi.,  A.x, —  If  we  apply  Napier’s 
Rules  for  right  spherical  triangles  to  triangle 
BP,Po  of  figure  34,  in  which  face  angle  P,BP„ 
is  A.„  side  BPo  is  90°  -  Eo,  side  P?B  is  90°  - 
(E  -|-  Ax,),  and  side  F',Bo  is  A«,„  we  obtain  (see 
figure  35) 


B 


Po 

Figure  35.  — Right  Spherical  Triangle 
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(2.'56)  sin  sin  Aa  cos  Eo 

(2.57)  sin  Eo  =  cos  Ab,,  sin  {E  +  Asi.)  . 

In  view  of  (2.56),  these  equations  may  be  re¬ 
written  as 

(2.58)  sin  Ab/,  =  sin  Aa  cos  (E  A^.) 

(2.59)  sin  {E  -f-  A^)  =  cos  A^z,  sin  (E  -j-  Asy)  . 

2.8.9.3  The  Sight  Coordinate  System — In  our 
work  we  shall  assume  that  the  radar  antenna, 
directed  along  the  gun-target  line  r  =  re,  tracks 
the  target  perfectly.  The  direction  of  the  radar 
antenna  then  coincides  continuously  with  that 
of  the  sight  line  vector  e.  Since  the  angular 
velocity  o  of  the  sight  line  relative  to  space  is 
represented  by  a  vector  perpendicular  to  e,  it  is 
convenient  to  resolve  oj  into  components  along 
perpendicular  axes  lying  in  a  plane  normal  to  e. 
These  axes  are  denoted  in  figure  34  by  the  unit 
vectors  i^  and  i,  and  defined  as  follows:  is 

normal  to  e  and  sc  oriented  as  to  coincide  with 
when  e  is  directed  along  i,, ;  the  vector  i,  is 

(f  If  \j 

then  completely  defined  by  i,  =  e  X  The 
three  axes,  (  e,  ij,,,  i^  j  arc  thus  mutually  perpen¬ 
dicular  and  constitute  a  moving  right-hand 
frame  of  reference  which  we  shall  refer  to  here¬ 
after  as  the  sight  coordinate  system.  The  angu¬ 
lar  velocity  of  this  system  relative  to  inertial 
space  will  be  noted  by 

2.8. 9. 4.  Resolution  op  the  Vectors  r  x  r  and 
r  X  r  —  These  vectors,  appearing  in  the  basic 
vector  lead  equation  (2.43),  give  essentially  the 
an.g'dar  momentum  and  the  time  rate  of  change 
of  angular  momentum  of  a  unit  target  mass 
relative  to  the  moving  origin  G  (See  figure  34) , 

Designating  r  X  r  by  M,  we  have 

M  =  r  e  X  (r  e  -f  r  e)  =  ?-'e  X  e  =  r'o>. 

Hence,  if  we  denote  o>  by 

(2.00)  Oi  ~  o)/.  -j-  oj/.; 

We  may  write 

(2.61)  M  =  M,,  i,  d-  M,  i^, 
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where 

(2.62)  M,.  =  r-my.,  Mb  =  r"  o.,;. 

The  vector  M  =  r  X  r  is  then,  by  known  rules 
of  vector  analysis  (see  Appendix  A),  given  by 

8M 

(2.63)  M  = - !-  Sfc  X  M 

U  s 

where  the  first  term  of  the  right  member  indi¬ 
cates  a  time  derivative  taken  with  respect  to 
the  sight  coordinate  system.  Thus, 

SM 

(2.64)  -_  =  My.i  fM^i  . 

U  h  h 

If  we  denote  the  component  of  in  the  direc¬ 
tion  of  e  by  ,.,o,  then,  since  the  angular  velocity 
4iiy  differs  from  the  angular  <»>  of  the  sight  line 
by  a  rotation  about  the  sight  line,  we  may  write 

(2.65)  ~  e  -j-  o> 

Moreover,  since  to  x  M  —  0,  we  find  that 

(2.66)  aSjj  X  M  =  e  X  M. 

Substituting  M  from  (2.61)  into  (2.66)  and 
combining  with  (2.64)  as  indicated  by  (2.63), 
we  obtain  finally 

(2.67)  M=  (M;, -f- M;., o)c)  ijd'  (Mz;  —  M/, 0)5)1^. 

The  angular  rates  («/,,  w/,,  (/>,  can  be  obtained 
physically  by  attaching  gyroscopes  with  prop¬ 
erly  oriented  spin  axes  to  the  rigid  system  of 
axes  i| ,  ij^,  e,  where  e  is  along  the  radar  antenna. 

2.8.9.5  Resolution  of  the  Unit  Vector  n 
Relative  to  the  Ownhhip  Axe.s — This  vector, 
first  introduced  in  equation  (2.29),  is  directed 
vertically  downward  and  is  located  relative  to 
the  ownship  .system  of  axes  by  means  of  the 
bank  and  dive  angle.s,  ft  and  6.  Figure  36  shows 
the  basic  coordinate  system  in  both  the  “un¬ 
banked  and  undived”  orientation,  (ij,  k^'). 
and  the  “hanked  and  dived”  orientation,  (i^., 
k  ).  The  triad  (i„,  if,  k,,")  corresponds  to  the 

a  L  Ut  o 
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^><7 1 ' 

/87  I 

/  1 


\  >  y 


\  '^X 


n  =  kQ 


Figure  36.  —  Orientation  of  the  Unit  Vector  n 

case  of  bank  zero  and  dive  8.  Angles  ,B  and  8  are  2.8.9.6  Rbsolution  of  the  Total  Lead  Vector, 
positive  as  shown.  c  X  — In  figure  34,  we  note  that  in  the  circular 

.sector  GPiPo, 


positive  as  shown. 

From  figure  36  it  is  evident  that, 
n  =  k''  cos  8  +  i ,  sin  8. 

H,;"  =  k^.  CO.S  f]  +  sin  /i. 
and  hence,  that 

(2,68)  n  =  i^,  ,sin  b  4-  sin  ft  cos  6 
4-  k„  cos  /?  cos  S. 


(2.69)  e  =  cos  A«,.  4-  sin  A,,.,,  . 

Thi.s  follows  from,  observing  that,  since  the 
radar  antenna  directed  along  e  rnove,s  in  an 
azimuth-elevation  sy.st(!m  of  coordinates,  the 
vector  ij,  is  perpendicular  to  the  plane  of  angle 
E.  The  relation  (2.69)  can  be  seen  more  clearly 
from  figure  37,  which  shows  the  sector  GPiPo 
i,solated  from  the  rest  of  figure  34. 

Hence,  we  find  that 

e  X  «  =  CO.S  A„/,  e  X  Cj  4-  sin  e  X  •*;  : 
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(2.73)  M  =  M,, 


e  X  *1  =  jg  sill  ®  X  ij,  == 


that 

(2.70)  e  X  e,  =  ij;  sin  Asv  cos  Ab,, 


(2.74)  M  —  (.Ml  4*  Mu  we)  {Mg  —  Mg  oe)  i^, 

(2.75)  r  =  re 


-j-  ij^  sin  Ast . 


(2.76)  a  —  tti  4-  Ca  jg  -f-  n-s  kj,- 


Pi 


Figure  37.  —  Resolution  of  the  Vector  e^ 


2.8.9.7  A  Summary  op  the  Vector  Terms  of 
Equation  (2.43) — We  list  here  the  individual 
vector  terms  of  the  fundamental  vector  lead 
equation  (2.43) ,  each  expressed  in  terms  of  the 
component  vectors  e,  i^ ,  i^.  For  convenience, 
equation  (2.43)  is  rewritten  here  in  a  slightly 

^  ^  ri  4- » /O  \ 

XV/A  All  «4»7  l/iOll 

(2.71)  exe  =-^lM4-4M4-4rXa 
*  rVo  2  2 


Ft, 

4-  X  n] 


rX  V^. 


r  X  J 

rV, 


(2.72)  c  X  «,  =  it  sin  Auv  cos  A^,, 


In  order  to  express  a  in  the  sight  coordinate 
system  [e,  i^^,  i^^],  it  is  necessary  to  resolve  each 
of  the  vectors  i,.,  k^,  in  this  system.  From 

figure  34  we  note  first  that 

e  i  coa  E  —  k„  sin  E 

A  G 

*A  =  *C  +  jc 
Hence, 

(2.77)  e  =  i(.  cos  A  cos  E  -\-  sin  A  cos  E 
—  k,,  sin  E. 

V 


Similarly, 

(2.78)  i.  =  cos  A  sin  F  4-  j„  sin  A  sin  E 

It  V  G 

4-  kj,  cos  E 

(2.79)  i  =  -i  „  sin  A  4-  j  „  cos  A. 

1%  G  G 

For  ease  of  inversion  the  equations  (2.77), 
(2,78)  and  (2.79)  can  be  represented  symboli¬ 
cally  by  the  following  table  of  direction  cosines. 


e 

‘i. 

‘b 

‘g 

cos  A  cos  E 

sin  A  sin  E 

-sin  A 

Jg 

sin  A  cos  E 

sin  A  sin  E 

cos  A 

K 

-sin  E 

cosE 

0 

4-  sin  Agg 


By  way  of  illustration  we  see  from  the  table  that 
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(2.81 )  if,  =  e  cos  A  cos  +  ij^  cos  A  sin  E 

—  sin  A. 

Kd 

Combining  equations  (2.76)  and  (2.80)  we 
obtain 

(2.82)  a  =  e  (« I  cos  A  cos  sin  A  cos  E 

—  a-i  sin  E) 

+  ij^  (o-i  cos  A  sin  E 

-f  a-i  sin  A  sin  E  -f  a-,  cos  E) 

“L  ^  +  f*--  cos  A) . 

From  (2.75)  and  (2.82)  there  results 

(2.83)  e  X  a  =  i„  (-ftj  cos  A  sin  E 

hi 

-a-i  sin  A  sin  E  -a,-,  cos  E) 

-f-  (tt.j  cos  A  -tti  sin  A). 

Also,  from  (2.68)  and  (2.80)  we  have 

(2.84)  R  =  e  (sin  S  cos  A  cos  E 

-I  sin  fi  cos  S  sin  A  cos  E 
—  cos  (i  cos  8  sin  E) 

-f  i,  (sin  8  cos  A  sin  £7 
+  sin  p  cos  8  sin  A  sin  E 
-f-  cos  p  cos  8  cos  E) 

-I-  i„  (-sin  8  sin  A 
-f  sin cos  8  cos  A). 

(2.85)  r  X  n  =  7’  |  i^,  (-sin  8  cos  A  sin  E 

Cj 

—  sin  p  cos  8  sin  A  sin  E 

—  cos  p  cos  8  cos  E)  -t'ij  (-sin  8  sin  A 
-H  sin  p  cos  8  cos  A)  |. 

In  evaluatinjf  the  vectors  r  X  V^,  and  r  X  J, 
appearing  in  (2.71),  we  make  the  simplifying 
assumption  that  the  attack  and  skid  angles, 
and  a-  can  be  neglected.  Thi.s  is  a  reasonable 
assumption  in  that  the  aircraft  for  v/hich  the 
present  lead  angle  equations  are  being  written 


is  considered  to  be  a  heavy,  relatively  non- 
maneuverable  bomber.  We  a.ssume  then  that 

V^,  =  V  J,..  Hence, 

O  tt  It 

(2.86)  -r  X  V,.  =  rVa  [i^  cos  A  sin  E 

-f  ij^  sin  AJ. 

From  (2.53)  and  (2.75)  we  note  that 
b  F„r 

r  X  J  = - e  X  (i„  X  e  ) . 

«o  Go 

However,  vector  X  e  ,  with  the  aid  of  figure 

it  O 

34,  becomes 

ifj  X  =  if,  X  ( cos  £■„  —  sin  Eo) 

—  k,,  sin  A„  cos  Bo  -f-  sin  E^, 

Hence, 

e  X  (i .  X  c  )  =  sin  A„  cos  Eo  (e  X  k,.) 

+  sin  Eo  (e  X  j,,)  ; 

but  from  (2.80)  we  find 

e  X  j,,  =  sin  A  sin  i?  -f  i,  cos  A 

if  lit  if 

e  X  k^,  =  -i„  cos  E, 

la  Cl 

Thus,  we  arrive  finally  at  the  vector  expression 
bVuT 

(2.87)  r  X  J  = - I  i„  (--sin  Ao  cos  Eo  cos  E 

Uo  ® 

-sin  Eo  sin  A  sin  E)  -f  sin  Eo  cos  A  | . 

2.8.9. 8  Lkau  Anglk  Equation.s  for  Azimtjth- 
I'fLEVATioN  Tor  Deck  Turret — Upon  taking  the 
and  components  of  the  individual  vector 
terms  of  equation  (2.71),  we  arrive  at  the  final 
lead  equations.  They  are: 


NAVORD  REPORT  1493  MATHEMATICAL  THEORY  OF  AIRBORNE  FC 


Q  tf 

(2.88)  sin  A.„.  cos  — - [Mb  -| - (M,;  —  Mb  wJ  ] 

rVc  2 


qtf 

- (di  cos  A  sin  E  -\-  sin  A  sin  E  +  a-,  cos  E) 

2F„ 


Fgt, 

- (sin  cos  u  sin  A  sin  iK  +  sin  S  cos  A  sin  £"  +  cos  B  cos  8  cos  E) 

2V, 


IVa  bVo 

- cos  A  sin  E  ^ - (sin  Ao  cos  Eo  cos  E  +  sin  E,,  sin  A  sin  E) 

V  Q  Uo  V  0 


q  tf 

(2.89)  sin  a.,b  = - [Ml  -j - (M,.  +  Mb  ««)  ] 

rVo  2 


qtf  Fqt, 

- (a.2  cos  A  —  ay  sin  A) - (sin  S  sin  A  —  sin  /?  cos  S  cos  A) 

2Vo  2Vo 


IV  a  bVo 

- - sin  A - 

V  Q  l^oV  a 


where 

(2.90) 

sin 

Aa'/v  - 

sin  A,i  cos  Eo 

(2.91) 

sin 

Ec  = 

cos  Ahi.  sin  {E  -h  A.si ) 

(2.92) 

Ac 

II 

+ 

•'^-1,  E„  =  E  1 

and 

(2.93) 

Ml 

- 7'^ 

,  Mb  =  7’^  0),,. 

The  basic 

computer  inputs  are: 

range,  r 

angular  velocity  components  of  the  sight 
coordinate  system :  u,,,,  mb,  m. 


sin  Eo  cos  A  , 


linear  acceleration  of  ownship,  components 

flu  fli>>  fla 

bank  and  dive  angles,  fi  and  8 
true  airspeed,  V,j 

angular  coordinates  of  the  line  of  .sight, 
A  and  E 

muzzle  velocity,  y„ 
windage  jump  constant,  h. 

All  other  quantities  appearing  in  the  equations 
are  derived  from  these  basic  inputs.  The  quan¬ 
tities  q  and  tf  in  particular  are  usually  obtained 
from  empirical  formulas  giving  these  quantities 
a.s  functions  of  basic  inputs.  The  manner  in 
which  tf  is  obtained  theoretically  has  already 
been  considered  in  chapter  1. 
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I  jp  'y.  ■ 


275  YDS./SEC. 
220  YDS./SEC. 


'•v'.vX 


\45° 


1667  YDS. 


Figure  38,  —  Particular  Case  —  Computation  of  Lead  Angles 


Finally,  we  note  that  the  quantity  appear¬ 
ing  in  the  windage  jump  terms,  can  be  found 
from  (see  figure  33) 

Vd'  +  2VuVo  cos  To, 

or,  in  terms  of  the  angular  coordinates  of  the 
gun  bore  axis,  from 

(2.94)  ud‘  y/  +  V,d  +  2V,!Vo  cos  Ao  cos  E„. 
tasMt  o  -  sa  -  a 


2.9  An  Example 

By  way  of  illustrating  the  computation  of  lead 
angles  in  a  particular  case,  let  us  consider  the 
coplanar  attack  shown  in  figure  38.  Here,  the 
target  traverses  a  straight  line  with  a  speed 
constantly  275  yds/sec.  and  the  gun-platform 
sweeps  out  a  circle  of  radius  2257  yards,  travel¬ 
ing  with  constant  tangential  speed  of  220 
yds/sec.  At  time  t  ■—  O  their  positions  are  Go, 
To  with  GoTo  =  1667  yards;  the  initial  approach 
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angle  of  the  target  is  45°  while  the  angle-off  of 
the  target  is  90°.  The  position  of  G,  T  are  shown 
for  a  time  interval  of  15  seconds.  Since  the 
firing  tables,  as  was  explained  in  Chapter  1,  give 
tj  as  a  function  of  the  future  range,  it  is  most 
convenient  to  assume  these  positions  as  future 
positions  and  the  times  indicated  on  the  figure 
as  impact  times.  Gravity  drop  will  be  neglected 
in  our  computations. 

The  lead  angle  formula  (2.15),  which  applies 
here,  can  be  written  in  the  form 

qM  IV,; 

(2.95)  sin  A  — - - - sin  r  ,  M  =  t-u>  . 

rVo  Vo 

We  shall  take  own.ship  speed  V„  to  be  220 
yds/sec  and  the  projectile  muzzle  velocity  Vo  to 
be  2750  yds/sec.  With  coordinate  axes  xOy, 
chosen  as  indicated,  we  write  down  first  of  all 
the  parametric  equations  giving  the  future  co¬ 
ordinates  (Xoi,  V<ji),  («?',.  Vii)  as  functions  of 
the  impact  times  t,.  Thus, 

/  X(i  =  2257  [1  —  cos  ^i\ 

(2.96) 

(  =  2257  sin  ipi 


Vo 

I  “  t,  —  ,09745  ti 

2257 


(2.97) 


/  Xr  =  — 

1  ' 


1667  -1 


275  ti 


275  ti 


IXr.  =-- 


V? 

ti  =  0,1,2, . 15. 


Future  ranges  corresponding  to  these  positions 
are  then  found  from 


(2.98)  Vf  =  y  . 


Since  the  input  variables  to  equation  (2.95)  are 
measured  at  the  instant  of  fire  t,  it  is  necessary 
to  compute  t,  in  order  that  i  may  be  found  from 

(2.99)  t  =  ti- 1,. 

The  firing  tables  list  time°  of  fiight  as  a  function 
of  present  gun  angle-off  y,  present  zenith  angle 
•of  the  gun  (angle  between  gun-bore  axis  and 
the  vertical),  future  range  Vf,  relative  air  den¬ 
sity  and  speed  of  gun-platform  V,,-  In  our 
coplanar  case  of  horizontal  flight,  the  zenith 
angle  is  constantly  90°  (1600  mils),  =  220 
yds/sec  and  i>  will  be  taken  to  be  0.4,  which 
corresponds  to  an  altitude  of  approximately 
29,000  feet.  Therefore,  to  obtain  t/  from  the 
tables  we  need  to  know  the  present  gun  angle- 
off  y.  In  lieu  of  this  quantity,  which  is  not  now 
known,  we  use  77,  the  future  sight-line  angle-off, 
and  thus  obtain  from  the  tables  approximate 
values  of  t/  to  be  used  in  (2.99).  The  angle 
can  be  read  from  a  carefully  drawn  figure  or 
else  computed  directly  from 


m/  tan  ~  1 

(2.100)  tan  t/  = - 

m/  -t-  tan 


m/  = - - —  . 

X(f^  —  Xt  ^ 

With  the  approximate  value  of  t,  thus  obtained, 
one  comY)utes,  knowing  t  and  the  present  coor¬ 
dinates  {x,„  Vo) ,  (xr,  Vr) ,  the  projectile  range  R 
by  using  t  in  place  of  G  in  (2.96)  and  (2.97)  and 
then  employing  the  distance  formula  for  R, 


(2.101)  72  (^G  —  —  l/o)'  • 

To  find  the  angle  y  we  need  to  know  the  angles 
V,  fi,  as  is  evident  from  the  firing  parallelo¬ 
gram  drawing  shown  in  figure  39.  The  actual 
chain  of  relations  that  leads  to  y  is  as  follows; 
(angles  are  measured  positively  in  a  clockwise 
direction) 
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Vt^  —  Vo 

(2.102)  sin/n  = -  ; 

R 

(2.103)  V  = -90'^ -F —  i/^i  ; 

Uo  =  GC  =  GD-CD  = 

y  GA^  -  AD^  -  AC  cos  (ISC'"  -  v) 
or 

(2.104)  w.<,  =  Fo  cos  V  +  y  V(,^  —  Fo'"  sin^  V  . 

Finally,  we  note  that 

CE  =  AE  -  AC 
or 

U„COS  (180"-v)  =:F„COS  (180° -y)  -Va, 
which  may  be  v/ritten 


Uo  cos  V  —  Fo 

(2.105)  cos  y  =  -  . 

Vo 

Once  y  has  been  determined  from  (2.105),  a 
more  accurate  t/  may  be  obtained  by  using  this 
value  of  y  in  the  firing  tables.  This  leads,  via 
the  chain  of  equations  just  written,  to  a  more 
accurate  y.  If  this  iterative  process  be  continued, 
both  tf  and  y  can  be  found  accurately  to  as  many 
decimal  places  as  the  original  data  warrants. 

Using  this  accurately  determined  t;  in  (2.99), 
we  now  find  values  of  the  gun  and  target  coor¬ 
dinates  at  the  time  of  fire  from 

F„ 

- 1, 

2257 

(2.106)  ~  2257  [1  — cos^],  y,,  ~  2257  sin  , 

)  275t  275t 

/  a:,.  =  —  1667  A - ,  y.,,  - - 

\ 
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With  this  information  we  can  now  find  the  input 
quantities  r,  t,  M,  q,  1.  We  have 

(2.107)  r  =  y  (a’e  —  %)'  -f-  (i/c  —  Vt)  \ 

??itani/'  — 1  Vo  —  Vt 

(2.108)  tanT  = - ,  m=: - . 

tn  +  tan  Xo  —  Xr 

The  quantity  m  in  (2.108)  represents  the  slope 
of  the  sight  line  referred  to  the  fixed  axes  xOy 
in  figure  39.  Hence  the  angular  rate  of  rotation 
0)  of  the  sight  line  is 

d 

M  = - [arctan  m] 

dt 

and 

d  /  Vo  — Vt  \ 

id  =  r‘\i  =  r-  —  1  arctan  ( - j  J  . 

dt  \  Xa  —  Xt  / 


which  simplifies  to 

(2.109)  M  iXo  —  Xt)  iVo  —  Vt) 

—  iVa  —  Vt)  {Xo  —  Xt)  . 

The  dotted  quantities  in  (2.109)  are  the  time 
derivatives  of  the  corresponding  ones  in  (2.106) . 
Finally,  knowing  u^,  t/,  and  R  from  (2.101),  we 
compute  q  from  the  known  relation 

Itotf 

(2.110)  q  = -  . 

R 


The  lead  angle  A  can  now  be  determined  from 
(2.95). 

The  results  have  been  computed  for  this 
example  and  are  exhibited  in  table  2.1.  Dis¬ 
tances  are  in  yards,  time  in  seconds,  u  in  radians 
per  second,  a  in  mils. 
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Table  2. 1 

Values  At  Time  of  Fire 

Dimensions:  yards,  seconds,  degrees,  mils 


i 

1 

/.■  ; 

i 

0 

1 

.  .1 

)'/ 

u.. 

1 

1 

r  \ 

1 

T(deg)  1 

'  i 

1 

CO  1 

_ j 

1 

rCdeg) : 

i 

- 1 

A  (mils) 

— 

2.30^ 

1  1 

I 

!  1 

1007.043i2 103.070: 

1 

7o.()87j 

1 

20082|l.3335  0.3335| 

.0000 

1 

.50.8801 

.58 

2.00 

1 

1  1 

-1.00  1483.134  L548.888j 

075.548!  1883.021, 

1 

40078  1 .2075;0.2075 

1  1 

.01 13| 

1 

08.141 

41 

i 

2 

1.7o! 

0.21  1321.3001323.385 

j  1 

1  1 

04  4.048j  1020.3 14 

1 

01 .300 

1 

42308:1.2700  0.2700 

i 

.0100: 

I 

70.102 

30 

3 

i 

1 .50 

i  1 

].44iilX0.070  1137,331 

1  1 

011.108  I  IO8.475' 

1 

00.524| 

3807o|  1.2408  0.2 108 

.0105, 

1 

84.511 

22 

4 

1.37 

1  1 

2.g:vi()()1.H)9 

084.302 

1 

870.850.1230.480 

107.515j 

30023!  1.2240'0.22 10 

1  i 

.02()1, 

02.025 

18 

5 

1.20 

3.80 

000.778 

801.321 

840.800 

1084.100 

1 15.300, 

j 

1 

20131  1.1811j0.1841 

.0171  100.721 

1 

10 

6 

1.08 

4.02 

878.442 

704.471 

824.508 

008.504 

122.443! 

85744.1048  0.1048 

.0001 

107.003 

22 

7 

0.00 

0.01 

812,013 

001.048 

804.575 

877.  a4 

128.710 

-  4000j  1.1. 5204).  1.520 

-.0()52jll  1.007 

34 

8 

0.02 

7.08 

703,.500 

037.024 

700.507 

808.040 

133.7.55 

-10080|1.M03|O.M03 

-  .0255 

118.000 

51 

<) 

0.88 

8.12 

730.555 

004.008 

782.350 

758.002 

137.330 

-20212  1.13800.1380 

-.0508 

121.487 

70 

10 

0.80 

0.14 

715,7!)5 

501.033 

780.018 

727.338 

130.202 

-41338jl.13.5olo.1350 

.0781 

122.311 

02 

11 

0.87 

10.13 

722.177 

508.200 

782.073 

715.300 

130.023 

-52700  1  1385  0.1385 

-.1031 

121.271 

113 

12 

0.01 

1 1 .00 

753.185 

020.033 

780.000 

723.017 

138.734 

-041.5.5jl.l424|0.1 421 

-.1221 

1 18.07.5 

133 

13 

0.00 

12.01 

811.740 

084.303 

708.032 

753.077 

137.127 

-740.5.5il.l.55l|o.  1.5.54 

-.1320 

110.001 

151 

14 

].]] 

12.80 

800.413 

704.005 

807.804 

803.800 

135.341 

-  85.521 J  1.1 7200. 1720 
j 

-.1323 

1 13.070 

100 

15 

1.20 

13.74 

1010.212 

j  870.114 

814.008 

873.707 

133.771 

-00210  1.180241.1802 
1  1 

-.1200 

1 10.854 
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Chapter  3 


PURSUIT  COURSES 


3.1  Introduction 

The  problem  of  determining  ilie  equation  of 
a  curve  of  pursuit  is  a  classical  problem  in 
mathematics.  Historically  it  dates  back  to  the 
time  of  Leonardo  da  Vinci.  One  cla.s.sical  .state¬ 
ment  of  the  problem  was  to  determine  a  dog’s 
course  as  the  dog  runs  toward  its  master  who 
is  walking  along  a  straight  path.  The  military 
aspects  of  the  problem  were  brought  into  prom¬ 
inence  in  connection  with  aircraft  combat 
wherein  one  aircraft  is  attacked  by  another 
pos.sessing  guns  capable  of  being  fired  in  a  fixed 
direction  only.  In  order  for  the  one  aircraft  to 
keep  the  other  under  continuous  fire,  it  must  fly 
.some  kind  of  a  pursuit  course.  The  problem 
appears  again  with  the  invention  of  homing 
missiles  which  continuously  change  heading 
under  radio,  optical,  or  acoustic  guidance  un¬ 
willingly  supplied  by  the  target. 

The  importance  of  pursuit  courses  in  air-to- 
air  combat  is  two-fold.  The  attacker,  flying  an 
aircraft  equipped  with  fixed  guns,  must  under¬ 
stand  such  a  course  in  order  to  determine 
whether  or  not  his  aircraft  can  fly  the  required 
flight  j  ath.  He  also  must  rely  upon  his  knowl¬ 
edge  of  this  flight  path  to  give  him  inputs  to 
his  fire  control  system.  The  defender  u.ses  hi.s 
knov/ledge  of  the  flight  path  to  determine  the 
future  ijositions  of  the  attacker  and  thus  estab¬ 
lishes  the  required  leads  for  his  guns. 

In  aircraft  combat  there  are  four  kinds  of 
pursuit  courses.  To  be  specific,  let  us  consider 
a  fighter  aircraft  equipped  with  fixed  guns  in 
combat  with  a  bomber  equipped  with  flexible 
guns.  Thus,  we  consider  th(!  bomber  to  be  pur¬ 
sued  and  the  fighter  to  be  the  pursuer,  The 
fighter’s  guns  are  assumed  to  point  in  the  direc¬ 
tion  of  its  flight. 

If  the  fighter  pilot  flies  his  airplane  in  such  a 
way  lhat  his  guns  are  always  pointed  directly 
at  the  bomber,  he  is  said  to  fly  a  pure  pursuit 
course.  In  such  a  course,  the  mush  of  the  air- 
l)lane  and  the  lead  that  the  guns  must  have  are 


ignored.  If  the  bomber  is  flying  a  straight  and 
level  course,  the  fighter’s  motion  lies  in  a  geo¬ 
metric  plane  with  the  bomber’s  course  and  this 
plane  is  called  the  plane  of  action. 

If  the  lead  is  taken  into  consideration,  that 
is,  if  the  fighter  flies  so  that  his  guns  are  always 
directed  at  a  point  ahead  of  the  bomber  by  the 
required  amount  to  secure  a  hit,  and  the  mush 
of  the  airplane  is  ignored,  then  he  is  said  to  fly 
a  load  pursuit  course. 

If  the  fighter  flies  his  airplane  in  such  a  way 
that  his  guns  are  always  pointed  directly  at  the 
bomber  and  his  flight  path  is  determined  from 
the  angle  of  attack  and  other  aerodynamic  con- 
sideration.s,  he  is  said  to  fly  an  aerodynamic 
pursuit  course. 

If  the  fighter  flies  his  airplane  in  such  a  man¬ 
ner  that  hi.s  guns  are  always  pointed  ahead  of 
the  bomber  by  the  amount  required  to  score  a 
hit,  and  his  flight  path  is  determined  by  aero¬ 
dynamic  considerations,  then  he  is  said  to  fly  an 
aerodynamic  lead  pursuit  cour.se. 

The  comi)lexii,y  of  tlie  courses  increases  in 
the  order  defined  above  and  thus  it  is  advan¬ 
tageous  to  consider  the  simpler  pure  pursuit 
first. 


3.2  The  Space  Course  for  a  Pure  Pursuit 
Attack 

In  analyzing  pur, suit  courses,  there  are  two 
types  of  courses  to  consider ;  one  is  the  actual 
space  course  traversed  by  the  combating  air¬ 
craft  and  the  other  is  the  path  of  the  one 
aircraft  relative  to  the  other.  Let  us  begin  by 
considering  the  space  course  and  let  it  be  re¬ 
ferred  to  a  .set  of  rectangular  coordinate  axes 
which  lie  in  the  plane  of  action,  See  figures 
41  and  42. 

Let  {x„,  y„)  and  (a;,.,  y,  )  be  the  coordinates 
of  the  bomber  and  the  fighter,  respectively,  at 
any  lime  t.  Since  the  fighter  is  the  pur.suer,  we 
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are  seeking  expressions  for  his  coordinates  in  so  that  equation  (3.1)  becomes 
terms  of  known  quantities.  Tiie  definition  of  a 

pure  pursuit  course  specifies  that  the  equation  y^, 

of  the  tangent  to  the  fighter’s  path  must  be  (3.3)  y,,  —  Vr  — - {x,.  —  Xy) 

satisfied  by  the  bomber’s  coordinates.  Thus,  the 
equation  for  a  straight  line  yields 

(3.1)  {y„  -  y,.)  =  VI  (Xi,  ~  Xy) , 

where  m  is  the  slope  of  the  tangent  line.  The 
slope  of  the  tangent  line  is,  of  course,  the  deriva¬ 
tive  at  any  point  on  the  fighter’s  path  and, 
consequently. 


(3.5)  Xy^  -f  y/  --  Vyr  . 

The  substitution  of  (3.4)  into  (3.5)  yields 


dyy  Vy 

(3,2)  w  = - = -  , 

dXy  Xy 


(3.4)  }/,•  =  Xy 


Vi,  -  Vy 

Xif  —  Xj,' 


It  is  easily  seen  that  the  forward  velocity  of 
the  fighter,  Vy,  is  given  by 
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similarly,  from  etiuation  (3.4)  we  have 
V,.. 

(3.10)  Vr= - (yn  —  Vr). 

r 

Equations  (3.9)  and  (3.10)  form  a  system  of 
differential  equations  which  describes  the  mo¬ 
tion  of  the  tighter  in  terms  of  the  coordinates 
of  the  bomber,  the  fighter’.s  velocity  and  the 
range.  The  right-hand  side  of  both  equations 
are  thus  functions  of  time,  t,  the  independent 
variable.  For  certain  restricted  cases,  these 
differential  equations  may  be  solved  explicitly; 
however,  in  general,  it  will  be  necessary  to  solve 
this  system  numerically. 

As  a  special  case,  let  the  course  of  the  bomber 
be  taken  along  the  positive  ly-axis  and  let  its 
coordinates  be  (0,0)  at  t=0.  Let  the  coor¬ 
dinates  of  the  fighter  at  t  =  0  be  given  by 
(.Uf  ,  ijij.  Let  us  further  assume  that  the 
bomber  and  fighter  are  both  flying  at  constant 
speeds,  V,,  and  V,.,  respectively.  The  situation 
is  illustrated  in  figure  42.  In  this  case,  it  is  pos¬ 
sible  to  obtain  y  as  a  function  of  x  analytically. 
Since  Xi,  —  0  and  yn  ~  F;,f  we  have  from  equa¬ 
tion  (3.1) 

di/t’ 

(3.11)  V„i  --  yr  = - Xi.-  . 

dXr 

Since  the  bomber  coordinates  are  sjjecified, 
we  may  for  convenience  drop  the  subscripts  f’ 
and  write  (3,11)  in  the  form 

dy 

(3.12)  y  ~  V„t  d-  //./;,  where  y'  — - . 

dx 

'I’he  variable  t.  may  novv  be  eliminated  by  use 
of  the  relation 

(3.13)  s  =  Vri  or  I  .s'/y,- , 


(3.15)  xy"  ~  c  1  +  y'- 
or 

V"  C 

(3.16)  - , 

y  1  -f-  y'-  X 

since  s'  =  —  ^  1  -)-  , 

I’erforming  the  integration  in  equation  (3.16) 
we  find 

In  ^y'  ^  I  +  In  x'  -f-  In  k  , 

or 

(3.17)  y'  1  -|-  ■  =  fc  x'  , 

where  k  is  a  constant  of  integration  which  may 
be  determined  from  the  initial  conditions  x  =  x^, 
y'  —  yo/x„. 


Equation  (3.17)  is  now  solved  for  if  to  give 


(3.17a)  y'  =  i 


1  " 

kx'' - 

kx''  _ 


and  integrated  again  to  give 


(3.18)  y  =  I 


X  ’  '  1  x  ’  ■ 

Ic - 

1  d-  f!  }c  1  —  C  _ 

d"  C,  if  c  ■/-  1 , 


[ 


x~  1 

k - Inx 

2  k 


d-  0,  if  c  =  1, 


Thus  we  have  y  as  an  explicit  function  of  x 
and  the  pursuit  cour.se  of  tho  fighter  is  deter¬ 
mined. 

As  an  illustration,  the  space  course  was  com¬ 
puted  for  the  following  set  of  conditions: 


where  h  is  th('  arc  length  along  the  fighter’s 
path.  Equation  (3.12)  then  becomes 


(3.14) 


II  —  CH  d-  y'.c,  where  c 


This  equation  may  now  be  differentiated  with 
respect  to  x  to  yield 


F/,  ==  220  yils/sec. 

■ 

V,  -275  yds/sec. 

-  ?//.„  -  0. 

=  500,  Hr,,  =  1000. 

First  we  obtain  c  --  .8,  k  ~  .029362086, 
C  -  706.7422. 
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Figure  43.  —  Pure  Pursuit  Course  Example 
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The  values  of  the  coordinates  are  given  in  table 
3.1  and  the  course  is  shown  in  figure  43.  The 
course  also  was  computed  by  a  numerical  solu¬ 


tion  of  equations  (3.9)  and  (3.10),  A  Runge- 
Kutta  method  of  solution  was  used  with  At  =  .2. 
The  values  are  shown  in  table  3.2. 


Table  3.1 

Pure  Pursuit  Course 


W  =  .0081 56 1 35  j:  ' ■« -  85. 1 438 1 7  a;  '-h 70e .7422 


V„  —  220  yds/sec.;  Vf  —  275  yds/sec.;  c  ---  .8;  Xf  =  500  yds;  Vf  =  1000  yds. 


X 

y 

t 

X 

y 

t 

500 

1000 

0 

45 

532. 15 

2.52 

450 

904.. 52 

.39 

40 

.534.92 

2.. 54 

400 

818,26 

.75 

35 

538.28 

2.. 56 

350 

741.. 58 

1,09 

30 

542.36 

2,. 59 

300 

674.90 

1.39 

25 

.548.34 

2,61 

250 

618.81 

1.66 

20 

653.52 

2,64 

200 

574.14 

1,91 

15 

.561 .47 

2,68 

150 

542.17 

2.12 

10 

.572.39 

2.72 

100 

525.34 

2.32 

5 

689.41 

2.78 

50 

25. 50 

u 

/Ut>.  74 

iVu  —  Vr)  ;  Vu  =  Vet 


Initial  Conditions  Same  as  for  table  3.1 


-123.0 
-127.6 
-132.7 
-138.6 
-145,4 
-153.  .3 
-162.7 
-174.1 
-188.2 
-206.0 
-229.0 
-257,0 
-274.7 
-199.3 

-  73.9 

-  11.1 
-  9.2 


-246.0 
-243.6 
-240.8 
-237.5 
-2.33.4 
-228.3 
-221.9 
-212,9 
-200,6 
-182,2 
-152,3 
-  97.8 
13.6 
189.5 
264.9 
274.8 
274.8 
275 
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Figure  46.  —  Vector  Diagram 


cient  and  the  most  desirable  approach  is  to 
obtain  the  relative  course  of  the  pursuer  and 
then  to  convert  to  the  space  course  if  it  is 
needed.  As  was  pointed  out  in  section  2.2,  in  a 
relative  course  the  origin  of  the  coordinate 
system  moves  with  the  bomber  so  that  the  rela¬ 
tive  coordinates  are  simply  the  space  coordinates 
of  the  fighter  less  the  bomber’s  coordinates  at 
any  time  t.  Thus,  if  Xy,  Y y,  Zy,  are  the  fighter’s 
relative  coordinates,  then 

iXy  —  Xy  —  Xy, 

Yy  =  Vr  -  Vb, 

Zy  —  Zy  —  Zy. 

It  is  then  clear  that  if  the  fighter’s  relative 
coordinates  and  the  bomber’s  space  coordinates 
are  known,  then  the  fighter’s  space  coordinates 
could  be  found  by  solving  (3.27)  for  Xy,  yy, 
and  Zy. 


3.4  Equations  o{  the  Relative  Course 

In  the  mechanization  of  fire  control  equip¬ 
ment  it  is  the  relative  course  of  the  pursuer 
whicn  is  of  the  greatest  importance.  This  rela¬ 
tive  course  is  best  described  in  terms  of  a  polar 
coordinate  system  which  has  its  origin  at  the 
bomber.  Let  us,  therefore,  choose  such  a  system 
and  measure  the  angle,  6,  from  the  stern  end 
of  the  longitudinal  axis  of  the  airci’aft.  See 
figure  45, 

Pursuit  courses  with  lead  have  often  been 
called  deviated  pursuit  course.s,  a  more  general 
term  than  lead  pursuit  courses.  Thus,  the  angle 
at  which  the  fighter  aircraft  is  flying  away  from 
the  direct  line  to  the  bomber  is  called  the  angle 
of  deviation,  £•  This  angle  is,  of  course,  the  lead 
angle  in  an  exact  lead  pursuit  course.  The  devia¬ 
tion  angle  is  specified  separately  as  some 
function  of  0  and  r.  If  8  =  0,  we  have  a  pure 
pursuit  and  if  8  is  a  constant,  we  have  a  fixed 
lead  pursuit. 
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The  polar  radius  r  also  is  the  present  range 
at  any  time  t.  From  the  vector  diagram  of 
figure  46,  it  is  clear  that  the  rate  of  change  of 
the  range  is 

dr 

(3.28)  —  r  —  —  Vf’  cos  8  cos  8  , 
dt 

and  the  transverse  component  of  relative  veloc¬ 
ity  is  given  by 

(Z(9 

(3.29)  r - =:  r9  =  F/'  sin  8  —  Vh  sin  6  . 

dt 


If  we  divide  equation  (3.28)  by  (3.29)  we 
obtain 


dr  F,.  cos  8 -1- F^j  cos  ^ 

(3.30)  - = - — - — - de 

r  Fy;'  sin  8  —  F«  sin  6 


—  cos  S  +  c  cos  6 

= - dd  . 

sin  8  —  c  sin  6 

This  equation  is  integrable  for  various  devia¬ 
tion  functions.  If  8  =  0;  i.e.,  pure  pursuit,  we 
have 

dr  —  1  -f  c  cos  9 

- - do 

r  —  c  sin  d 


- CSC  9  —  cot  6  I  rf 

N  c  / 


and, 


1 

Inr  —  —  In  tan  ^  0  —  In  sin  0 In  ro , 
c 


tan*''"  i  0 

—  I  n - f  In  To , 

sin  0 


or, 

tan ’/"i  61 

(3.31)  r  =  Tc - : 

sin  0 

where  r„  includes  all  constants  of  integration.  It 
is  easily  seen  that  if  we  let  6  =  90°,  r„  =  r  or,  in 
other  words,  r„  is  the  range  on  the  beam ;  that 
is,  the  fighter  is  directly  abeam  of  the  bomber. 
Equation  (3.31),  is  then,  the  polar  equation  for 
a  relative  pure  pursuit  course.  This  may  be 
changed  to  rectangular  coordinates  by  the  usual 
transformation  equations 

IY  =  r  sin  6, 

Y  —  -r  cos  6, 

if  we  choose  the  X,  Y  axes  as  shown  in  figure  45. 

For  a  variable  lead  pursuit  it  is  first  necessary 
to  determine  the  deviation  function.  Let  us, 
therefore,  consider  the  ballistic  triangle  of 
figure  47. 

The  law  of  sines  applied  to  triaiigle  FBBp 
yields 

BB, 

(3.33)  sin  8  = - sin  0  . 

r/ 

Let  tf  be  the  time  of  flight  of  the  bullet  over 
the  future  range  r,  and  u  be  the  average  speed 
of  the  bullet.  Then  we  have 

(3.34)  BB,  =  F„  t, 

and 


(3.35)  r,  =zut, . 

Substitution  into  (3.33)  yields 

(3.36)  sin  8  =  c,  sin  , 
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where 


or 


n  * 

(3.37)  Ca==-— . 

u 


1  cos  8 

dB  = - dz 

—  1  Cl  sin  6 


Straight  substitution  into  equation  (3.30)  yields 


dr 


(3.38) 


^  1  —  Cl'-'  sin^  6  +  c  cos  6 


z^  —  l 


(Ci  —  c)  sin 


do , 


V  i-ci= 


dz . 


which  may  be  reduced  to 


To  obtain  the  last  expression,  we  need  to  prove 
the  identity 


dr 

(3.39) - = 

r 


1  r 


C  —  Cl 


CSC'* 


Ci“  do  —  c  cot  B  dB 


This  equation  may  be  integrated ;  the  first 
integral  on  the  right-hand  side,  however,  needs 
some  manipulation.  Let  us  make  the  substitution 


cos  B 

z  =  c,  — -  or  z  cos  8  =  Cl  cos  0  . 

cos  8 


The  differential  relation 


cos  8 


Cl  sin  B 


^  1-Ci^ 


which  is  more  easily  accomplished  by  working 
on  the  right-hand  side,  making  the  substitution 
for  z.  The  integral  j  [esc*  B  ■— Ci^]^  dB  then 
becomes 


h=z 


J  [CSC*  B 


0,*]idB=: 


I 


COB  8 

- dB 

sin  8 


dz  cos  S  —  z  sin  S  d  h  —  —  sin  6  d  B 

may  be  solved  for  dB  with  the  aid  of  the  fact 
that  from  sin  8  =  c,  sin  B  we  have  dS  =  zdB. 
Thus  we  have 

dz  cos  8  •—  (2*  sin  8  —  c,  sin  B)  dB 
=  {z-  —  1)  Cl  sin  8  d  B 


which  may  be  solved  by  the  usual  method  of 
partial  fractions  to  give 


*We  assume  now  that  Ci  is  a  constant;  this  is  not 
precisely  true  since  !<  is  a  function  of  the  range.  How¬ 
ever,  it  is  a  usable  approximation. 


For  convenience  in  writing,  let  c^  =  c  -  Ci. 
The  integration  of  equation  (3.39)  then  yields 
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Figure  47.  —  Ballistic  Triangle 


(3.40) 
or 

(3.41) 


In  —  = 


r  =  r„ 


1 

c, 


In 


Ci~Z 
Cl  z 


1  +  z 


In  sin  d 


( 

/  cos  S  ~  cos  6  \ 

/  cos  8  -f  Cl  cos  i9  S 

i  1  ) 

( 

\  cos  8  -f  cos  6  / 

\  cos  8  —  Cl  cos  0  j 

sin '  e  j 

where  r„  is  again  the  constant  of  integration 
that  becomes  the  range  on  the  beam. 

If  8  is  small,  a  useful  approximation  i.s  ob¬ 
tained  by  letting  cos  8  =  1,  and  if  we  insert 
this  approximation  and  the  expression  (3.36) 
into  equation  (3.30),  we  have 

dr  —  1  -h  c  cos  0 

- = - d  0 

r  (c,  —  c)  sin  0 


whence 
(3.42)  r  =  r. 


tan  i  61  \  )/('  —  «,) 


sm  “  I 


or 


/  tan  ^  \ 


(3.43)  r 


o  <■  —  '^1  [  \ 

\  sin'-e  / 


1 

-  (esc  f?  —  c  cot  6)  do 

C  —  Cl 


Thi.s  is  the  approximation  which  was  made  in 
most  of  the  analyses  carried  out  during  World 
War  II. 


which  may  be  integrated  to  give 
r  1 

In  —  = - ( In  tan  {0  —  c  In  sin  0) 

Tn  C  -  Cl 


In  the  above  equations,  r„  is  the  constant  of 
integration  which  needs  to  be  determined.  If  we 
let  0  90"  in  the  above  equations,  we  see  that 

r  =  To  or,  in  other  words,  ?■(,  is  the  range  on 
the  beam. 


YARDS 
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Table  3.5 

Example  of  Relative  and  Space  Course  in  Deviated  Pursuit 

cos  i  =  1 
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3.5  Time  as  a  Parameter 

The  method  of  .solving  the  pursuit  course 
jirohlem  given  in  the  last  section  has  the  disad¬ 
vantage  that  the  solutions  are  not  given  exjjlicit- 
ly  as  I'unetions  of  time.  It  is  neccs.sary  to  have 


this  dependence  on  time  expressed  explicitly  for 
many  problems  in  iire  control  work  and  also  for 
comjjutatioii  of  the  si)ace  courses.  For  example, 
the  .space  coordinates  may  be  I'ound  from  the 
relative  coonbiiates  by  u.sing  tlie  relation  (.'1.27) 
where  the  bomber', s  coordinates  are  given  a.s 
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functioii  s  of  time  and  thus  the  fighter’s  relative 
coordinates  also  must  be  found  as  functions  of 
time.  In  determining  the  lead  to  take  against  a 
fighter  flying  a  pursuit  course,  one  usually 
matches  the  time  along  the  course,  from  a 
chosen  present  position  to  the  required  future 
position  of  impact,  with  the  time  of  flight  of 
the  !)ro,jcctile  over  the  range  to  this  future 
po.sition. 

There  are  many  ways  for  getting  points  on  a 
ljursuit  course  which  are  labeled  with  the  ap- 
jn’opriate  time,  but  to  find  the  range  or  angle-off 
as  e.xplicit  functions  of  time  is  another  matter. 
Thus  t  may  be  obtained  as  a  function  of  6  but 
the  inverse  solution  is  not  readily  obtainable. 
The  implicit  solution  is  found  by  knowing  r  as 
a  function  of  0  from  (3.41),  and  upon  substi¬ 
tuting  it  into  (3.29)  the  time  t  is  then  found 
as  a  function  of  (l  by  a  simple  integration.  Con¬ 
sider,  for  example,  the  case  of  a  pure  pursuit 
course,  8  =  0,  where 


where  h  is  the  constant  of  integration  to  be 
determined  by  the  initial  conditions.  Thus  we 
liHve  f  as  a  function  of  0,  from  which  0  could 
best  be  obtained  for  a  given  t  by  graphical 
means. 

Another  method  is  to  expand  r  and  0  in  power 
series  valid  in  the  neighborhood  of  any  particu¬ 
lar  point  about  which  the  expansions  are  made. 
Thus  exjianding  r  and  0  about  t  =  0,  we  have 
fhe  well  known  Maclaurin  series. 

t- 

r{t)  —  ?  (o)  -f  r{o)t  -h  r(o) - 

2! 

f' 

-f  r(o) - h - ; 

3! 

t~ 

e(t)  =  e{o)  +  «(o)t  -f  0(o) - 

2! 


r  =  To 


tan'^''  i  B 


sin  6 


9  (o) - -f-  ■  .  . 

3! 


Upon  the  substitution  of  this  solution  into 
equations  (3.29)  we  have 


(3.44) 


sin  9  (If. 


V„  sin  9 


To  obtain  thc.se  expan.sions  we  need  to  know 
the  values  of  r  and  0  at  I  =  0.  The  derivatives 
are  then  obtained  by  successive  differentiation 
of  equations  (3.28)  and  (3.29).  The  resulting 
series  converge  .so  that  r  and  0  m^y  be  found  at 
any  t  to  the  accuracy  desired. 


or 


o.uu; 


>  f/  tjlil"  fJ 


Equation  (3.45)  may  now  be  integrated  by 
ern))loying  the  substitution 


tan  llJ  7^  Z,  sin  9 
we  obtain 

/  k  - 


2Z  2dZ 

- ,  d/j  = - 


1  4- 

1  +  z- 

1 

[  tan'/'  -  '  1  0 

tan'/'+'  1  ti~\ 

2V„ 


-f 


-  1 


-:-)  1 
c 


Still  a  third  and  perhaps  the  best  method  is 
to  solve  the  system  of  differential  equations 
given  by  (3.28)  and  (3.29)  by  a  numerical 
Ijrocess.  Such  a  solution  will,  of  course,  yield 
values  of  r  and  0  at  chosen  increments  of  L. 


3.6  The  Acceleration  of  the  Fighter  Caused 
by  the  Curvature  of  His  Space  Course 

In  analyzing  pursuit  courses  it  is  irnjiortant 
to  detcrniine  the  extent  t(j  which  the  course 
curvature  is  restricted  by  the  iihysiological 
effects  on  the  pilot  in  flight  and  the  structural 
and  aerodynamic  limitations  of  the  aircraft.  We 
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begin  in  this  section  by  considering  the  normal 
acceleration  and  the  centrifugal  force  acting  on 
the  plane  and  pilot. 

It  is  well  known  that  the  normal  acceleration 
may  be  expressed  in  terms  of  the  radius  cf 
curvature, 

(3.46)  - — .  normal  acceleration 

R 

where  R  is  the  radius  of  curvature  of  the  space 
curve.  The  radius  of  curvature  may  be  expressed 
in  either  rectangular  or  polar  coordinates.  For 
rectangular  coordinates  we  have 

(1  +  2/'0  ^ 

(3.47)  R=r. - , 

\y"\ 

and  for  pure  pursuit  we  have  by  equation 
(3.15)  and  (3.17a) 


(1  +  y'^) "  » 

(3.48)  R^ - -  + 

-y'  1  +  2/'^ 

X 

1  r  ^  1" 

—  ——  X  “f" -  • 

4c  |_  kx'^  _ 

For  pure  pursuit  we  also  have 

F,. 

(3.49)  R-  —  — 

e 

since  the  tangent  to  the  circle  of  curvature  also 
is  the  terminal  side  of  angle  Thu.s  in  polar 
coordinates  the  radius  of  curvature  is,  using 
(3.2'j)  with  b  =  0  , 

V,  VrT 

(3.50)  R  = - = - . 

F;,  .  Vu  sin  0 

—  sin  0 


For  deviated  pursuit  courses  (lead  pursuit) 
with  .sin  8  =  c,  sin  0  we  have 


F, 

(3.51)  R  = - 

s  —  ‘e 

V, 

Vy  r  Cj  cos  6 

—  [c  —  c,]  ,sin  6  1 - 

r  _  cos  S  _ 

r 

r  Cl  cos  9 

[c  —  Cl]  sin  0  1 - 

L  cos  S  . 

The  normal  acceleration,  a,  is  usually  ex¬ 
pressed  in  units  of  gravity  called  “gees”,  i.e., 
ratio  of  acceleration  to  the  acceleration  of  grav¬ 
ity,  g.  This  acceleration  is  due  solely  to  the 
curvature  of  the  course  and  does  not  include  the 
ever  present  acceleration  due  to  gravity,  which, 
of  course,  is  one  “gee”.  Upon  combining  (3.46) 
and  (3.49)  with  (3.29),  we.  find,  in  the  case  of 
pure  pursuit, 

F^•  Fj,  .sin  9 

(3.52)  a  - , 

gr 

For  lead  pursuit, 

F,.'-'  [c  —  c,  1  /  c,  cos  0  \ 

(3.53)  a  = - sin^ll - J. 

gr  \  cos  S  / 

It  is,  therefore,  possible  to  calculate  both  the 
radius  of  curvature  and  the  normal  acceleration 
for  these  pursuit  courses. 

Equation  (3,52)  may  be  solved  for  r  to  give 
Vy  Vy 

(3.54)  r  = - sin  0  , 

ga 

an  equation  which  represents  a  family  of  circles 
F,.  V„ 

of  radii - ,  each  circle  being  tangent  to  the 

2gu 

straight  line  path  of  the  pursued  bomber.  By 
varying  the  parameter,  «,  we  may  plot  members 
of  the  family  and  then  superimpose  the  pursuit 
courses  upon  this  plot.  From  such  a  graph  we 
can  read  off  the  normal  acceleration  (or  load) 
at  any  point  on  the  pursuit  course.  See  figure  50. 
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3.6.1  Maximum  Acceleration 

If  we  consider  V r,  c,  and  c,  as  constants,  the 
normal  acceleration  is  given  by  equation  (3.53) 
a.s  a  function  of  0,  r,  and  S,  Since  both  r  and  8 
can  be  expres.sed  as  functions  of  0,  see  equations 
(3,41)  and  (3.36),  respectively,  we  have  the 
normal  acceleration  as  a  function  of  d  alone. 
Thus,  there  may  exist  a  value  of  6  for  which 
the  normal  acceleration  i.s  a  maximum.  That 
this  i.s  actually  the  case  can  be  verified  by  taking 
the  derivative  of  equation  (3.53)  with  respect 
to  a,  .setting  it  equal  to  zero  and  .solve  for  0 ;  the 
usual  calculus  procedure  for  finding  the  maxi¬ 
mum  of  a  function,  It  is  easily  accomplished  in 
the  case  of  pure  pursuit;  in  which  case  we  find 
that  the  maximum  acceleration  i.s  achieved  at 
1 

the  value  0  ~  arc  cos  —  •  Under  the  approxima- 

tion  that  the  cos  8  =  1  we  find  that  the  maxi¬ 
mum  normal  acceleration  occurs  at  the  value 


—  c-‘  —  (2e,"  —  3('C))  (cc,  — Ci“  —  1) 


a  =  arc  CO.S  ■ 


3cci  —  2ci^ 


The  existence  of  a  value  0,  for  which  the 
normal  acceleration  is  a  itiaxiinurn,  enable.s  one 
to  find  a  limiting  relative;  pursuit  course  on 
which,  for  a  given  normal  acceleration  a,  the 
acceleration  achieves  the  maximum  value  «.  This 
cour.se  is  limiting  in  the  .sen.se  that  it  divides 
all  pur.suit  courses  into  two  groups,  the  one 
containing  all  courses  on  which  the  normal 
acc(;leratioiis  never  build  up  greater  than  a,  the 
other  including  only  courses  on  which  the 
accelerations  eventually  surpass  a. 

Let  us  consider  pure  pursuit  courses.  Since 
maximum  gees  must  be  achieved  for  points  on 


the  line/  0,  arc  cos 


.(i), 

\2c/ 


the  limiting  pursuit 


course  divides  the  plane  into  two  separate 
regions,  each  containing  curve.s  of  one  and  only 
one  of  the  group.s  defined  above.  Geometrically, 
the  limiting  “5//”  pursuit  course  i.s  tangent  to 
the  ‘T){/”  circle  at  the  point  (?',.  ft,),  wherein 
r,  is  obtained  from  equation  (3.52)  for  0  —  0,, 


Thus,  since  ft,  —  arc  cos 


f  ) ,  we  ha 
\2c/ 


y  4c"  — ■  1 


V,.  I/„ 


■  sin  8,  , 


V,  V„ 


V  4c"- 


for  a  ~  5  . 


Since 


=  r  (tan  0  sin  ft 


wo  have 


To  —  r,  (tan  I  (Ji)  ''''  sin  ft. 


^ 


\2c  +  l/  \  2c  / 


V,  Vn  (4c"  -1)  /2c +  1) 
pc"  \  2c  —  1  / 


Thus,  the  equation  of  the  limiting  “ng"  relative 
pure  pursuit  course  is 


V,  Vn  (4c'  -  1)  /2c  -f  (tan  ^  ft) 


,  (4c'-  1) /2c  4-1 V 
i  n  P  c"  \2c  —  1/ 


•  '.j'  '  * 

r-.-®-,  ... 


PURSUIT  COURSES 


3.7  Aerodynomlc  Pursuit  Course 

In  the  pursuit  courses  considered  thus  far  it 
has  been  assumed  that  the  projectile  leaves  the 
fighter  aircraft  in  the  direction  of  the  aircraft’s 
motion.  Thus  it  has  been  tacitly  assumed  that 
the  aircraft  moves  in  the  direction  in  which  it 
is  pointing.  However,  it  is  ■'veil  known  from  aero¬ 
dynamic  considerations  that  there  exists  an 
angle,  the  angle  of  attack,  between  the  zero  lift 
line  of  the  wing  and  the  direction  of  motion.  The 
zero  lift  line  is  a  hypothetical  line  through  the 
wings  in  the  general  direction  of  the  longi¬ 
tudinal  axis ;  in  steady  flight,  the  aii'plane  would 
move  along  this  line  if  there  were  no  gravity 
acting.  Since  the  guns  are  fixed  in  the  aircraft, 
there  exi.sts,  then,  an  angle  of  attack,  «,  between 
the  gun  bore  axis  and  the  direction  of  motion 
of  the  aircraft,  and  the  deviation  function,  8, 
di.scu.ssed  in  the  preceding  sections,  should  have 
a  component  due  to  this  angle  of  attack.  If  the 
gun  bore  axis  is  parallel  to  the  zero  lift  line  of 
the  wing,  then  n  is  the  usual  angle  of  attack  for 
the  aircraft.  However,  the  gun  bore  axi.s  is 
usually  offset  from  the  zero  lift  line  to  allow 
for  gravity  drop  or  other  considerations  so  that 
the  angle  of  attack  of  the  gun  bore  is  neces¬ 
sarily  the  angle;  of  attack  of  the  aircraft  wing. 

The  treatment  of  the  problem  of  aerodynamic 
I)ur,suit  courses  may  be  divided  into  two  parts: 

(1)  the  equations  of  motion  of  the  aircraft  and 

(2)  the  conditions  of  pursuit.  In  order  to  find 
the  equations  of  motion  of  the  aircraft,  it  is 
neces.sary  to  consider  the  usual  force  system 
acting  upon  the  aircraft;  i.e.,  the  forces  of  lift, 
thrust,  drag,  and  weight.  The  conditions  of 
pur.suit  then  con.strain  this  motion  and  we  have 
a  typical  dynamic  problem  with  constraints.  If 
it  is  possible  to  obtain  a  sumcient  number  of 
equations  to  determine  the  variables  under  con¬ 
sideration,  the  problem  is  solvable.  If  not,  it 
may  still  be  possible  to  solve  the  problem  if 
from  experimental  data  a  sufficient  number  of 
logical  assumptions  can  be  made  which  lead  to 
consistent  equations. 

3.8  Attack  in  a  Vertical  Plane 

The  general  probleni  is  indeed  a  complicated 
one  and  for  this  reason  it  is  advantageous  to 
begin  with  a  restricted  case.  Let  us,  therefore, 


•  •  •  •  «  •  • 


consider  an  attack  made  in  a  vertical  plane  by 
a  fighter  on  a  bomber  which  moves  in  a  straight 
and  level  flight  path  at  a  constant  speed. 

Let  us  assume  that  the  gun  bore  axis  coin- 
eide.s  with  the  thrust  axis  of  the  fighter  aircraft. 
This  is  no  real  restriction  since  if  the  two  did 
not  coincide,  the  equations  would  be  changed 
merely  by  inserting  a  constant  angle.  We  shall 
now  use  the  following  notation :  (Sec  figure  51.) 

L  =  the  fighter’s  lift  vector,  directed  nor¬ 
mal  to  \f; 

D  =  the  fighter’s  di’ag  vector,  directed 
along  -V,.; 

Wrz:  weight  of  the  fighter,  directed  ver¬ 
tically  down ; 

T  —  fighter’s  thrust  vector,  directed  along 
the  thrust  axis ; 

Vf  =  fighter’s  velocity  vector,  directed 
along  its  flight  line; 

Vb  =  bomber’s  velocity  vector,  directed 
along  its  flight  line; 

y  =  angle  from  the  horizontal  reference 
line  to  the  flight  line; 

0  =  angle  from  the  horizontal  reference 
line  to  the  sight  line; 

a  =  angle  of  attack  of  the  gun  bore  line; 

=:  angle  from  the  thrust  line  (gun  bore 
axis)  to  the  flight  line ; 

a„  —  angle  from  the  zero  lift  line  to  the 
thrust  axis  of  the  fighter; 

«  -b  ffo  =  angle  of  attack  of  the  fighter  mea¬ 
sured  from  the  zero  lift  line; 

Jt  ~  radius  of  curvature  of  the  fighter’s 
path ; 

■«=  average  speed  of  the  projectile  over 
its  path; 

i>  relative  air  density. 

h’rom  the  force  system  shown  in  figure  51,  we 
can  write  by  Newton’s  .second  law  the  equations 
of  motion,  for  motion  along  and  normal  to  the 
flight  line.  Thus, 
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PURSUIT  COURSES 


HORIZONTAL  REFERENCE  LINE 


Figure  52.  —  Angles  for  Pure  Pursuit 


In  pure  pursuit,  where  we  do  not  consider 
any  lead  or  ballistics,  the  gun  bore  axis  (thrust 
line)  coincides  with  the  line  of  sight  so  that 

(3.60)  y  —  e  =  a  or  e  z=y  —  a.  See  figure  52. 

We  may  then  eliminate  6  from  equations  (3.58) 
and  (3.59)  and  together  with  (3.55)  and  (3.57) 
we  have  four  non-linear  differential  equations 
to  determine  the  four  variables  V,  y,  a,  r,  as 
functions  of  time.  Before  proceeding,  we  must 
first  determine  the  aerodynamic  constants  for 
the  fighter  airplane  in  question  at  a  fixed  throttle 
setting.  This  is  accomplished  from  the  weight 
and  geometry  of  the  airplane  and  its  perform¬ 
ance  values  of  propeller  efficiency,  maximum 
engine  brake  power,  and  the  corresponding 
maximum  level  flight  speed  at  a  certain  altitude. 
With  this  knowledge,  we  have  formulas  which 
enable  us  to  obtain  expressions  for  L,  D,  T, 
and  W. 

T'he  four  differential  equations  must  be  inte¬ 
grated  numerically,  and,  con.sctquently,  we  need 
to  kno  w  the  initial  values  of  Vr,  y,  n,  and  ?.  The 
quantities  Vr,  y,  and  r,  may  be  assigned  at  will 
to  give  a  family  of  cases.  The  initial  value  of  «, 
however,  uis  a  "natural”  value  for  a  given  value 


of  y.  This  natural  value  can  be  found  by  plotting 
7  against  time  for  the  first  second  for  a  few 
arbitrary  choices  of  a,  usually  between  2°  and 
12°.  The  family  thus  obtained  will  funnel  into 
one  curve  which  then  is  extrapolated  back 
linearly  to  give  the  natural  value  of  a. 

For  a  lead  pursuit  course  we  need  to  account 
for  the  ballistic  effects.  In  this  case,  the  gun 
bore  axis  is  pointed  so  that  the  projectile  leaving 
the  gun  at  a  muzzle  velocity  of  V„  will  travel 
the  vector  diagonal  to  the  point  of  impact  as 
shown  in  figure  53.  In  order  to  score  a  hit,  the 
projectile’s  motion  normal  to  the  sight  line 
should  be  equal  to  the  bomber’s  motion  normal 
to  the  sight  line  during  the  time  of  flight.  If  we 
let  n  be  a  unit  vector  perpendicular  to  the  sight 
line,  then  this  condition  states 

(3.61)  f/(u)  •  n  =  f/(V;i)  •  n, 

where  u  is  the  average  velocity  of  the  projectile 
over  it.s  impact  range.  If  we  let  u=:V, -f  V,-, 
where  V,  is  a  calculated  average  speed  vector 
of  the  projectile  which  can  be  assumed  to  be  in 
the  direction  of  V,„  then  we  may  write  equation 

(3.61)  in  the  form 

(3.62)  -Vf  sin  («  —  A)  -|-  sin  A  =  Vu  sin  6. 
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figure  53.  —  Velocity  Diagram 


From  figure  51  it  also  is  clear  that 

('5.63)  y  —  0  —  a  —  A 
or 

“  O’  -j-  -  y 

.so  that  .\  may  be  eliminated  from  (3.62)  and, 
if  F,  is  known,  equation  (3.62)  may  be  u.sed  to 
solve  for  «. 

3.9  The  Determination  of  the  Aircraft 


and  W.  As  was  mentioned  in  the  last  section, 
the  theory  of  aerodynamic.s  furnishes  us  with 
formulas  for  these  expressions  if  we  know  the 
geometry  of  the  airplane  and  its  performance 
characteristics.  We  shall  not  derive  these  ex- 
l^ressions  here  but  Will  adopt  them  without 
proof  and  refer  the  reader  to  a  standard  text 
on  the  theory  of  aerodynamics.  It  shall  be  our 
purpose  here  to  exhibit  the  formulas  and  indi¬ 
cate  their  use. 

The  aerodynamic  forces  L,  D,  and  T  are  ex¬ 
pressed  in  the  following  form: 


Constants 

In  order  to  solve  the  system  of  equations  (3.64) 
given  by  (3.55),  (3.57),  (3.58),  and  (3.59),  we 
need  to  determine  the  expres.sions  for  L,  D,  T 


L  — '  i  pa  V b  C/,  ; 

D  =  -}  p,i  \  b  C  /j  I 
T  =  550  : 


80 


where 

Cl,  —  lift  coefficient 
=:  K  sin  {a  +  ao)  ; 

C;,= 

Cl)  —  -A  -| - ; 

B 

2v 

K  = - ; 

1  +  2./JIR 

and 

A,  B  —  constants  for  given  airplane, 

Trb^ 

B  = - : 

s 

S  =  wing  area ; 

P  =  brake  horsepower  of  engine ; 

1  h.p.  =  550  ft.-lb./aec. ; 

pa  =  air  density ; 

Tj  =  propeller  eflficiency ; 

b  =  wing  span ; 

A}  =.  — »  aspect  ratio. 

S 

In  the  computation,  new  constants  are  usually 
introduced  into  equations  (3.64)  which  are  de¬ 
fined  by 

c,  Pa  K8/2W-, 

C;;  =  Pa  AS/214'  | 

(3.66)  / 

)  c,  =  p„K‘S/2BW-, 

\  c,  =  550P7;/4k; 

so  that  equations  (3.64)  take  the  form 


_ PURSUIT  (.BOURSES 

The  constants  c,  (i  —  1,  2  ,3,  4)  may  be  detei'- 
rnined  from  the  fundamental  performance  equa¬ 
tion 

S'l' 

(3.68)  - - , 

A(  A/.  Vi 

whei-e 

p  =  p„/p„  =;  relative  air  density ; 

Vj  =  y  p  —  indicated  airspeed; 

W 

Xt  = - ; 

550  yP 
2W 

Xp  — - ; 

P,.  AS 

2  IF 

Pft  BS  Pa  irb'^ 

so  that 

I  <5  ==  i/A( ; 

Ca  —  p/ Xp ; 

c.==p.,Ji:s/24F; 

c.i  c,^  Xp/ p. 

The  description  of  the  aircraft  .‘.ihould  supply 
the  geometry  of  the  airplane,  its  gross  weight 
(IF),  the  pmopjeller  efficiency  (?;),  maximum 
engine  brake  power  (P,„,„.)  and  the  corre.spoiid- 
ing  maximum  level  flight  speed  (Fr  „,„^,)  for  a 
certain  .altitude  or  density  ratio  p'.  With  thi.s 
information,  we  compute 

TF  21F 

(3.70)  Xi  ^ — . — - ;  Xp  = - —  ; 

O50  Tjl'  inar.  flfi  Trb" 


fL  —  c,  V p-  IF  sin  («  -b  «„)  ; 

D  =  \  c.,  -t-  C:,  sin'^  («  +  «„)  I  Vp-^  IF ; 
T  =  c,W/Vp. 


V  i  MHT.  —  *  »  /•'  U\flT. 

The  values  obtained  from  (3.70)  may  now  be 
in.serted  into  equation  (3.68)  and  thi.s  equation 
.solved  for  Xp  which  depend.s  only  upon  the 
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geometry  of  the  airplane  and  is  therefore  not 
affected  by  changes  in  f>  and  Vy,  With  A;,  and  A, 
determined,  it  is  possible  to  consider  A,  for  any 
speed  at  any  altitude.  Thus,  if  we  choose  n  Vy 


1 

and  j>,  we  can  solve  for  A,  (or  — )  from  equa- 

A( 


tion  (3.68). 


The  computation  of  the  aircraft  constants 
may  he  summarized  into  the  following  stcp.s: 

(1)  Given:  W,  b,  S,  /ff  ,  ■(  luai.t  Vpijfax.t 

and  p. 

(2)  Compute:  A„  Vi  „„u.,  A;.,  and  K. 

C.)  Choose:  V,.  and /> . 

v4)  Compute:  V,,  1/Ar,  Cj,  c.,,  c,,  C:,;  (use 
equations  (3.69)). 


3.10  Dimensionless  Form 


I  dv  Ki 

- =  sin  y  H - COS  a  —  K-yv- 

dt*  v 

—  K,v-  sin-  (a  +  a„)  ; 


(3.73) 


cos  y  —  KiV-  sin  («  -f  a„) 


K, 

-j - -  sin  a  ; 

V 


—  V  cos  (y  —  ^)  +  u,i  cos  d  ; 


de  1 

- = - I  r  sin  (y  —  8) 

dt*  s 

+  Un  sin  . 


In  any  numerical  computation  dealing  with  a 
physical  system  it  is  convenient  to  express  the 
equations  in  dimensionless  form.  This  is  usually 
accomplished  by  dividing  each  vaiiable  by  a 
reference  value  of  that  variable.  The  .system 
expressed  by  equations  (3.55),  (3.57),  (3.58), 
and  (3.59)  may  be  reduced  to  a  dimensionless 
fornri  by  the  following  transformations.  Let 

(3.71)  =:  gt/Vy^^ ;  v  =  VylV,-;,  =  V,Vy^ ; 
s=.gvlVy'--, 

where 

IC’  ==  reference  velocity  (usually  taken  to 
be  initial  value  of 

and 

g  =  acceleration  of  gravity 
involve  the  same  distance  units. 

If  we  further  let 

(3.72)  if,  =  c.y,.,/  ;  if,  : .  c,V„-/  ;if.,  =  ; 

if,  cJVy  , 

(} 

the  .system  of  equations  takes  on  the  following 
form: 
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3.11  Examples 

In  order  to  illustrate  the  computation  of  an 
aerodynamic  lead  pursuit  course  in  a  vertical 
plane  let  us  consider  two  specific  examples: 

Example  1,  We  begin  with  the  following 
data;  units  in  feet,  pounds,  seconds. 

(1)  Aircraft  data ; 

W  =■  14655  lbs. 

b  =  42.833333  ft. 

S  =  334  square  feet. 

/f<  =  0-5. 

(t„  ^  .033743  radians. 

g  =  32.174  ft/.seeb 

1/  =  .85 

Vy  ,„„x,  =  493  ft./sec. 

P  :=  1550  H.F. 

Vi  =  337.58668  ft,/.sec. 

=  .4689. 

^  .002378 


O 
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(2)  Attack  data; 
To  —  6000  ft. 


KS 

-  =  .052506373 

2W 


V,i  =300  ft. /sec. 

Vj  =  2500  ft. /sec. 

0„  =  30"  =  ,5236  radians. 

i>  =  .81 

Vj-^  =  500  ft./sec. 

The  aircraft  constant.s  are  computed  from  the 
formulas  of  .section  3,9.  In  their  evaluation  it 
will  be  a.ssumed  that  the  change  in  f,  during  the 
attack  may  be  neglected.  The  computation 
yields 

A,  =  2138.406710 

A,  =2.022425  X  10 

1/A,.  =  7.154248  X  10 

K  -  4,607670 


c,  =  1,011367  X  10  -  ‘ 
c,  =  .579494  X  10 

C;,  =  27.003672  X  10 

K,  =  25.284175 

/C  =  .1448735 

K,  =  6.750918 

It  is  to  be  noted  here  that  Cj  =  l/A,,  which  is  com¬ 
puted  from  equation  (3.68),  is  a  function  of  V, 
which  in  turn  i.s  a  function  of  F,-.  Thus,  strictly, 
c,  i.s  not  a  constant  a.s  V,-  changes  according  to 
equations  (3.73).  The  variation  of  c„  or  more 
preci.sely  K„  may  be  computed  by  tabulating  or 
graphing  K,  versus  v  for  each  initial  condition. 
In  the  present  example  we  have  table  3.6. 


Table  3,6 

K4/V  for  Example  I 


V 

Kilt) 

V 

Ki/v 

V 

K,/v 

V 

Kilv 

.  ],60 

~~  .1,5.')  134 

1 

Ai) 

.18462.5 

1  .20 

.21.59.51 

]  .30 

.251085 

1.01 

.  1.58138 

1 

.  I  I 

.187669 

1  .21 

.219322 

1 .31 

.2,54771 

1,02 

.  160876 

1 

,12 

.196147 

I  22 

.22272.5 

1.32 

.2.58488 

)  ,  63 

.  1 6.36.56 

1 

.  13 

.  1932.59 

I  .23 

.2261.59 

]  .33 

.262237 

1 . 64 

.  1664.59 

1 

.  14 

. 1 96464 

1  .24 

.  22962.5 

]  ,34 

.266016 

i .  1)0 

,  lOlMUi 

J 

.  1  0 

i  2;> 

.  I 

1  . 3.5 

1  ,66 

. I72I78 

] 

.  16 

.202790 

1  .26 

,  2366.52 

1 . 36 

.  2731)68 

1.67 

.  17,5689 

1 

.17 

.266632 

I  .27 

.240213 

1  ,37 

.  277.539 

]  .68 

. 178034 

1 

.18 

.209306 

1 .28 

.243806 

1  .38 

.281442 

1 . 09 

. 181013 

] 

.  19 

.2)2613 

1 .29 

.247429 

1 .39 

.285376 

4\)  determine  the  “natural”  initial  value  of 
the  angle  of  attack,  wi;  first  determine  the 
“natural”  initial  value  of  y  and  obtain  ff  from 
eciuatioii  (3.62).  Thus  in  the  example  we  choo.se 
y„  =  .56,  y„  =  .48,  and  y„  =  .42  and  .solve  the 

98BQ9&  0-52-7 


sy.stem  (3.73)  for  0  <  t*  _<  .10.  The  values  for 
y  are  then  ])lotted  over  this  range  of  values  for 
and  extrapolated  back  linciarly  to  give  the 
natural  initial  value  y„  =  .4850.  iSee  figure  54. 
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The  numerical  solution  of  (.'t,7:3)  can  then  he  lina!  values,  obtained  by  this  method,  are  tabu- 
l)erformed  by  the  Runge-Kutta  Method,  The  lated  in  table  3.7. 


Table  3.7 


Example  I 


t* 

"y  ■ 

0 

•S' 

(1 

.4S,')() 

.72311 

'  1  . 

.  772 1  7(1 

.  1 

.  -1.72,7 

I  .01 1(171 

.  722'4.7() 

2 

.-ilT! 

.■1,7(13 

1  .03(i:j33 

.  (i00;i.71 

.3 

.■122S 

1 . 127133 

(1131  10 

,1 

.:i.7,7X 

.3SSK 

1  .1(10013 

. 773033 

.  .7 

.:r23,7  ! 

.3.711 

1  . 1 03(17(1 

.102130 

.(1 

.2!l()7 

.31  (to 

1  223207 

.127017 

.  7 

.2,7f)<) 

.  2323 

1 .210721 

.2(11(111 

.fs 

.  22 1  X 

.2133 

1  .27277(1 

.2031.71 

.'.1 

.  IX-Ci  , 

.2023 

1 .202210 

. 223703 

].() 

.  1131  ] 

.  17,70 

! .307777 

.  1 727 1 3 

1 , 1 

.O-M  l  , 

.0007 

1  .313(171 

.032301 

a 

r 

1 

X  y  1 

■r/j 

0137 

(1000 

-710(1 

3000 

"o' 

01  M 

7(113.(1 

-■1130 

2(111 

-1(17.0 

003(1 

.7201 

-373(1 

2202 

033.0 

.00(17 

17(11  1 

-2017 

10.77 

1303.0 

0013 

3301.(1 

-2117 

1(132 

13(1(1 

.0031 

.i32-l .  1 

-12.77  . 

1 327 

2331 

.0021 

3327.2 

-  3(11 

1013 

279(1 

.0017 

2310 

7(17 

732 . 3 

32(11 

001  1 

2230.2 

171(1 

710  1 

3720 

001.7 

1733.2 

2101 

3  10 . 2 

•1107 

(«)27 

1 13(1(1 

3100  > 

1,31.2 

•1(1(72 

00.77 

(123.2 

■}702  j 

(12 .  1 

7127 

A  coordinate  system  x,  z  was  chosen  such 
that  —  0,  Zi,  =  0  and  x,,  —  V„t,  z,,  ~  r  sin  d. 


Xy  =  -r  cos  0  4-  Xh.  The  space  courses  were  then 
plotted  and  are  shown  in  figure  55. 
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EXAMPLE  1 

AERODYNAMIC  LEAD  PURSUIT  COURSE 
IN  THE  VERTICAL  PLANE 

Vb=  300;  Vp  -  500;  Vg-  2500,  r  =  6000;  -  30;  =  .81 

DIMENSIONS  -  FT, /SEC. 


2000 


FIGHTER'S  SPACE  COURSE 
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Examjjlc  2,  (Units  in  feet,  pounds,  seconds, 
radians.) 

(1)  Aircraft  data: 


w 

=  14,000  lbs. 

b 

=  42 

S 

=  315 

=  5,6 

V 

=  .86 

‘>0 

=  .05 

1  tnfif. 

^  1800  H.P, 

E;-  tiiii/ 

=  600  ft./ sec. 

!>' 

—  .347 

C" 

-  .002378 

T/ 

'  1 

==  353.4402 

=  .000825166 

(2)  Attack  data: 

r„  =  dOOO  ft. 

Y n  —  JjijQ  f  t./ .sec. 

V,  =  2000  ft.  .sec, 


P 

=  .40 

6„ 

=  ,8727  radians 

V,- 
^  0 

=  600  ft./sec. 

r omputed  constants : 

X., 

=  2124.700332 

1/ A/ 

=  60.814286 

K 

=  4.629716 

1/A;. 

=  6.752215  X  10 

KS 

=  ,052084305 

2W 

Cl 

60.689674  X  10  ■ 

C; 

=  3.308585  X  lO'^ 

C, 

=  15.970967  X  10  ' 

K. 

=  21.848283 

lU 

~  .119109 

K: 

=  5.749548 

The  same  calculation.s  which  were  performed 
in  Example  1  were  carried  out  and  are  shown  in 
tal)le.s  3.8  and  3.!).  The  value.s  wore  plotted  and 
are  .shown  in  figure  56  and  figure  57. 


Table  3,8 


Ki/v  for  Example  2 


r 

A'l  '■ 

r 

A’  I/O- 

/' 

Ad  (■ 

Ki'v 

1  ,ni' 

.  1 

i  1  1 5  1 

1  .  10 

1.5)070 

1  .20 

.  170.H82 

1  .30 

.20X422 

1  01 

.  1 

1351  1 

111 

150.530 

1  ,21 

.  1X2011 

1  ,31 

.211422 

1  02 

i.Ol'IS 

1  12 

.  15!)0I2 

I  22 

.  1X,537! 

1  .32 

,214148 

1  o:i 

■  ’ 

177  1 0 

1  13 

.  101.523 

]  ,23 

, 1 XX 1 02 

1.33 

,217502 

1 .01 

■  ' 

101)01 

1  M 

.  101002 

1  .21 

. 100070 

1.31 

,2205X0 

1  .05 

.  1 

12213 

J  .  1 5 

,  100030 

1  .25 

.  103X17 

1  . 35 

.2230X5 

!  1.00 

I 

1  1551 

1  .  10 

.  I•i',)22  l 

1  .20 

,  1000X1 

1  .30 

,220810 

]  1.07 

.  1 

loxss 

1  17 

.  I71H17 

1  .27 

.  1 '10570 

1,37 

,220073 

l.OS 

1  ] 

1!)250 

1  .  IX 

,  171107 

)  2K 

.202500 

1  .3X 

,233150 

1.0!) 

1. 

.  1 

i 

51051 

1  10 

.  177170 

1  . 29 

.205147 

1  .30 

. 230305 

86 


PURSUIT  COURSES 


DETERMINATION  OF  THE  INITIAL 
VALUE  OF  y 

EXAMPLE  2 


INITIAL  VALUE  OF  7 
TAKEN  TO  BE  .8100 


Figure  56.  —  InilirrI  Value  of  y  — -  Example  2 
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Table  3.9 


Example  2 


t* 

7 

e 

r; 

a 

r 

Zf. 

0 

.8100 

.8727 

1 . 

.357489 

.0327 

40{)'o.  ~ 

-2571.0 

~¥o6473 

0 

.02 

.7880 

.8504 

1.013790 

.345182 

.0308 

3862.3 

-2414.7 

2902.7 

133.2 

.04 

.7664 

.8278 

1.027280 

.332827 

.0296 

3724.1 

-2249.3 

2742.6 

270. 

.06 

.7448 

.8049 

1 . 040448 

.320406 

.0288 

3585.1 

-2081 .9 

2584.0 

403.2 

.08 

.7232 

.7816 

1 . 053288 

.307923 

.0284 

3445.4 

-1909. 1 

2427.0 

536.4 

.10 

.7014 

.  7580 

1 . 065785 

.295383 

.0280 

3305. 1 

-1730.6 

2272  2 

669.6 

.12 

.6794 

.  7339 

1 .077930 

.282791 

.0279 

3164.2 

-1543.2 

2119.3 

806.4 

.14 

.6571 

.7094 

1.089709 

.270153 

.0279 

3022.8 

-1354.0 

1969.0 

939.6 

.16 

.  6345 

.6844 

1.101108 

. 257474 

.0280 

2880.9 

-1159.3 

1821.3 

1072.8 

.18 

.6115 

.6589 

1.112116 

. 244760 

.0282 

2738.7 

-  955.8 

1676.8 

1209.6 

.20 

.5882 

.6329 

1.122719 

.232017 

.0285 

2596.1 

—  750.5 

1 535 . 6 

1342.8 

.22 

.5644 

.6063 

1.132903 

.219250 

.0288 

2453.2 

-  539.9 

1397.9 

1476. 

.24 

.5402 

.5791 

1 . 142653 

. 206465 

.0293 

2310.2 

-  320.7 

1264.3 

1612.8 

.26 

.5155 

.5513 

1.151953 

. 193667 

.0298 

2167.2 

-  99.9 

1135.1 

1746. 

.28 

.4903 

.5227 

1.160787 

. 180862 

.0305 

2023 . 7 

125.7 

1010.3 

1879.2 

.30 

.4645 

.4933 

1.169134 

. 168057 

.0313 

1880.4 

356.2 

890.4 

2012.4 

.32 

.4381 

.4630 

1 . 176974 

. 155257 

.0324 

1737.2 

594.9 

775.9 

2149.2 

.34 

.4108 

.4317 

1.184281 

. 142468 

.0334 

1594.1 

834.5 

667.0 

2282.4 

.36 

.3829 

.3994 

1.191037 

. 129696 

.0348 

1451.2 

1078.6 

564.3 

2415.6 

.38 

.3540 

.3658 

1.197209 

.116946 

.0363 

1308.5 

1330.5 

468.0 

2552.4 

.40 

.3241 

.3308 

1.202764 

. 104225 

.0382 

1166.2 

1582.6 

378.8 

2685.6 

.42 

.2931 

.2940 

1 . 207675 

.091538 

.0406 

1024.2 

1838.5 

296.8 

2818.8 

.44 

.2606 

.2551 

1.211887 

.078890 

.0434 

882.7 

2101.5 

222.7 

2955 . 6 

.46 

.2264 

.2136 

1.215344 

.066288 

.0471 

741.7 

2364.0 

157.2 

3088.8 

.48 

.1899 

.1686 

1.217966 

.053728 

.0517 

601.2 

2629.3 

100.9 

3222. 

.50 

... 

.1506 

.1186 

1.219648 

.041233 

.0584 

461.4 

2897.0 

54.6 

3355.2 
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Figure  57.  —  Aerodynamic  Lead  Pursuit  Course  Example 
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3.12  The  Three-Dimensional  Equations 

The  complete  derivation  of  the  equations  in 
the  case  of  the  three-dimensional  aerodynamic 
lead  pursuit  course  is  rather  complicated  and 
will  not  be  presented  in  this  book.  The  form  of 
the  equations,  of  course,  depends  upon  the  co¬ 
ordinate  system  which  is  chosen.  The  most 
convenient  set  of  equations  is  that  which  refers 
to  the  rectilinear  trajectory  traversed  in  space 
by  the  projectile  from  the  fighter  to  the  impact 
point.  Let  us  adopt  the  following  notation: 

R  =  projectile  air  range. 

A  =  azimuth  angle  of  the  projectile’s  rec¬ 
tilinear  trajectory. 

E  =  elevation  angle  of  the  projectile’s  rec¬ 
tilinear  trajectory  measured  from  the 
horizontal  plane  through  the  bomber’s 
position. 


«  =  angle  of  attack  of  the  trajectory. 

=  angle  between  the  direction  of  motion 
of  the  fighter  and  the  trajectory  at  the 
time  of  departure. 

P  =  the  bank  angle  of  the  fighter  about 
the  projectile  path. 

=  the  angle  from  that  perpendicular  to 
the  trajectory  that  lies  in  the  vertical 
plane  to  the  perpendicular  to  the  tra¬ 
jectory  that  lies  in  the  fighter’s  plane 
of  symmetry. 

T  =  angle-off  of  the  sight  line  from  the 
bomber’s  direction  of  motion. 

t8=  angle-off  of  the  projectile  from  the 
bomber’s  direction  of  motion. 

A  typical  situation  is  shown  in  figure  58. 
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The  tangential  equation  is  obtained  by  sum¬ 
ming  the  forces  along  the  direction  of  flight 


(3.74) 


W 

g 


dVy 


dt 


=  W  (cos  a  sin  E 
sin  or  cos  E  cos  /3) 


+  T  cos  at  —  D 


where  «,  is  the  angle  from  the  thrust  axis  to  the 
aircraft’s  direction  of  flight.  This  angle,  a,,  is  a 
function  of  «  and  any  constant  offset  of  the  gun 
bore  axis  from  the  thrust  axis.  There  are  two 
equations  obtained  by  taking  components  in 
appropriate  directions,  normal  to  the  direction 
of  flight,  which  express  the  rate  of  change  of 
the  angles  A  and  E.  Thus, 


(3.75) 


and 

(3.76) 


W  dA  da 

- Vf.  (sin  /3  cos  E - 1 - 

g  dt  dt 

dE 

-f-  cos  p - ) 

dt 

=  L  -f  r  sin  a, 

—  W  (cos  «  cos  E  cos  /9  —  sin  a  sin  E) 


W  r 

- Vy 

9 


(sin  —  cos  «  cos  E  cos  p) 


dA 

dt 


dE  dp 

-f  cos  a  sin  p - sin  « ■ 


dt 

=  sin  /?  cos  E  . 


dt  J 


There  exist  also  three  kinematic  equations. 
The  impact  point  is  the  point  which  is  being 
pursued.  Since  the  distance  from  the  bomber  to 
this  impact  point  is  V„ti,  where  tf  is  the  pro¬ 
jectile’s  time  of  flight  over  R,  it  follows  that 
the  velocity  of  the  impact  point  is  V„-\-  V„tt. 
Thus,  the  range  rate  equation  is  given  by 

dR 

(3.77)  - =  -  Vr  cos  « 

dt 

—  Vh  (1  -f-  tf)  cos  A  cos  E  . 

The  rate  of  change  of  azimuth  and  elevation 
are  obtained  by  making  projections  normal  to 
R.  The  equations  are 


(3.78) 

and 

(3.79) 


dA 


dt  R  cos  0 

F,.  sin  rt  sin  p  —  V„  (1  +  if)  sin  A  J 


dE 

dt 


R 


Vp  sin  a  cos  p 


—  y li  +  tf)  cos  A  sin  E 


Equations  (3.74)  to  (3.79)  comprise  a  system 
of  non-linear  differential  equations  which  may 
be  solved  for  the  variables  V r,  R,  A,  E,  p,  a. 
Ballistic  considerations  must,  of  course,  furnish 
tf  and  if. 

In  this  discussion  it  has  been  assumed  that 
the  fighter  pilot  flies  with  no  sideslip.  If  sideslip 
is  introduced,  w'e  have  more  unknowns  than 
equations  and  a  family  of  solutions  results 
rather  than  a  unique  curve.  It  also  has  been 
assumed  that  the  projectile’s  gravity  drop  may 
be  superimposed  upon  the  problem,  that  the 
bomber  is  flying  straight  and  level  at  a  constant 
speed  and  that  the  fighter’s  throttle  setting  is 
left  unchanged.  Variation  in  these  assumptions 
must  be  introduced  externally. 
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3.13  Minimum  Radius  of  Turn 

The  aerodynamic  restrictions  on  an  aircraft 
may  be  such  that  the  aircraft  cannot  lly  a  pur- 
.suit  cour.se.  In  order  to  determiine  a  criterion  for 
this  wo  may  derive  a  formula  for  the  minimum 
radiu.s  of  turn,  Let  u.s  consider  the  horizontal 
and  vertical  jilanes  separately. 

Let  us  consider  the  airplane  to  be  a  body  of 
weight  W  which  is  kci)t  in  motion  in  a  horizontal 
circle  by  a  force  of  L  i)ounds  whose  vertical 
comiionent,  L  sin  /?,,  is  equal  and  opposite  to  W 
and  wlujse  hoiizontal  component,  L  cos  /9|  is 
equal  and  opposite  to  the  centrifuKal  force,  F, 
t‘.\erted  by  this  motion ;  when*;  /i,  is  the  inclina¬ 
tion  of  F  to  th(!  horizontal.  See  (ip:ure  59.  The 
airi)lane  is  then  turniiiK  in  a  horizontal  plane 
without  any  loss  in  altitude.  Thus, 

(L  sin  /i|)-  -1  (L  cos  /],)-  —  W-  -f-  F- 
or, 

(3.80)  Ir  =  W-  F-- 

The  centrifuKal  force  may  be  expressed  in  terms 
of  the  radius  of  curvature  II  by  the  following 
formula ; 

wv-- 

{;i,81)  F  = - , 

ijR 


Let  u.s  further  define  the  load  factor,  *  to  be 
L 

(r.82)  ^  — 

W 

If  we  substitute  the  last  two  equations  into 
eciuation  (3.80)  w'c  may  solve  for  the  radius 
of  turn 

V- 

(3.83)  11  - -  -  . 

r/  ^  »/  -■  —  1 

In  the  vertical  i)lane,  it  is  necessary  to  include 
the  angle  of  climb,  y.  From  figure  60  we  have, 
by  summing  the  forces  ])arallel  to  the  lift, 

(3.84)  L  —  F-\-W  cos  y  +  T  sin  «. 

If  we  neglect  the  angle  of  attack,  «,  the  radius 
is  then  given  by 

y■^ 

(3.85)  R- -  . 

g  (v  -  cos  y) 

For  equations  (3.83)  and  (3.85)  it  is  clear 
that  the  radius  of  turn  capable  by  the  aircraft 
is  a  function  of  speed  and  the  load  factor,  which 
in  turn  is  a  function  of  speed.  The  maximum 
load  factor  (given  in  “gees”)  is  obtained  from 

*Do  not  co.ifu.se  with  piopellcr  efficiency. 
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Figure  61 .  —  Buffef  Region 


maximum  lift  and  when  plotted  against  an 
increasing  speed  will  define  a  buffet  and  stall 
region  in  which  the  airplane  cannot  fly.  A  typi¬ 
cal  curve  for  modern  aircraft  is  shown  in 
figure  61. 

The  minimum  radius  of  turn  occurs  at  the 
maximum  value  of  the  load  factor  and  a  curve 
corresponding  to  figure  61  may  be  plotted  for 
the  minimum  radius  in  either  the  vertical  or 
horizontal  plane.  Figure  62  pictures  the  situa¬ 
tion  in  the  horizontal  plane. 


The  following  conclusions  may  be  drawn: 

(1)  The  load  factor  falls  off  rapidly  as  the 
speed  increases  beyond  the  peak  for 
the  maximum  value  of  the  load  factor. 

(2)  As  the  speed  increases,  the  minimum 
radius  of  turn  increases. 

Consequently,  at  very  high  speeds  it  becomes 
increasingly  difficult  to  fly  anything  but  a  tail 
pursuit;  that  is,  a  pursuit  course  initiated  well 
toward  the  stern  of  the  pursued  airci’aft, 
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Figure  62. — Minimum  Radius  of  Turn 


3.14  Collision  or  Interception  Courses 

In  order  to  avoid  the  high  gees  which  arise 
in  some  pursuit  courses,  other  types  of  attack 
must  be  adopted.  We  shall  discuss  one  type 
which  may  be  employed  by  a  fighter  with  fixed 
guns.  The  principle  of  the  attack  is  to  fly  in  a 
straight  line  toward  a  point  well  in  advance  of 
the  target.  This  point  may  be  a  collision  point ; 
that  is,  the  point  where  the  attacker  would 
intercept  the  target.  The  course  is,  therefore, 
called  a  collision  or  interception  course.  Actu¬ 
ally  the  point  of  aim  should  not  be  the  point  of 


collision  betw’een  the  two  aircraft  unless  it  is 
desired  to  destroy  both  aircraft.  The  point 
should  be  the  collision  point  between  the  target 
and  the  projectile  that  the  attacker  is  firing. 
This,  of  course,  means  that  the  attacker  can  fire 
only  one  salvo  and,  consequently,  the  projectile 
must  be  a  large  shell  or  a  salvo  of  rockets. 

The  general  problem  may  be  visualized  by 
referring  to  figure  63.  The  bomber  is  the  target 
and  flies  a  straight  line  path  BH  at  constant 
speed  V„.  The  fighter  is  the  attacker  and  flies 
the  straight  line  path  FH  at  constant  speed  Vy. 
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^''^lYetf  irr-Br 


Figure  63.  —  Collision  Course 


Let  S  be  the  point  of  release  of  the  salvo  and 
let  us  define  additional  symbols  as  follows: 

/?/,  =  projectile  range;  distance  from  re¬ 
lease  point  to  impact  point  H. 

tf  =  time  of  flight  of  projectile  from  S 
to  H. 

t  time  of  flight  of  bomber  from  B  to  H. 

r  —  present  range,  BF. 

d  =  distance  from  F  to  H. 

T  —  angle-off  of  bomber  from  fighter ; 
angle  from  7^  to  r, 

B  =  angle  from  7^  to  r. 


A  =  correct  angle  t  to  insure  a  hit  for  a 
predetermined  projectile  range  R. 

From  figure  63,  it  is  easy  to  see  that  the  fol¬ 
lowing  relations  hold : 

(3.86)  d  sin  A  =  Vst  sin  B ; 

(3.87)  (7^0'’ =  -f  —  2  rdcos  A; 

(3.88)  r=  dcos  A -f  7^^003 

(3.89)  d  =  Vt.{t~t,)-irRp-, 

(3.90)  =  7,-  cos  A  -)-  7b  cos  B  ; 


(3.91) 


7b  sin  0  —  7f  sin.  A. 


If  the  projectile  range,  R,.,  has  been  prede¬ 
termined,  the  type  of  ammunition  determines  tr 


PURSUIT  COURSES 


and  the  problem  is  to  get  on  the  straight  line 
course  FH  for  which  equations  (3.86)  to  (3.91) 
hold.  The  fighter  thus  flies  a  variable  course 
which  has  t  as  the  angle-off  of  the  bomber  and 
continues  to  vary  his  course  until  r  =  A,  after 
which  he  flies  a  straight  line  FH.  It  is  then  a 
mere  matter  of  computing  the  release  time  for 
the  projectile. 


The  computed  angle  A  is  then  continuously 
compared  with  the  measured  angle  t  until  they 
ai*e  identical.  The  time  t  is  then  computed  by 
means  of 

1 

(3.93)  t  =  — ; —  [  {Rp  —  Vptf)  cos  A  —  r] 
r 

and  the  release  time  is  f  —  t/. 


The  fighter’s  inputs  to  his  sighting  system 
are  t,  r,  m,  Vp,  r,  Rp,  and  tf.  The  unknown  quan¬ 
tities  are  0,  t,  Vp,  and  d.  The  correct  angle  A  is 
computed  from  the  inputs  by  means  of 

r 

cos  A - . 

Rp  —  Vpii 

Equation  (3.92)  is  obtained  by  eliminating  d, 
t,  V ,1  and  d  from  equations  (3.86)  to  (3.91). 


(3.92)  sin  A 


ro) 


Figure  64  shows  a  calculated  example  for 
the  conditions 

Vb  —  200  yds./sec. 

Vf  =  300  yds./sec. 
r„  —  5000  yds. 

1000  yds. 
tf  =1  sec. 

T  =  ai’C  sin  3/5 

The  maneuvering  path  of  the  fighter  is  a  circle  of 
radius  3,000  yds.  with  center  at  (0,4000). 


REFLECTOR  PLATE 
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Figure  65,  —  Lead  Computing  Sight 


Chapter  4 


THEORY  OF  LEAD  COMPUTING  SIGHTS 


4.  i  Introduction 

Reference  to  chapter  2,  equations  (2.9)  and 
(2.15)  in  particular,  indicates  two  distinct 
methods  of  calculating  leads.  One  method,  as 
exemplified  by  equation  (2.9),  expresses  total 
lead  in  terms  of:  (1)  bomber  speed  (Fc) ; 

(2)  target  speed  {V r)  ;  (3)  angle-off  of  the 
target  (t)  ;  (4)  approach  angle  of  the  target 
(a)  ;  (5)  muzzle  velocity  {Vo)  ;  and,  (6)  the 
bullet  slow-down  factor  (q).  Essentially,  this 
method,  as  has  already  been  pointed  out,  breaks 
up  the  total  lead  into  a  correction  for  ownspeed 
and  a  correction  for  target  motion.  A  sight 
which  computes  leads  in  this  manner  is  spoken 
of  as  a  vector-rate  sight.  Equation  (2.15),  on 
the  other  hand,  furnishes  total  lead  by  decom¬ 
posing  it  into  a  lead  arising  from  the  relative 
motion  of  the  aircrafts,  the  so-called  kinematic 
lead,  and  a  ballistic  lead.  The  purpose  of  this 
chapter  is  to  consider  the  theory  —  not  the 
mechanics  —  underlying  devices  which  work  on 
the  basis  of  this  second  method.  Hence,  through¬ 
out  this  chapter,  by  a  lead  computing  sight  we 
shall  mean  one  which  computes  kinematic  lead 
from  the  angular  velocity  with  which  the  gunner 
tracks  the  target  and  from  the  range  which  the 
gunner  determines,  and  then  combines  the  re¬ 
sult  with  an  appropriate  ballistic  deflection. 

4.2  Essential  Elements  of  a  Fire  Control 
System 

Since  a  lead  computing  sight  is  but  one  type 
of  fire  control  mechanism,  it  would  be  well  to 
list  the  essential  features  of  a  fire  control  sys¬ 
tem.  In  general,  a  fire  control  system  provides: 

(1)  A  line  of  sight  by  means  of  a  radar 
antenna  or  a  telescope  or  other  optical 
gear,  mounted  so  that  it  can  move  as 
the  target  is  tracked; 

(2)  A  computing  unit  which  determines 
the  lead  to  be  used ; 

(3)  A  gun; 


(4)  A  system  of  control  which  keeps  the 
appropriate  angular  distance  between 
gun  and  line  of  sight. 

A  fire  control  system  is  classified  as  local  or 
remote  according  to  whether  the  means  of  con¬ 
trolling  the  gun  is  actually  located  at  the  gun  or 
is  physically  separated  from  it.  In  the  remote 
case,  suitable  electrical  or  mechanical  inter¬ 
connections  must  be  provided  to  link  the  location 
of  the  sighting  system,  the  gun,  and  the  com¬ 
puting  unit;  any  or  all  of  which  may  be  in 
separate  locations,  depending  on  each  specific 
installation. 

4.3  Disturbed  and  Director  Systems 

Fire  control  systems  may  be  further  classi¬ 
fied  according  to  the  controls  by  which  the 
gunner  constrains  the  line  of  sight  to  track  the 
target.  This  classification  amounts  essentially 
to  describing  sights  as  belonging  either  to  direc¬ 
tor  systems  or  disturbed  systems.  In  a  director 
system,  the  gunner  has  immediate  control  over 
the  angular  position  of  the  line  of  sight  by 
directly  positioning  the  appropriate  optical  gear. 
The  information  gained  from  this  positioning 
then  goes,  via  electrical  or  mechanical  means,  to 
the  computer  which  uses  it  to  determine  the 
proper  lead  and  transmits  this  lead  to  the  con¬ 
trol  system  which  in  turn  positions  the  gun.  In 
modern  fire  control  systems  employing  servo¬ 
mechanisms  (automatic  control  devices),  the 
director  system  is  often  of  the  remote  control 
type  wherein  the  gunner  is  replaced  by  a  radar 
tracking  mechanism  which  positions  the  line  of 
sight  automatically.  The  chain  of  events  out¬ 
lined  here  is  indicated  by  figure  66  which  char¬ 
acterizes  a  director  system. 

GUNNER - ►  LINE  OF  SIGHT 

^  GUN 

COMPUTING  UNIT  ^ 

Figure  66.  —  Director  System 
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In  a  disturbed  system,  the  gunner,  either 
manually  or  with  the  aid  of  a  power  mechanism, 
exercises  immediate  control  over  the  position 
of  the  gun.  Information  giving  the  instantane¬ 
ous  angular  position  and  angular  rate  of  the 
gun  is  then  fed  into  the  computer  which  uses 
it  to  compute  the  proper  lead.  This  computer 
output  then  actuates  a  control  mechanism  which 
drives  the  line  of  sight  into  tracking  position 
to  effect  the  required  lead  angle.  The  corre¬ 
sponding  diagram  for  this  is  shown  in  figure  67. 


The  important  thing  to  notice  here  is  that  the 
gunner  has  only  an  indirect  control  over  the  line 
of  sight.  The  name  "disturbed  sight”  arises 
from  the  fact  that  a  given  motion  of  the  gun 
will  in  general  produce  a  different  motion  of 
the  line  of  sight,  a  situation  that  is  often  con¬ 
fusing  to  the  gunner. 

For  illustrative  purposes  we  shall  consider  a 
particular  version  of  a  disturbed  sight  known 
as  a  disturbed  reticle  sight.  This  sight,  the  basic 
physics  of  which  will  be  taken  up  in  the  next 
chapter,  provides  a  line  of  sight  by  means  of  an 
illuminated  reticle  which  is  reflected,  by  a  mov¬ 
able  mirror  system  within  the  sight  head,  onto 
a  viewing  glass  fixed  on  the  gun.  The  gunner 
moves  the  gun  so  as  to  keep  the  reticle  image 
centered  on  the  target  and  in  so  doing  auto¬ 
matically  displaces  the  line  of  sight  from  the 
direction  of  the  gun  bore  by  the  proper  lead.  The 
range  to  the  target,  a  continuously  varying 
quantity,  is  obtained  by  varying  the  diameter  of 
the  reticle  image  to  agree  with  the  wing  span 
of  the  target,  which  in  effect  makes  range  a 
function  of  reticle  image  diameter.  Range  com¬ 
puted  in  this  fashion  is  referred  to  as  stadia- 
metric  ranging. 

Whereas  sights  based  on  the  director  prin¬ 
ciple  make  the  problem  of  tracking  easier  for 
the  gunner,  disturbed  sights  are,  on  the  other 


hand,  smaller,  lighter,  and  simpler  mechanically. 
This  last  follows  from  the  fact  that  a  low- 
pow'ered  mechanism  can  position  an  optical  line 
of  sight  with  respect  to  a  gun,  while  a  much 
higher  power  level  is  needed  for  positioning  the 
gun  with  respect  to  the  line  of  sight. 

In  this  chapter,  we  shall  be  concerned  pri¬ 
marily  with  lead  computing  sights  which  are 
disturbed  reticle ;  local  control  systems  although 
many  of  the  concepts  involved  in  the  analysis, 
such  as  operational  stability,  transient  behavior, 
smoothing  of  rates,  etc.,  are  applicable  to  more 
general  situations. 

4.4  Types  of  Tracking  Controls  and  Their 

Peculiarities 

To  control  the  angular  position  of  a  telescope 
(or  gun  or  turret)  the  gunner  turns  a  hand- 
wheel  (or  a  “pistolgrip”).  If  we  denote  the 
angular  coordinate  of  the  telescope  by  6  and 
the  angle  through  which  the  handwheel  has 
been  turned  by  rj,  then  we  may  classify  the 
tracking  controls  by  the  manner  in  which  the 
control  mechanism  relates  the  variables  0  and 
j;.  This  classification  yields  essentially  three 
types  of  tracking  controls : 

(a)  Direct  Tracking.  Here  the  angle 
through  which  the  telescope  moves  is 
directly  proportional  to  the  angle 
through  which  the  handwheel  has 
been  turned.  The  corresponding  rela¬ 
tion  between  9  and  y  is  9  =  A  rj,  (A  = 
const.). 

(b)  Velocity  Tracking.  The  velocity  with 
which  the  telescope  is  moving  at  any 
time  is  proportional  to  the  angle 
through  which  the  handwheel  has 
been  moved.  In  symbols,  9'=Br], 
(R  =  const.).  Tracking  of  this  type 
can  be  effected  by  having  the  telescope 
driven  by  a  variable  speed  motor,  the 
speed  of  the  latter  being  regulated  by 
positioning  the  handwheel.  Velocity 
tracking  enables  the  gunner  to  slew 
the  telescope  quickly  through  a  large 
angle  onto  a  new  target  merely  by 
giving  the  handwheel  a  larger  dis¬ 
placement. 
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(c)  Aided  Tracking.  This  combines  (a) 
and  (b)  in  that  any  displacement  of 
the  handwheel  not  only  positions  the 
telescope  but  also  gives  it  a  velocity. 
The  equation  of  control  may  be  writ¬ 
ten  as 

(4.1)  e  =  A'r)  +  Bri. 

From  (a)  and  (b)  it  follows  that  for 
unit  di.splacement  of  the  handwheel, 
equation  (4.1)  effects  a  displacement 
of  0  by  A  units  and  also  changes  its 
velocity  by  B  units. 

The  ratio  A/B,  measured  in  units  of  time,  is 
the  ratio  of  direct  to  velocity  control.  By  vary¬ 
ing  this  ratio,  the  velocity  control  can  be  made 
more  or  less  important  relative  to  the  direct 
control  of  the  telescope. 

Investigation  has  shown  that  aided  tracking 
gives,  in  general,  more  satisfactory  results  than 
either  direct  or  velocity  tracking.  Why  this 
should  be  .so  may  be  seen  from  the  following 
facts : 

(1)  A  gunner  can  track  a  target  whose 
angular  velocity  is  constant  merely  by 
keeping  his  handwheel  fixed,  while 
with  direct  tracking  the  handwheel 
must  be  moved  continually. 

(2)  For  slowly  changing  target  velocity, 
the  gunner  can  correct  for  any  angular 
distance  he  has  fallen  behind  by  put¬ 
ting  in  an  additional  displacement  of 
the  handwheel.  This  has  the  effect  of 
simultaneously  changing  the  position 
of  the  telescope  and  increasing  its 
angular  rate.  By  the  time  he  has 
fallen  behind  again,  all  that  is  needed 
is  another  slight  increment  in  the  posi¬ 
tion  of  the  handwheel. 

(3)  Aided  tracking  helps  the  gunner  to 
continue  tracking  through  a  region  in 
which  the  target  is  temporarily  not 
visible. 

(4)  Experience  shows  that  aided  tracking 
is,  in  general,  more  “stable”  than 
velocity  tracking  in  that  there  is  less 
tendency  for  the  gunner  to  “hunt” 
with  the  controls. 


4.5  Smoothing  of  Input  Data 

In  order  to  predict  the  future  position  of  a 
target,  the  computing  unit  of  a  sight  must  have 
as  inputs  coordinates  of  the  target’s  present 
position,  say  the  present  range  r  and  the  present 
angle-off  t.  In  addition  the  present  target  rates, 
r  and  t  also  must  be  known  in  order  to  have 
information  concerning  past  target  behavior. 
The  quantities  t,  t  and  r,  r  are  obtained  by  the 
gunner’s  tracking  and  ranging  of  the  target. 
The  values  of  r  obtained  by  stadiametric  rang¬ 
ing  are  generally  poor  and  jumpy  so  that  no 
usuable  values  of  r  can  be  obtained  in  this 
mar.iier.  Present  day  radar  tracking  is  much 
more  reliable. 

The  process  of  tracking  furnishes  the  sight 
with  continuous  values  of  the  telescope’s  angie- 
off,  given  say,  by  the  function  ait).  If  the 
tracking  is  perfect,  then  at  all  times  t  we  have 
a(t)  s  t(0.  Needless  to  say,  tracking  is  never 
perfect  and  is  always  attended  by  an  irregu¬ 
larly  oscillating  tracking  error,  <r-T.  Thus,  if 
a(t)  is  mechanically  or  electrically  differen¬ 
tiated  to  give  (t(0,  the  resulting  rate  will  differ 
from  the  desired  target  rate  by  the  derivative 
of  0--T.  Since  this  may  be  a  marked  difference, 
it  is  advisable,  before  using  the  raw  data  oit), 
to  subject  it  to  a  suitable  smoothing  or  averag¬ 
ing  process. 

We  shall  show  that  the  solution  x  =  x(t)  of 
the  finst  order  linear  differential  equation 

(4.2)  kx  +  X==:f(f),{x  =  Xo,t  =  to) 

where  k  is  a  positive  constant,  is,  in  a  certain 
sense,  an  averaged  value  of  the  input  function 
fit).  A  computing  unit  whose  input  is  /(;)  and 
which  operates  mechanically  or  electric.: diy  to 
produce  an  output  x(f)  according  to  (4.2),  auto¬ 
matically  yields,  then,  smoothed  values  of  the 
input.  The  equation  (4.2)  may  be  achieved  in 
practice  by  a  simple  resistance-capacity  or  a 
resistance-inductance  network  with  circuit  time- 
constant  equal  to  k. 

Solving  (4.2)  by  the  appropriate  formal  pro¬ 
cedure*,  we  find 


*See  “Elementary  Differential  Equations”  by  L.  M. 
Kells,  (McGraw-Hill),  pp.  49-50. 
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Figure  68.  —  Graph  of  fhe  Weight  Function  e'/^ 


(4.3)  X  =  XoC 


t 


+ 


If  we  think  of  the  term  as  a  weight  function, 
then  the  weighted  average  of  f{t)  is 


(4.4) 


k  (  e'A-  _  )  -j. 


f{t)dt  =z  fit) 


all  of  which  suggests  that  we  rewrite  (4.3)  in 
the  equivalent  form 


e''’‘fit)dt, 


or  what  amounts  to  the  same  thing, 

_  -(■^)  . 

(4.6)  x  =  fit)+e  [x,-fit)]. 

/ 

The  second  term  in  the  right  member  of  (4.6) 
usually  diminishes  rapidly  with  increasing  time 
and  for  this  reason  is  spoken  of  as  a  transient. 
The  time  interval  required  for  this  transient  to 
1 

diminish  to  —  times  its  initial  value  is  called 
e 

the  time  constant  of  the  circuit  and  is  evidently 
equal  to  k.  From  (4.6)  we  see  that,  for  a  time 
interval  t  —  t„  which  is  large  compared  to  k, 
the  solution  xit)  is  approximately  the  weighted 
average  f{t)  of  the  input  fit) .  It  is  in  this  sense 
that  the  output  xit)  is  a  “smoothed”  value  of 
the  input  fit). 

The  time  t  being  the  present,  (4.4)  shows 
that  fit)  is  an  averaged  value  obtained  by  aver¬ 
aging  fit)  over  past  values  beginning  with 
fitf).  The  graph  of  the  weight  function  (?'  '■'  has 
the  form  shown  in  figure  68.  As  k  is  varied. 
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there  is  obtained  a  family  of  curves  all  passing 
through  the  point  B{0,  1) .  Passing  from  left  to 
right  along  these  curves  we  see  that  for  small  k 
the  curves  rise  more  steeply  through  B  than  for 
large  h\  the  measure  of  this  steepness  at  B  being 
in  fact  1/  A'.  Hence,  if  we  wish  to  weight  recent 
values  of  f{t)  more  heavily  than  earlier  values, 
it  suffices  to  choose  a  weighting  curve  that  rises 
rapidly;  this  means  choosing  a  small  value  for 
the  time  constant  k.  But  if  it  is  desired  to  make 
7(0  depend  appreciably  on  early  values  of  f(t), 
k  should  be  chosen  larger.  In  general,  we  see 
then  that  the  smoothing  effect  varies  inversely 
as  the  time  constant  k. 

The  effect  of  a  smoothing  operation  is  to  make 
the  output  value  x(t)  equal  to  the  input  value 
at  some  past  time,  thus,  in  effect  delaying  the 
input.  This  may  be  shown  analytically  as  fol¬ 
lows.  If  X  is  eliminated  between  (4.2)  and  the 
equation  obtained  by  differentiating  (4.2), 
namely, 

kx-{-x  =  fit), 
there  is  obtained 

(4.7)  ,1'  =  fit)  —  k'f  (0  +  k-x. 

If  .V  is  changing  slowly,  x  will  be  negligibly 
small;  hence  if,  in  addition,  we  choose  k  quite 
small,  the  k-x  may  be  dropped.  There  is  then 
obtained  the  appi'oximate  solution  for  xit)  in 
the  form 

(4.8)  x  =  f{t)  -kfit), 

which  is  often  sufficiently  accurate  to  be  useful 
in  the  typical  applications  of  this  equation  to 
lead  computing  sights.  The  terms  in  the  right 
member  of  (4.8)  are  the  leading  terms  in  the 
Taylor  expansion  of  /(f  —  k)  about  the  point  t. 
Thus  the  output  x{t)  of  the  smoothing  process 
is  approximately 

(4.9)  x(i)  ^.f(f-k), 

a  form  which  shows  that  the  output  behaves 
roughly  like  the  input  delayed  by  k  seconds. 
From  (4.8)  we  have 


(4.10)  fit) -x(t)  =kht), 

which  interpreted,  says  that  the  difference  be¬ 
tween  input  and  output  is,  to  a  first  approxima¬ 
tion.  proportional  both  to  the  time  constant  k 
and  the  rate  of  change  of  input.  These  con¬ 
clusions  which  we  have  underlined  are,  as  was 
stated  subsequent  to  equation  (4.7),  valid  only 
if  k  is  small  and  x  is  changing  slowly. 

It  is  worth  noticing  that  if  we  regard  the 
input  fit)  as  the  sum  of  two  terms,  f,(t)  and 
/•j(0,  the  first  a  “signal”,  the  second  an  "error” 
or  “noise”  term,  then  the  solution  of  (4.2)  can 
be  regarded,  by  the  Principle  of  Superposition, 
as  the  sum  of  the  solutions  x^(t)  and  x-^it) ,  cor¬ 
responding  to  /,  (0  and  /-(f),  respectively,  as 
inputs.  In  other  words  then,  the  output  xit)  = 
^\it)  will  consist  of  “delayed  signal” 

and  “smoothed  noise.” 

In  conclusion,  we  summarize  the  role  of  the 
time  constant  k  by  noting  that  an  increase  in 
the  value  of  this  constant  will 

(a)  Increase  the  time  required  for  the 
transient  term  to  die  down  by  a  speci¬ 
fied  percentage  of  its  initial  value; 

(b)  Increase  the  smoothing  effect  on  input 
error,  i.e.,  the  averaging  process  will 
extend  over  an  effectively  longer  in¬ 
terval  ; 

(c)  Increase  the  amount  by  which  the 
signal  or  input  will  be  out  of  date. 


4.6  A  Generic  Lead  Formula  for  the 
Coplanar  Case 

Equation  (2.24)  of  chapter  2  gives  an  ap¬ 
proximate  formula  for  A;,.,  the  kinematic  lead, 
for  the  coplanar  case  of  rectilinear  gun  and 
curvilinear  target  motion.  This  equation  may  be 
rewritten  in  the  form 

hM 

(4.11)  sin  At  = - 

rV, 
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REFERENCE  LINE 


Figure  69.  —  The  Kinematic  Lead 


where,  it  may  be  recalled, 

'Tf 

V,  =  -  =  average  projectile  velocity 

over  the  future  range, 


and 

tf  f  m\ 

(4.12)  hz=l-\ - -  . 

2  \  m  J 

Replacing  M  by  r-r  and  r  by  Vrt,  where  Vr  is  the 
average  projectile  velocity  over  the  present 
range  and  t  is  the  present  time  of  flight  of  the 
projectile  over  the  present  range,  we  find 

/  F,  \  . 

sin  Ak  =  h  I - }  tr  . 

\  V,  / 

If  perfect  tracking  is  not  assumed,  the  angular 
rate  actually  used  in  the  latter  equation  will  be 
o-  and  not  t.  Since  the  true  lead  is  measured  in 
radians  and  is  a  relatively  small  angle,  sin 
will  be  approximately  equal  to  Afc.  Thus, 

(4.13)  A,  =;.  h  t ; . 

The  average  shell  velocity  Vr  does  not,  for 
moderate  ranges,  change  very  rapidly.  Hence, 
the  fraction  Vr/Vf  does  not  deviate  appreciably 
fi'om  1. 

The  quantity  h,  given  by  (4.12),  is  worth 
further  study.  From  equation  (2.24)  et  seq.,  we 


note  that,  for  straight  line  target  motion, 
M  —  0  and  /i  =  1.  Also,  if  t?je  target  path  relative 
to  the  gun  is  a  circle  traversed  with  constant 
speed,  it  is  easily  seen  that  M  =0,  hc=\  and 
Vr/V,  =  1.  In  these  cases,  then,  it  may  be  said 
that.,  the  kinematic  lead  Ak  is  equal  to  the 
“angular  travel  lead”  t  a.  For  the  target  trav¬ 
ersing  a  pursuit  course,  numerical  computa¬ 
tions,  supported  by  the  theory  of  such  prves  as 
developed  in  chapter  3,  show  that  h  =  0.9.  All 
these  facts  suggest  our  writing  the  kinematic 
lead  formula  as 

(4.14)  Ak  =  Ucr 

where  m  is  a  quantity  to  be  calibrated  to  fit 
certain  classes  of  target  paths.  It  has  the  dimen¬ 
sions  of  time  and  represents,  in  a  sense,  an 
averaged  ideal  time  of  flight.  We  shall  refer  to 
u  henceforth  as  the  “time  of  flight  multiplier” 
or  the  sight  “sensitivity”. 

4.7  The  Basic  Differential  Equation  of  a 
Typical  Gyro  Sight 

We  shall  now  examine  the  tracking  problem 
for  a  specific  type  of  lead  computing  sight  in 
which  the  kinematic  lead  is  computed  from 
(4.14)  by  solving  a  certain  differential  equation. 
Although  other  mechanizations  are  possible,  a 
usual  procedure  is  to  employ  a  gyroscope  to 
measure  the  target’s  angular  velocity. 

Referring  to  figure  69,  if  we  ignore  for  the 
pre.sent  the  ballistic  lead  A^,  then  GT„  and  GTf 
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Figure  70.  —  The  Gyro  Axis  as  a  Computing  Line 


give  the  telescope  direction  and  the  direction  of 
the  gun-bore  axis,  respectively.  It  should  be 
noted  that  GTf  is  along  r,.  Letting  the  reference 
angles  of  the  gun  and  telescope  be  y  and  <r,  we 
have  then, 

(4.15)  A,  =  y  -  <r 
and 

(4.16)  Aj;  =  y  -  (T. 

From  (4.14)  and  (4.16),  A;.-  =  z4(y  —  A^),  so  that 

(4.17)  u'\/;  -f  A/;  =  Uy. 

This  could  well  be  the  differential  equation  we 
are  seeking  except  for  the  fact  that  tracking 
would  be  difficult  with  such  a  sight.  Why  this 
is  so,  may  be  seen  as  follows.  From  (4.14)  and 
(4.15)  we  have  as  the  equation  connecting  sight 
line  and  gun  line, 

y  —  cr 

(4.18)  (r  = - . 

u 

We  notice  here  that  A  is  independent  of  y,  the 
gun’s  rate  of  turn,  and  is  a  function  of  the 
magnitude  of  the  angle  between  gun  and  tele¬ 


scope.  This  means,  for  example,  that  if  the  gun 
and  telescope  are  originally  aligned  and  the  gun 
is  given  a  sudden  jerk  away,  the  telescope,  being 
independent  of  gun  velocity,  does  not  respond 
at  once  but  begins  to  move  only  after  the  dif¬ 
ference  y  —  (T  has  made  itself  felt.  This  situa¬ 
tion,  known  as  neutral  tracking,  is  characterized 
by  a  sluggishness  in  the  telescope’s  rate  of  turn. 

The  situation  can  be  remedied  by  modifying 
our  basic  equation  (4.17).  As  things  now  stand, 
the  gyro  spin  axis  is  along  the  telescope  direc¬ 
tion.  Let  us  instead  envision  the  situation  de¬ 
picted  in  figure  70,  in  which  the  gun,  telescope, 
and  gyro  axes  move  in  such  fashion  that  the 
ratio  of  angles,  gun  line  to  telescope  line  and 
telescope  line  to  gyro  axis  is  constant. 

If  angles  are  measured  positively  in  the  clock¬ 
wise  sense,  this  implies  that 

or  —  If  ~  a 

(4.19)  - - =_a 

y  —  a  Alt 

where  a  is  called  the  coupling  constant  or  sight 
parameter.  The  ratio  in  (4.19)  is  kept  constant 
in  the  sight  by  means  of  an  .optical  or  mechani¬ 
cal  linkage.  How  this  is  actually  done  in  a  typical 
disturbed  reticle  sight  will  be  clarified  in  the 
next  chapter. 
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From  (4.19)  we  also  find 

— -  (l  (T  —  rj 

(4.20)  - = -  . 

1  —  (I  y  —  y 

from  which  we  see  that,  for  a  typical  a-value, 
say  —  .5,  the  telescope  line  will  be,  at  all  times, 
one-third  of  the  way  from  the  gyro  axis  to  the 
gun-bore  axis. 

One  immediately  obvious  advantage  of  the 
linkage  arrangement  is  that,  when  the  gun  is 
moved,  the  telescope  will  respond  at  once  with 
at  least  a  fraction  of  the  motion,  even  though 
the  gyro  momentarily  remains  still.  Thus, 
coupling  the  three  axes  removes  the  undesirable 
feature  of  neutral  tracking  mentioned  earlier. 
Other  advantages  will  appear  in  the  discussions 
to  follow. 

Returning  now  to  figure  70,  we  see,  by  way 
of  the  linkage  arrangement,  that  .\k  will  be  a 
function  of  the  rate  of  turn  of  the  gyro  axis.  In 
.^act,  equation  (4.14)  will  be  replaced  by 

(4.21)  Au  =  u^ 

or,  since  tj  =  or  -f  a  by 

(‘i.22)  =  ?<  (ff  -j-  a  .\;.) . 

From  this  it  appears  that  we  have  introduced  an 
appreciable  error  in  substituting  g  a  for  <t, 
but  it  will  be  shown  later  that  for  properly 
chosen  values  of  a  the  error  is  a  rapidly  di¬ 
minishing  transient. 


4.8  Solving  the  Basic  Equation — 
Interpretation 

Let  us  rewrite  (4.22)  in  the  form 
(4.23)  = 

This  equation  is  a  particular  instance  of  (4.2) 
if  wo  regard  as  constant  or,  for  our  pui*- 
poses,  as  being  relatively  constant.  The  quantity 
II  depends  essentially  upon  the  range  so  that 
the  assumption  of  the  relative  constancy  of  u 
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implies  that  the  range  does  not  vary  greatly 
during  the  projectile's  time  in  flight.  Using  the 
solution  to  (4.2)  we  find,  with  the  initial  condi¬ 
tion  t—  to,  A;,  =  A;.-  {to), 

-('-O 

(4.24)  .\t(t)  =e  [Akito)  —Ua]  -\-Ua 


where  uo  is  the  weighted  average  of  ucr  given  by 
—  1 

(4.25)  Ua  - - -  . 

t 

J  e'^’^Uddt, 

to 

k  —  au  . 

In  the  light  of  our  previous  discussion  in  4.5, 
on  smoothing  data,  we  see  that  (4.24)  furnishes 
a  smoothed  output  u  a  of  the  input  function  ii  a, 
the  exponential  term  being  a  transient  for  nega¬ 
tive  values  of  the  sight  parameter  ff.  The  rapidity 
of  decay  of  this  transient  depends  on  the  vari¬ 
able  “time  constant”  —an,  which,  as  mentioned 
before,  is  essentially  a  function  of  I'ange.  For 
short  range,  the  target  angular  velocity  a  and 
hence  the  input  function  u  o-  changes  rapidly. 
But  from  (4.10), 

.  ^  .  d 

(4.26)  ll  17  ~  Ha  =  —  au -  {ll  a)  . 

dt 

In  words,  this  says  that  lag  in  lead  due  to 
smoothing  is  proportional  not  only  to  the  rate 
of  change  of  u  a  but  also  to  —au.  It  is  interesting 
to  note  that,  depending  on  the  target  I'ange, 
each  of  these  factors  helps  in  turn  to  keep  the 
smoothed  lead  lag  small.  Thus  for  short  ranges, 

.  d  . 

larger  values  of  — {u  a)  are  compensated  for 
dt 

b.v  small  values  of  —au,  wliile  for  longer  ranges, 

H  a  changes  less  rapidly,  thereby  making  up  for 
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larger  values  of  -au.  In  addition,  since  the  sight 
parameter  is  yet  at  our  disposal,  vfe  note  that 
for  a  numerically  small  value  of  a,  the  smooth¬ 
ing  effect  on  input  error  will  be  less.  In  fact, 
we  have  already  seen  that  the  output  behaves 
roughly  like  the  input  delayed  by  kz=  -au 
seconds.  The  smaller  k  is,  the  more  the  output 
behaves  like  the  input  and  the  less,  then,  is  the 
smoothing  effect. 


4.9  Transient  Behavior 

Upon  locating  a  target  in  the  sky,  the  gunner 
will  probably  find  the  gun  pointing  in  some 
quite  different  direction,  thereby  necessitating 
his  slewing  the  gun  rapidly  into  the  approximate 
target  direction.  So  far  as  the  sight  is  con¬ 
cerned,  rapid  slewing  of  the  gun  is  interpreted 
in  terms  of  very  fast  target  motion,  whereupon 
the  computing  unit  puts  out  a  correspondingly 
large  lead.  In  fact,  for  so  large  a  gun  rate,  the 
reticle  may  move  far  from  the  gun-bore  axis 
and  might  even  disappear  from  the  gunner’s 
field  of  view.  When  the  gun  has  arrived  in  just 
about  the  right  position,  the  reticle  leisurely 
comes  drifting  back  into  the  center  of  the  field. 
It  is  of  interest,  therefore,  to  see  what  can  be 
done  to  hasten  the  decay  of  the  large  transient 
lead  set  up.  For  this  purpose  we  rewrite  (4.22), 
recalling  that  a  —  y  —  A^-,  in  the  form 

(4.27)  (1  — g)  u\u  +  \k  =  Uy. 

This  equation  shows  how  the  computed  kine¬ 
matic  lead  depends  on  given  motions  of  the  gun. 
The  equation  corresponding  to  (4.24)  is 

(4.28)  .\,(0 

-f-  M  y  , 

the  transient  lead  being  the  first  term  on  the 
right. 

In  section  4.10,  we  shall  show  that  for  “opera¬ 
tional  stability’’  of  a  sight  a  negative  n-value 
is  necessary.  With  this  in  mind  we  see  from 

(4.28)  that  for  more  rapid  decay  of  the  tran¬ 


sient  term  a  SMALL  negative  a-value  is  de¬ 
sirable.  To  employ  this  fact,  some  experimental 
sights  have  been  constructed  using  two  different 
G-values.  The  numerically  smaller  of  these 
values  is  applied  during  the  initial  interval  of 
tracking  and  transient  decay,  the  numerically 
larger  being  switched  on  later. 

As  far  as  operation  of  the  sight  is  concerned, 
we  note  the  following : 

(1)  The  transient  term  diminishes  more 
rapidly  when  the  range  setting,  and 
hence  the  sensitivity,  is  small. 

(2)  In  order  that  the  false  lead  introduced 
by  slewing  be  as  small  as  possible,  the 
gunner  should  use  minimum  range 
setting  (sensitivity)  while  slewing. 
Thus,  the  range  should  be  set  at  a 
value  appropriate  to  the  target  only 
after  the  gun  has  gotten  on  target. 

(3)  When  possible  to  do  so,  the  gunner 
should  pick  up  the  intended  target 
well  before  it  gets  in  range  so  that  the 
transients  can  settle  properly. 


4.10  Operational  Stability 

We  shall  say  that  a  sight  is  operationally 
stable  if  a  small  but  sudden  displacement  of  the 
gun  in  a  given  direction  gives  rise  to  a  sudden 
displacement  (not  necessarily  of  the  same  size) 
of  the  reticle  in  the  same  direction.  If  the  reticle 
is  displaced  opposite  to  that  of  the  gun,  we  shall 
speak  of  the  sight  as  being  operationally  un¬ 
stable. 

In  conformance  with  the  above  definition, 
we  now  show  that  unless  a  sight  has  a  negative 
G-value  it  will  be  operationally  unstable.  If  in 
(4.27)  we  replace  by  y  —  o-,  there  results  the 
equation 

(4.29)  (1  —  o)GfT-l-cr  =  —au  y  -}-  7  ’ 

which  relates  the  telescope  and  gun-bore  axis 
directions.  One  may  easily  show  that,  in  carry- 
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ing  through  the  discussion,  there  is  no  loss  in 
generality  in  assuming  the  gun  and  telescope 
directions  initially  aligned.  Then  a  =  y  =  0,  and 

(T  and  y  will  represent  the  initial  reticle  and  gun 

velocities.  Hence,  we  have  initially 

(-a 
— 

1  -  a 

which  shows  that  the  rate  of  reticle  displace¬ 
ment  is  proportional  to  the  rate  of  gun  dis¬ 
placement  and  will  be  in  the  same  or  opposite 
direction  according  to  whether  a  is  negative  or 
positive.  (For  all  cases  |al  <  1). 

Thus  when  0  <  a  <  1,  the  reticle  will  move 
in  the  direction  opposite  to  that  in  which  the 
gun  moves  and,  by  our  definition,  we  have 
operational  instability.  This  type  of  situation 
is  very  confusing  to  the  gunner  and  leads  to 
poor  tracking.  The  tendency  in  trying  to  get 
on  target  would  be  to  jerk  the  gun  still  farther 
in  the  sa.ne  direction,  an  act  which  would  result 
in  sending  the  reticle  farther  in  the  opposite 
direction.  To  continue  this  divergent  process 
for  a  few  seconds  may  well  put  the  gunner  off 
course  entirely. 

The  case  a  =  0  is  that  of  neutral  tracking, 
discussed  subsequent  to  equation  (4.18).  When 
a  <  0,  the  reticle  and  gun  will  move  in  the  same 
direction,  the  velocity  of  the  former  being  a 
proper  fraction  of  the  latter.  In  particular,  if 
a  =  -1,  the  reticle  will  follow  the  gun  with  1/3 
of  the  gun’s  initial  velocity.  The  particular 
a-value  to  be  used  in  a  given  sight  is  a  problem 
in  design  that  can  generally  be  determined  only 
by  trial  and  error.  The  different  factors  involved 
are  summarized  in  section  4.12. 

4.1 1  Amplification  of  Gun  Motion  with 
Respect  to  Sight  Motion 

As  was  pointed  out  in  section  4.5,  the  process 
of  tracking  is  never  perfect  but  is  always  at¬ 
tended  by  an  irregularly  oscillating  tracking 
error  or  “noi.se".  Since  the  tracking  is  reflected 
in  the  motion  of  the  reticle  with  respect  to  the 


correct  target  position  as  origin,  we  might 
inquire,  since  this  is  a  disturbed-reticle  .system, 
what  must  be  the  gun  motion  to  produce  a  par¬ 
ticular  reticle  motion?  In  particular,  if  the 
gunner  sees  his  line  of  sight  oscillating  with 
amplitude  Aa,  with  what  amplitude  is  the  gun 
itself  oscillating?  If  we  denote  the  latter  by 
Ay  and  let  C  be  the  ratio  Ao-/Ay,  hereafter  re¬ 
ferred  to  as  the  amplification  ratio,  then  C  is 
the  factor  by  which  the  gun  motion  amplitude 
is  multiplied  when  it  is  transmitted  to  the  line 
of  sight. 

To  initiate  the  study  of  the  reaction  of  the 
sight  to  oscillations  of  the  gun,  we  begin,  quite 
naturally,  with  equation  (4.29),  relating  sight 
position  to  gun  position.  Let  us  suppose  that 
the  actual  gun  motion  y{t)  consists  of  a  steady 
motion  yo{t)  upon  which  is  superimposed  an 
oscillatory  motion  y,(t).  Replacing  y  in  (4.29) 
by  yo-fyi,  we  can  write  solution  a(t)  in  the 
form  -t-  <T„  with  cr,,  (i  =  0,1) ,  being  the  solu¬ 
tion  of  (4.29)  with  y  replaced  by  y,-  (i  =  0,l). 
The  function  <7o(f)  does  not  concern  us  here. 
Hence,  it  is  sufficient  to  assume  a  “reasonable" 
oscillatory  motion  of  the  gun,  described  by 
y,(t),  and  study  the  corresponding  function 
ori(t).  Thus,  let  us  assume  the  sinusoidal  oscil¬ 
lation 

yi  =  Ay  sin  o>t 

CO 

of  amplitude  Ay  radians  and  frequency  f  =  — 

27r 

oscillations  per  second.  This  assumption  is  not 
unreasonable  in  view  of  the  theoretical  possi¬ 
bility  of  decomposing  more  general  oscillations 
into  sinusoidal  ones,  using  a  Fourier  analysis. 
Also  in  equation  (4.29)  we  assume  that  is 
constant.  We  may  do  this  since,  relative  to  high 
frequency  oscillations  of  the  gun,  u  would 
change  slowly.  Hence  (4.29)  becomes 

(4.31)  (1  —  a)  w  o'  -f  tr  =  Ay  sin 

—  au  a  Ay  cos  at, 

whose  "steady-state"  solution  is 

—  kjAy  a 

(4.32)  (T,  (0  = - cos 

(«•■-}- fc,')  (1  —  a) 

fciAy  [k,  —  a?tca‘] 

-] - sin  at 

-f 
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1 

where  k-^  = - 

(1  —  a)ii 


a-value  of  a  lead  computing  sight  must  be  chosen 
with  due  regard  for  the  following  somewhat 
contradictory  requirements : 


The  amplitude  Aa  is  obtained  from  (4.32)  by 
taking  the  square  root  of  the  sum  of  the  squares 
of  the  coefficients  of  the  trigonometric  functions 
in  the  right  member.  After  much  simplification 
we  find  that 


1  + 

(4.33)  C  =  A^/Ay  =  .  - , 

\  1 A  ttHI  -  ay  liT- 

In  words,  then,  we  may  say: 


Amplitude  of  Sight  Oscillations  =  C  (Ampli¬ 
tude  of  Gun  Oscillations).  The  oscillatory  mo¬ 
tion  of  the  gun  may  be  due  to  a  variety  of  causes 
such  as  gunner’s  jitters  in  handling  the  controls, 
recoil  of  the  shot,  etc.  Since  a  is  usually  nega¬ 
tive,  the  factor  C  <  1.  As  /  varies  from  0  to 
-\-x,  C  decreases  monotonically  from  1  and 
approaches  as  a  limit  the  quantity  (-a/1  — 
a).  In  particular,  if  C  is  much  smaller  than  1, 
the  gunner  will  note  only  a  small  oscillatory 
motion  of  the  sight,  even  when  the  gun  has 
large  oscillations.  Thus,  the  gunner  may  think 
he  is  tracking  well  when  in  fact  the  gun  is 
wobbling  badly.  This  also  shows  that  for  high 
frequency  gun  oscillations,  C  tends  to  zero  with 
a.  Hence,  in  order  to  make  the  amplification  of 
gun  motion,  with  respect  to  sight  motion  less,  a 
should  be  chosen  larger  in  magnitude. 

In  the  above  discussion,  the  gun  and  sight 
motions  are  both  of  a  sinusoidal  nature.  How¬ 
ever,  these  motions  differ  not  only  in  amplitude 
but  also  in  phase.  Thus,  in  reaching  peaks,  the 
sight  will  lag  the  gun  by  f  seconds,  where  e  is 
found  from  (4.32)  to  be 

1  r  2  TT  f  u 

(4.34)  E  = - tan-'  -  . 

2  7r/  Ll-4  tt- a(l-a)/-a=_ 


4.12  Choice  of  the  Sight  Parameter  a 

We  have  seen  throughout  the  preceding  dis¬ 
cussions  in  this  chapter  the  significant  part 
played  by  the  sight  parameter  a  in  the  behavior 
of  the  sight.  In  sum.mary,  we  may  say  that  the 


(1)  For  operational  stability  we  need,  first 
and  foremostj  a  negative  value  of  a. 

(2)  To  make  the  amplification  of  gun  mo¬ 
tion  with  respect  to  sight  motion  less 
requires  an  n-value  larger  in  magni¬ 
tude.  Specifically,  this  increase  im¬ 
proves  the  operational  stability  by 
making  the  sight  respond  more  em¬ 
phatically  to  gun  motion  and  hence 
makes  for  ease  in  tracking. 

(3)  For  faster  decay  of  transient  leads,  an 
a-value  must  be  negative  and  smaller 
in  magnitude. 

(4)  Smoothing  of  input  data  is  greater  for 
larger  values  of  a. 

(5)  The  delay  in  lead  output  is  greater  for 
larger  values  of  a. 

Thus,  in  designing  a  sight,  the  engineer  or 
physicist  must  resolve  to  the  best  advantage 
these  contradictory  requirements.  A  compro¬ 
mise  value  somewhere  in  the  neighborhood  of 
a  =  -i  is  often  quite  satisfactory.  It  should  be 
mentioned  that  a  sight  with  a  positive  a-value 
could  be  designed  and  used,  but,  not  being 
operationally  stable,  it  would  take  considerable 
practice  on  the  part  of  the  gunner  to  master  its 
peculiarities.  Such  a  sight,  as  mentioned  earlier, 
would  have  initial  reticle  motion  to  the  right 
for  initial  gun  motion  to  the  left,  after  which 
the  reticle  would  again  move  left  after  a  certain 
lapse  of  time. 


4.13  The  Basic  Differential  Equation 
Including  Trail 

The  differential  equation  derived  in  section 
4.7  and  the  associated  diagram  of  figure  70 
are  inaccurate  to  the  extent  that  the  ballistic 
lead  or  bullet  trail  has  been  omitted  from  the 
considerations.  Let  us  now  see  how  the  basic 
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GUN  LINE 


Figure  71 .  —  Ballistic,  Kinematic,  and  Total  Lead  Angles 


equation  (4.23)  should  be  modified  to  include 
the  effect  of  trail. 

It  was  shown  in  chapter  2  that  in  firing 
again.st  a  relative  target  course  from  a  bomber, 
the  gun  must  be  moved  from  a  line  pointing  at 
the  impact  point,  forward;  the  reason  being 
that  in  relative  motion  the  bullet  curves  to  the 
rear.  Considering  a  coplanar  attack  only  and 
neglecting  gravity  drop,  this  bullet-trail  angle, 
which  we  shall  denote  by  A,„  will  then  lie,  along 
with  the  kinematic  lead  in  the  plane  deter¬ 
mined  by  the  gun  position  and  the  relative 
target  path.  The  diagram  appropriate  to  this 
situation  is  shown  in  figure  71. 

For  the  total  lead  .\  there  is  the  relation, 
evident  from  figure  71, 

(4.35)  =  A,,  -t-  A,,. 

As  was  done  in  section  4.7,  we  calibrate  a  sensi¬ 
tivity  function  //  such  that 

(4. .36)  —  H  Tj  , 

it  being  assumed  here  that  the  trail  offset  \u  is 
included  in  the  angular  deflection  of  the  gyro 
sifin  axis  from  the  gun-bore  axis.  Since 


=  a  A  =  (j-]-  a{Ah  —  Aj,)  , 

we  may  write  the  basic  equation  (4.36)  in  the 
forms 

(4.37)  A];  —  ?( (cr  -|-  ft  a)  ; 

(4.38)  -au  A  -f  A  =  tt  o-  —  Ai,  ; 

(4.39)  -an  A;.-  A^  =  tt  o-  —  au  Ai, . 

In  genera],  only  a  fractional  mil  error  will  be 
committed  when  .((,  is  neglected.  If  this  be  done, 
then  equations  (4.38)  and  (4.39)  show  that  to 
obtain  the  total  lead  A  it  is  sufficient  to  find  A^ 
from  equation  (4.23)  and  combine  it  with  Ai  via 
(4.35).  This  fact  will  be  looked  into  with  greater 
detail  in  the  next  chapter  when  a  particular 
mechanization  of  (4.38)  will  be  considered. 

It  should  be  pointed  out,  in  conclusion,  that 
from  the  viewpoint  adopted  in  this  chapter  the 
lead  is  obtained  as  a  “steady  state”  solution  of 
a  first  order  linear  differential  equation  whereas 
the  foi'mulas  in  chapter  2  are  actual  expressions 
for  the  leads  derived  independently  of  any  de¬ 
fining  differential  equation.  The  basic  mathe¬ 
matical  formulation  for  the  lead  is  dependent 
of  course  upon  the  specific  manner  of  mech- 
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anization  of  inputs  in  the  computer.  Here  also 
we  made  things  simple  by  neglecting  gravity 
drop  of  the  projectile  and  by  assuming  a  single 
plane  of  action.  When  the  air  courses  of  gun  and 
target  are  not  coplanar,  it  is  best  to  break  up 
the  total  lead  into  components  as  was  done  in 
.section  2.8  of  chapter  2.  The  manner  in  which 
these  components  are  defined  geometrically  will 
depend  upon  the  mounting  of  gun  and  line  of 
sight.  Thus,  in  section  2.8  an  azimuth-elevation 


system  of  coordinates  was  used  and  the  total 
lead  was  decomposed  in  that  .system.  If  in 
figure  34  the  gun  was  constrained  to  move  in  a 
plane  passing  through  i^.  and  this  plane  in  turn 
was  free  to  revolve  about  i^.  we  would  have  the 
so-called  “roll-and-traverse”  .system  of  coor¬ 
dinates.  The  formulas  expressing  the  lead  com¬ 
ponents  in  one  .system  can  always  be  changed 
to  the  formulas  appropriate  to  any  other  .sy.s- 
tem,  by  a  suitable  transformation  of  coordinates. 
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5.1  Some  Preliminary  Ideas  from  Dynamics 

To  aid  in  understanding  the  gyroscope,  its 
properties,  and  its  many  functions  in  fire-con¬ 
trol  instruments,  we  need  to  review  briefly  some 
fundamental  ideas  from  dynamics  and  to  under¬ 
stand  how  they  apply  in  explaining  gyroscopic 
behavior.  We  begin  by  considering  the  notion  of 
the  moment  of  a  force  about  a  point. 

In  figure  73,  let  P  be  a  particle  of  mass  m, 
acted  on  by  the  force  F,  and  moving  with  veloc¬ 
ity  f  =  V  referred  to  the  fixed  point  0.  Then 
the  moment  of  the  force  F  about  0  is  defined 
as*, 

(5.1)  M^  =  rXF. 

The  scalar  value  Mo,  also  called  the  torque,  is 
easily  seen  to  be 

(5.2)  Mo  =  Fo 

since 

Mo  =  rF  sin  (tt  -  a)  =  r  F  sin  a  =  Fp 

Thus  the  magnitude  of  the  moment  is  equal  to 
the  product  of  the  force  magnitude  and  the  per¬ 
pendicular  distance  from  0  to  the  line  of  action 
of  the  force. 

The  momentum  of  the  particle  P  is  defined 
as  the  vector  quantity  viY.  The  moment  of 
momentum  or  angular  momentum  of  P  is  then 
r  X  =  H,  Since 

H  =  V  X  wV  -h  r  X  wa  =  r  X  F 

where  a  is  the  acceleration  of  the  particle  and 
F  =  7na,  we  see  that  the  time  rate  of  change 
of  the  angular  momentum  about  the  fixed  point 
0  is  equal  to  the  moment  of  the  force  about  0. 
In  the  case  of  a  system  of  particles  P;  of  masses 

’•'Sec  the  Appendix  for  a  review  of  vector  definitions 
and  operations. 


m,-  acted  upon  by  a  set  of  external  forces  F,-,  the 
time  rate  of  change  of  angular  momentum  of 
the  system  becomes  equal  to  the  sum  of  the 
moments  of  the  external  forces  F,-  about  0.  We 
shall  refer  to  this  as  the  Theorem  of  Angular 
Momentum.  It  should  be  noted  that  the  internal 
forces,  that  is  those  forces  consisting  of  the 
mutual  actions  between  particles  of  the  system, 
do  not  enter  into  the  statement  of  this  theorem. 
This  follows,  since  these  forces  occur  in  pairs, 
each  pair  representing  the  interaction  of  two 
particles  of  the  system.  The  two  forces  of  each 
pair,  since  they  represent  action  and  reaction, 
respectively,  are  equal  in  magnitude  and  oppo¬ 
site  in  direction  and  possess  the  same  line  of 
action.  Hence,  the  vector  sum  of  the  forces  in 
each  pair  is  zero.  From  this  it  follows  easily  that 
the  vector  sum  of  all  the  internal  forces,  and  of 
their  moments  about  the  point  0,  is  zero. 


The  Theorem  of  Angular  Momentum,  as 
stated  here,  assumed  that  the  point  0  is  fixed 
in  space.  However,  the  theorem  can  be  shown 
to  hold  for  the  case  where  point  0  is  in  motion, 
providing  that  one  of  the  following  conditions 
is  satisfied: 

(a)  The  center  of  mass  of  the  system  of 
particles  is  at  rest. 

(b)  The  center  of  mass  of  the  system,  of 
particles  is  in  motion  but  coincides  with 
the  origin  0. 

Since  application  in  this  chapter  is  to  be  made 
to  cases  in  which  0  is  a  point  in  an  airplane,  we 
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shall  assume  hereafter  that  the  point  0  is  taken 
at  the  center  of  mass  of  the  system  of  particles. 

For  a  continuous  body  and  not  a  discrete 
system  of  particles,  the  angular  momentum  H 
is  obtained  by  the  usual  process  of  subdividing, 
summing  and  passing  to  the  limit,  and  is  ex¬ 
pressed  by 

(5.3)  H  =  jr  dm 

where  the  integration  is  taken  throughout  the 
body. 


Figure  74.  — 
Rotating  Solid 
of  Revolution 


Since  the  present  discussion  is  preliminary 
to  a  discussion  of  gyroscopic  behavior,  let  us 
consider  (5.3)  for  the  case  of  a  homogeneous 
solid  of  revolution  rotating  about  its  axis  of 
symmetry  with  the  fixed  point  0  on  this  axis. 
We  assume  first  that  the  axis  of  symmetry  is 
fixed  in  space. 

Let  the  angular  velocity  of  rotation  be  «  = 
nk,  where  k  is  a  unit  vector  on  the  axis  of 
rotation  z  and  let  p,  r  and  z  be  as  shown  in  fig¬ 
ure  74.  Then  since  p  •  k  =  0,  we  have 

r  X  V  =  (2k-f  p)  xja  X  (zk-l-p)} 

=  p-St  —  zilp 

and 

H^  =  Stj  dm  —  n  J p  z  dm  . 


But  because  of  symmetry, 

j  P  ^  dm  =  0 

and  hence 

(5.4)  E^  =  hSl 

where 


is  the  moment  of  inertia  of  the  body  about  the 
2-axis.  From  (5.4)  we  obtain 

(5.5)  =  7,0. 

where  a  =  si  is  the  angular  acceleration  of  the 
body. 

On  obvious  generalization  of  the  above  situa¬ 
tion  is  to  consider  the  body  of  figure  74  as 
having  a  motion  consisting  of  a  rotation  about 
a  variable  axis  through  0.  Thus,  in  general,  all 
points  of  the  body  except  0  will  be  in  motion. 
The  angular  velocity  vector  St  can  then  be 
decomposed  into  components  along  the  axes  of 
symmetry  z  and  along  any  two  axes  x,  y  per¬ 
pendicular  to  2  and  to  each  other.  Thus, 

(5.6)  «  =  -f-  Siy  -f-  . 

The  moment  of  momentum  of  the  body  about  0 
is  then,  by  an  immediate  extension  of  (5.4), 

(5.7)  4  St,  +  B  St„  -f  C  a- 

where  A,  B,  C  are  the  moments  of  inertia  of 
the  body  about  the  x,  y,  z  axes,  respectively. 

5.2  Theory  of  the  Gyroscope 

We  shall  define  a  gyroscope  as  any  rigid 
body  rotating  around  an  axis  through  its  center 
of  mass.  This  axis  will  be  referred  to  as  the 
spin  axis  or  gyro  axis.  The  body  is  generally 
considered  to  be  heavy,  symmetric,  and  to  have 
high  angular  speed  about  its  spin  axis.  Two 
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separate  mountings  for  a  circular  disk  gyro  are 
shown  in  figures  75  and  76.  Either  mounting 
permits  the  spin  axis  to  be  placed  in  any  posi¬ 
tion.  In  figure  75,  however,  the  center  of  mass 
of  the  system  is  always  directly  above  the 
pedestal  support.  Rotation  of  gimbal  1  about 
AB  moves  the  spin  axis  in  elevation,  while 
rotation  of  gimbal  2  about  CD  moves  it  in 
azimuth.  This  is  known  as  Cardan  suspension. 

Let  us  analyze  the  situation  shown  in  figure 
76,  where  the  spin  axis  is  perpendicular  to  the 
vertical  y-axis.  The  weight  of  the  gyro  rotor  is 
W  and  its  spin  angular  velocity  is  S2.  R  is  the 
reaction  at  the  suport  0.  If  the  rotor  were  not 
spinning,  the  torque  T  =  W  I  would  cause  the 
gyro  to  fall;  but,  with  the  rotor  spinning  rap¬ 
idly,  the  spin  axis  OA  begins  to  rotate  about 
the  y-axis.  We  speak  of  this  motion  as  preces¬ 
sion.  Assuming  no  bearing  friction  at  0,  we 
shall  show  that  for  precession  in  a  horizontal 
plane  the  precessional  velocity  to'  is  given  in 
magnitude  by 

I'' 


/ 


Figure  76.  —  Gyroscopic  Precession 
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Wl 

(5.8)  o/  = - 

Cn 

where  C  is  the  moment  of  inertia  of  the  disk 
about  the  spin  axis  z. 

If  the  total  angular  velocity  of  the  system 
be  denoted  by  to  with  components  tOj.,  tOj,,  to^,  we 
see  immediately  that,  for  the  case  of  precession 
in  a  horizontal  plane, 

(5.9)  tOj  =  0,  tOy  =  to',  to.-  —  St , 
and 

(5.10)  to  =  Si  -f  to' . 

The  angular  momentum  of  the  system  is  then, 
using  (5.7), 

(5.11)  =  Boi'  +  CSt . 

Relative  to  the  moving  set  of  axes  0  —  xy  z, 
the  vector  H  is  constant.  Its  angular  velocity 

o 

with  respect  to  space  is  to'.  Hence, 

(5.12)  H  =  to'  X  H  (see  appendix) 

o  o 

=  to'  X  CSt,  =  Cto'  X  St . 

By  the  Theorem  of  Angular  Momentum,  H  is 

O 

equal  to  the  sum  of  the  moments  of  the  forces 
W  and  R  about  0.  Since  the  moment  of  R  about 
0  is  zero, 

(5.13)  H  =OA  X  W 

O 

and  hence, 

(5.14)  Cto'xa  =  OAxW  =  T. 

Taking  scalars  in  (5.14)  we  find  the  desired 
relationship 

(5.15)  Cu.'Q  =  Wl. 

The  torque  vector  T  in  (5.14)  is  directed  here 
along  the  positive  x-axis.  Since  this  is  the  same 
direction  as  that  of  to'  X  S*,  we  see  that  the 
spin  axis  will  always  precess  toward  the  torque 
axis. 

When  the  spin  axis  makes  an  angle  other  than 
90°  with  the  vertical,  say  a,  it  is  only  slightly 
more  difficult  to  show  that  the  equation  corre¬ 
sponding  to  equation  (5.14)  is 


is) 

(5.16)  [C  +  (C  -  B)  —  cos  «]  oj'  X  a  = 

n 

(M  X  W  =  T. 

Equations  (5.14)  and  (5.16)  remain  valid  when 
W  is  replaced  by  a  resultant  force  F  other  than 
the  weight.  In  practice,  the  spin  axis  is  not  of 
negligible  weight  as  compared  with  the  weight 
of  the  gyro  rotor  and  the  point  0  is  then  best 
located  at  the  center  of  mass  of  the  system. 
Indeed,  as  was  stated  in  connection  with  the 
Theorem  on  Angular  Momentum,  the  point  0 
must  be  so  located  in  order  that  the  theorem 
be  applicable  to  cases  where  the  center  of  mass 
is  in  motion  as  would  be  the  case  for  a  gyro 
mounted  in  an  airplane  in  flight.  From  (5.16) 
we  also  note  that  when  the  precessional  speed 
(,/  is  considerably  less  than  the  spin  speed  n  (in 
symbols  n  >  >  «')  the  term  containing  cos  « 
may  be  dropped  and  (5.14)  is  then  obtained  as 
an  approximation  to  (5.16). 

To  illustrate  (5.8)  numerically,  let  us  suppose 
that  for  the  system  of  figure  76 


W  =  1  lb.,  I  =  1  ft.,  radius  of  disk  =  6  in., 
and  n  =  400  rps. 

Then, 

1 

f  _  _ _ 

~  (400)  2  7r.  C 

where 


1  W 

C  = - (radius)- 

2  g 


2  \32.2 


1 

2 


257.6 


257.6  257.6  180 

and  w'  in  radians/sec.  is - or - • - 

800  TT  800  TT  TT 


=  5.87°  per  second. 


When  the  gyro  is  mounted  as  in  figure  75  and 
the  disk  is  spun  rapidly  about  the  spin  axis,  no 
precession  will  occur  since  the  center  of  mass 
of  the  system  is  at  the  point  0  and  the  torque 
W  lis  then  zero.  However,  if  an  external  torque 
L  be  applied  to  the  system,  the  gyro  will  behave 
in  precisely  the  same  manner  as  that  in  fig¬ 
ure  76. 
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Thus,  to  sum  up,  we  have  the  following  two 
important  facts  of  gyroscopic  behavior: 

(1)  With  no  external  torques  present,  the 
gyro  spin  axis  will  maintain  a  constant 
direction  in  space  regardless  of  the 
motion  of  the  system  in  which  it  is 
mounted. 

(2)  Under  the  influence  of  an  external 
torque,  the  spin  velocity  vector  will 
always  process  toward  the  torque  vec¬ 
tor.  More  precisely,  the  spin  velocity 
vector  S£,  the  torque  vector  T,  and  the 
processional  velocity  vector  <0',  will 
always  form  a  right-handed  orthogonal 
set. 


988995  0  -  52  -9 
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5.3  Use  of  a  Gyro  to  Produce  Kinematic  Lead 

The  preceding  section  will  now  serve  as  the 
basis  for  explaining  how  a  gyroscope  is  actually 
used  in  a  fire  control  system.  Referring  to  figure 
77,  let  us  suppose  that  the  gyroscope  is  mounted 
on  a  gun  so  that  its  spin  axis  is  parallel  initially 
to  the  bore  axis  of  the  gun,  and  so  that  the 
universal  joint  mounting  at  0  is  the  center  of 
mass  of  the  gyro  system  and  also  is  the  point 
about  which  the  gun  rotates.  Then  as  the  gun 
is  turned  about  0,  the  gyro  axis  will,  according 
to  the  first  property  of  gyroscopic  behavior 
stated  in  5.2,  remain  pointing  in  its  original 
direction  in  space.  If  we  now  consider  the  spin 
axis  to  be  directed  along  the  line  of  sight  to  the 
target,  then  as  the  target  is  tracked  the  gyro 
must  lag  the  gun  by  an  angle  equal  to  the 
required  lead.  In  other  words,  the  gyro  will  have 
to  process  at  the  proper  rate  in  the  plane  of 
rotation  of  the  gun.  Suppose  that,  as  viewed 
from  A,  the  gyro  is  spinning  counterclockwise. 
Then  to  achieve  precession  in  the  direction  re¬ 
quired  by  the  figure,  a  force  F  will  have  to  be 
applied,  at  a  point  such  as  A,  directed  outward 
(perpendicular  to  the  plane  of  the  figure).  The 
precession  rate  o>  is  related  to  the  force  F 
according  to  equation  (5.8),  (with  W  replaced 
by  F  and  I  =  OA).  Thus, 

Cq 

(5.17)  F  = - - 

I 

If  a  fixed  reference  line  be  chosen  as  in  figure 
78,  so  that 

(5.18)  0)  =  o-  and  =i  y  —  o- , 

then  (5.17)  will  be  the  equivalent  of  (4.14), 
providing  that  we  can  make  the  force  F  always 
proportional  to  the  angle  between  the  gun  bore 
and  spin  axes,  i.e.,  F  =  with  the  propor¬ 
tionality  factor  /f,  varying  inversely  with  the 
time  of  flight  multiplier  u, 

Cn 

(5.19)  K,- - . 

I 

(Jq 

The  quantity  — ^ —  is  a  physical  constant  asso¬ 
ciated  with  the  gyroscope. 

To  realize  the  relationship  F  —Ki\k,  one 
might  consider  attaching  a  spring  of  variable 

1 16 


stiffness  from  A  to  a  point  on  the  gun  bore,  in 
which  case  Hooke’s  Law  would  apply  to  give 
the  desired  ratio  of  F  to  However,  this  would 
give  a  force  F  in  the  plane  of  the  gun's  motion 
whereas  we  require,  for  precession  in  the  right 
direction,  a  force  perpendicular  to  this  plane. 
Even  if  this  difficulty  were  not  present  we 
would  still  have  the  disagreeable  feature  of 
having  a  sight  with  zero  a-value,  which,  as  we 
have  seen  in  the  preceding  chapter,  would  make 
tracking  impossible.  One  scheme  for  overcom¬ 
ing  the  first  of  these  stumbling  blocks  is  the 
use  of  electrical  eddy  currents.  This  is  taken  up 
in  section  5.4.  The  theoretical  remedy  for  the 
second  was  taken  up  in  chapter  4  and  consisted 
in  keeping  the  line  of  sight  at  a  fixed  propor¬ 
tionate  distance  between  the  gyro  spin  axis  and 
the  gun-bore  axis.  With  this  in  mind,  we  see 
from  figure  79  that  of  (5.19)  should  be  chosen 
so  that 

Cn  1 

(5.20)  K,= - . 

hi  1  —  a 

This  follows  from  the  chain  of  equations 

(5.21)  Aa-  =  tlrj 

Cn  , 

(5.22)  F  =  K,  (y  -r,)  =  - rj 

1/ 

(5.23)  y-rj=  {l-a)Ak. 

5.4  The  Eddy-Current  Constrained  Gyro 

In  the  particular  method  of  constraining  a 
gyro  to  process  by  use  of  eddy  currents,  the 
gyro  rotor  is  not  a  cylindrical  disk  as  in  figures 
75,  76,  but  consists  instead  of  a  spin  axle  with 
a  flat  circular  mirror  at  one  end  and  a  spherical 
aluminum  dome  or  cap  at  the  other  end  (figure 
80).  It  is  mounted  on  a  type  of  universal  joint 
known  as  a  Hooke’s  joint  and  through  a  pulley 
arrangement  it  is  kept  rotating  about  the  axle 
at  about  3000  rpm  by  a  constant  speed  motor. 
This  unit,  together  with  accessories  to  be  de¬ 
scribed  later,  is  mounted  in  a  sight  head,  which 
is  rigidly  attached  to  the  gun  mount.  The  gun 
rotates  about  the  same  fixed  point  0  as  does  the 
gyro  system  (figure  81) . 

Suppose  now,  to  the  apparatus  of  figure  81 
we  add  a  pair  of  electromagnets,  rigidly  attached 
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to  the  sight  head  and  aligned  with  the  gun 
(figure  82). 

The  iron  cores  of  the  electromagnets  are 
wound  with  coils  of  wire  through  which  a 
current  i  flows  under  a  constant  EMF  of  voltage 
E.  The  current  i  may  be  varied  through  use  of 
a  variable  resistance  R.  As  the  gyro  precesses, 
the  spinning  dome  moves  through  the  narrow 


air  gap  between  the  magnet  poles.  With  the 
situation  as  shown  in  figure  82,  the  gyro  would 
be  physically  unable  to  take  up  its  undeflected 
position.  To  avoid  this  difficulty,  eight  poles 
are  used  instead  of  tw’o  —  four  above  and  four 
below.  The  dome  may  then  move  freely  through 
the  narrow  air  gaps  between  them.  The  four 
magnets  on  each  side  of  the  dome  together 


Figure  81 .  —  Motion  of  Gun  with  Respect  to  Gyro  Spin  Axis 
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Figure  82.  —  Precessing  Forces  Introduced  Electromagnetically 


have  the  effect  of  single  magnets,  so  that  the 
result  is  equivalent  to  figure  82.  Hence,  in  the 
ensuing  discussion  we  shall  speak  of  only  two 
poles,  each  being  the  equivalent  of  the  four 
poles  actually  used. 

When  current  flows  in  the  coils,  a  magnetic 
field  of  strength  proportional  to  this  current  is 
set  up  between  the  two  poles.  Thus, 

(5.24)  H  =  Cii . 

The  lines  of  magnetic  force  pass  through  a 
circular  area  of  the’ dome  with  center  at  A.  Since 
the  dome  is  spinning,  this  area  is  being  continu¬ 
ously  replaced  by  another.  As  a  result  of  this 
motion  across  the  lines  of  magnetic  force,  elec¬ 
tric  “eddy  currents”  are  induced  in  the  part  of 
the  dome  between  the  poles.  With  the  poles 
wound  as  indicated  in  figure  82  and  with  the 
dome  spinning  clockwise  as  seen  from  0  (down 
into  the  paper  at  A)  these  currents  will  be 
directed  from  A  toward  the  periphery  of  the 
dome  in  the  plane  of  the  paper.  If  the  linear 
velocity  of  the  dome  at  A  is  v  and  if  the  eddy 
current  strength  be  denoted  by  i„  then  it  is 
known  from  electromagnetic  theory  that 

(5.25)  ir  =  C2  Hv  . 

The  eddy  currents,  in  their  turn,  react  with 
the  magnetic  field  to  create  a  mechanical  force 
on  the  dome.  This  force  is  directed  opposite  to 
the  motion  of  the  dome  at  A  and  hence  ver¬ 
tically  ui)ward  as  desired.  The  magnitude  of 
this  force  F  is  proportional  to  H  and  i,.  Hence, 


(5.26)  F  ~  c.  Hie. 

Combining  (5.24)  through  (5.26)  we  find 

(5.27)  F  =  Ci^  Co  C3  V  . 

From  figure  82, 

AN  =  (8 , 

and  since  8  is  a  small  angle,  we  have,  to  a  good 
approximation, 

V  =  AA'  •  n  =  1 8Q  . 

The  force  F  may  then  be  written 

(5.28)  F  =  (  Cl"  Co  C3  i-  f  n)  8  ; 
or,  since 

8  =  y  —  77  =  (1  —  a)  Ak , 

(5.29)  F  =  Ki(l-a)  A, 
with 

(5.30)  Ki  =  Cl"  Co  C:,  i-  In  . 

We  now  have  a  force  proportional  to  \k  and  in 
the  right  direction.  It  will  have  the  right  magni¬ 
tude  if  (5.30)  is  now  identified  with  (5.20).  This 
becomes,  if  we  replace  i  by  E/R  (Ohm’s  Law), 
and  simplify, 

(1  —  a)  Cj  C;,  (c,  '  E  •  l)" 

(5.31)  R'  - - -  . 

C 

Hence,  by  varying  R  in  accordance  with  (5.31), 
condition  (5.20)  will  be  satisfied,  i.e.,  F,  will 
then  be  inversely  proportional  to  the  time  of 
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flight  multiplier  u.  It  remains  now  to  investi¬ 
gate  by  what  means  the  sight  line  can  be  made 
to  stay  a  fixed  proportionate  distance  between 
the  gyro  and  the  gun-bore  axis. 

5.5  An  Optical  Linkage 

An  optical  method  of  achieving  the  fixed  ratio 
of  angular  separations  of  the  gun-bore  axis,  line 
of  sight  and  spin  axis  as  desired  in  figure  79 
will  now  be  considered.  A  vertical  cross-section 
of  the  sight  head,  with  component  parts  of  the 
optical  system  labeled,  is  shown  in  figure  83, 
with  the  gyro  in  undeflected  position.  In  prac¬ 
tice,  the  point  0  is  taken  so  close  to  the  gyro 
mirror  that  rotations  can  be  thought  of  as  being 
taken  about  a  point  in  the  plane  of  the  mirror. 

Referring  now  to  figure  83  we  note  the  follow¬ 
ing:  the  bulb  sends  a  beam  of  light  through  a 
centra!  hole  in  the  two  reticle  disks.  This  beam 
hits  the  gyro  mirror  at  O  (when  the  gyro  is 
undeflected)  and  is  reflected  along  OB  to  a  fixed 
mirror  at  B.  From  here  it  is  refiected  straight 
up  through  a  lens  C  to  a  piece  of  plate  glass  at 


G.  Part  of  the  beam  passes  upward  and  is  lost, 
but  part  is  reflected  to  the  operator’s  eye  at  E. 
He  se^s  the  image  of  the  round  circle  of  light 
at  R  as  appearing  on  his  line  of  vision  ET.  A 
primary  function  of  the  lens  C  is  to  focus  this 
image  at  infinity,  thus  enabling  the  operator  to 
move  his  eye  without  occasioning  any  change  in 
the  direction  of  line  ET.  When  the  gyro  is  unde¬ 
flected,  this  image  (or  p^  as  it  is  called)  will 
determine  with  E  a  line  of  sight  parallel  to  the 
gun  bore  axis.  The  main  function  of  the  optical 
system  then  is  to  see  that  the  line  EG  lies  con¬ 
stantly  between  the  gyro  spin  axis  direction  and 
the  gun  bore  axis,  and  at  the  desired  angular 
distance,  for  all  deflections  of  the  gyro. 

Let  the  distance  RO,  which  makes  the  con¬ 
stant  angle  a  with  the  gun  bore  axis,  be  denoted 
by  d  and  the  point  R  so  chosen  that  the  optical 
distance  ROBC  is  equal  to  the  focal  length  /  of 
the  collimating  lens  C.  A  detailed  analysis  re¬ 
veals  the  following  facts.  If  the  gyro  axis  ON 
is  deflected  in  elevation  through  an  angle  ip  (this 
means  a  rotation  about  0  in  the  plane  of  the 
paper)  the  line  of  sight  ET  is  turned  through 
an  angle  Ae  given  by 
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sin  f  cos  if 

(5.32)  tan  A,;  = - 

f 

- sin^  f 

2d 


Since  the  angles  involved  will  not  exceed,  say 
15°,  first  order  approximations  give 


(5.37) .  The  interested  reader  will  find  upon 
investigating  that,  for  simultaneous  azimuth 
and  elevation  deflections  d,  f  of  the  gyro  axis, 
the  corresponding  line  of  sight  deflections  are 

(5.38)  tan  r= 

sin  6  cos  f  (cos  «  cos  0  cos  v?  +  sin  «  sin  <p) 


2d 

(5.33)  Ai.  = - f,{2d<f). 

f 

The  angle  f  corresponds  in  figure  79  to 
y  —  7?  =  (1  —  a)  Ai  , 

which  leads  us  to  define  the  sight  parameter,  a, 
as 

/ 

(5.34)  a  =  l - . 

2d 

An  azimuth  deflection  of  the  gyro  axis  through 
an  angle  6  (a  rotation  about  0  in  a  plane 
through  ON  perpendicular  to  the  plane  of  the 
paper),  on  the  other  hand,  occasions  an  azi¬ 
muth  deflection  of  ET  through  an  angle  A.^, 
where 


f 

- (sin-  f  -)-  cos=  a  sin-  0  cos-  f) 

2d 

and 

(5.39)  tan  At:  = 

cos  f  (cos  ^  sin  ^  —  sin  a  cos  «  sin-  6  cos  <p) 

~  '  “  > 

f 

- (sin=  f  -f  cos=  a  sin=  9  cos-  f) 

2d 

the  first  order  approximations  being  the  same 
as  before.  The  errors  made  in  accepting  the 
approximations  (5.33)  and  (5.36),  kno'wn  as 
“optical  dips”,  are  to  second  order  terms  only, 

2d  \ 

- sin  a  I  0  ¥> , 

/  / 


sin  9  cos  9  cos  a 

(5.35)  tan  .Vi  =  — - 

/ 

- sin-  9  cos-  a 

2d 


This  expression,  were  it  not  for  the  factor  cos  «, 
would  be  identical  in  form  with  that  of  (5.32). 
First  order  approximations  give 


which  would  correspond  to  a  sight  parameter  of 

/ 

(5.37)  a  =  l - . 

2d  cos  a 

This  dilemma  of  having  two  separate  a-values 
may  be  resolved  in  practice  by  taking  a  weighted 
average  of  the  two  expressions  in  (5.34)  and 


2d  \ 

- sin  a  cos  a  ]  9^  . 

f  J 

Hence,  we  conclude  that  by  proper  choice  of 
/,  d,  a,  an  average  sight  parameter,  a,  may  be 
chosen.  The  theoretical  implications  and  at-  j 
tendant  advantages  upon  introducing  a  sight 
parameter  have  already  been  discussed  in  the 
preceding  chapter. 

The  function  of  the  reticle  disks  is  the  de¬ 
termination  of  present  range,  r,  to  the  target 
and,  mechanically,  since  the  time  of  flight 
multiplier  u  is  dependent  upon  r,  they  serve  to 
effect  the  relationship  (5.31) .  One  of  these  disks 
is  fixed,  and  is  perforated  with  a  central  hole 
(whose  image  at  G  on  the  viewing  glass  is  the 
pip)  and  six  radial  slits  (figure  84) .  The  second 
disk,  rotatable  with  respect  to  the  first  by 
operating  a  pair  of  foot  pedals  or  a  throttle 
hand  grip,  has  a  central  hole  and  six  spiral  slits 
(figure  85). 
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Figure  84.  —  Reticle  and  Stadiametric  Ranging 
Disk  —  Radial  Slits 


The  only  light  passing  through  the  reticle 
(and  hence  imaged  on  the  viewing  glass)  will 
be  that  through  the  hole  and  the  six  diamond¬ 
shaped  openings  where  the  radial  and  spiral 
slits  overlap.  The  resulting  projection  on  the 
viewing  glass  is  shown  in  figure  86.  As  the  one 
disk  rotates,  the  six  diamonds  approach  or 
recede  from  the  pip.  Initially,  the  gunner  pre¬ 
sets  the  correct  target  span  for  the  enemy  plane 


0 


0 

Figure  86.  —  Stadiametric  Ranging 

by  twisting  the  spiral  disk  to  agree  with  the 
known  wingspan  of  his  target,  thereby  giving 
him  a  reference  size  around  which  he  can  expand 
and  contract  the  ranging  diamonds.  Range  is 
then  determined  automatically  as  the  unknown 
part  of  a  simple  proportion  arising  from  two 
similar  triangles.  Thus,  in  figure  87,  if  B  repre¬ 
sents  the  operator’s  eye  which  is  essentially 
distant  /  units  from  the  actual  reticle,  then  if 
MP  is  the  known  wingspan,  the  range  ?’  out  to 
the  target  is  determined  from  the  proportion 
r  MP 

(5.41)  —  = - ,  where  HK  is  the  diameter 

/  HK 

of  the  reticle  diamond  image. 
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It  should  be  noted  that  in  this  proportion  the 
distance  /  is  actually  independent  of  the  distance 
of  the  operator’s  eye  from  the  viewing  glass 
since,  as  has  been  mentioned  previously,  the 
reticle  image  has  been  focused  at  infinity. 

Range,  determined  by  the  method  above,  is 
said  to  be  obtained  stadiametrically. 

5.6  Free,  Constrained,  and  Captured  Gyros 

and  Their  Uses 

A  gyroscope  mounted  as  in  figui’e  75  and 
subject  to  no  external  torques  is  said  to  be  free. 
The  snin  axis  is  free  to  assume  ^ny  direction 
in  space  and,  once  set  spinning,  will  maintain 
that  direction  regardless  of  any  motion  of  the 
system  in  which  it  is  mounted.  Besides  serving 
as  the  basis  of  the  navigational  gyro-compass, 
free  gyroscopes  find  ready  application,  in  air¬ 
craft  fire  control  systems,  as  attitude  indicators. 
Thus  in  high  level  bombing,  the  free  gyro  with 
its  axis  set  spinning  in  the  vertical,  is  used  by 
the  bombsight  as  a  physical  reference  line  from 
which  to  measure  the  dropping  angle.  The  bomb- 
sight  also  may  employ  a  gyro  with  axis  hori¬ 
zontal  in  order  to  provide  a  direction  from  which 
to  measure  the  drift  angle.  The  dive  or  glide 
angle  of  an  unbanked  aircraft  can  be  measured 
with  a  free  gyro,  using  the  gimbal  arrangement 
of  figure  75,  as  the  angle  between  the  spin  axis 
(set  into  the  true  vertical)  and  the  plane  of  the 
two  outer  gimbal  rings,  assuming  the  bearings 
locked  at  C  and  D.  A  rearrangement  of  the 
Cardan  suspension  can  be  employed  similarly 
to  determine  the  angle  of  bank. 

Theoretically,  at  least,  a  free  gyro  may  be 
used  in  a  lead  computing  sight  instead  of  a 
processing  gyro,  with  the  gyro,  gun,  and  sight 
lines  coupled  as  in  figure  79,  providing  that  the 
coupling  parameter  “a”  be  varied  properly  with 
the  time.  Thus  in  figure  79  we  have,  upon  dif¬ 
ferentiating  the  coupling  equation 

r]  —  (T  ~  (1{y  —  cr) 

with  respect  to  the  time, 

(5.42)  7]  —  (r  (I  (y  —  a)  -j-  ft(y  —  ct)  . 
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Now  if  the  gyro  is  free,  r/  =  O  and  (5.42)  may 
be  simpified  to  the  form 

(5.43)  -|-  (iAk  “  —  O' . 

If  now  a  be  varied  so  as  to  yield  values  equal 

to - ,  where  u  is  the  time  of  flight  multiplier, 

u 

there  is  obtained  the  familiar  lead  computing 
sight  equation 

—  a  ZfAfc  -f  Ai:  =  M  O'  . 

Perhaps  the  most  popular  application  of  gyro¬ 
scopes  in  aircraft  fire  control  instruments  is 
that  of  measuring  the  angular  rate  of  a  continu¬ 
ously  varying  direction  in  space.  The  direction 
may  be  a  physical  line  like  the  gun-bore  axis, 
telescope  axis,  or  longitudinal  axis  of  the  air¬ 
craft,  or  it  may  be  an  artificial  "computing  line” 
related  analytically  to  these  by  some  sort  of 
linkage.  Rate  gyros  currently  in  use  are  of  two 
main  types: 

(A)  The  constrained  or  “deflecting”  type 
wherein  the  torque  due  to  the  imposed 
angular  rate  is  opposed  or  constrained 
by  a  spring-like  force  so  that  the  de¬ 
flection  of  the  gyro  is  proportional  to 
the  rate  being  measured  and  is  used 
as  a  measure  thereof. 

(B)  The  captured  type  of  rate  gyro  w’here- 
in  the  deflection  of  the  gyro  is  opposed 
by  a  torque  which  always  keeps  the 
gyi'o  from  deflecting  more  than  a 
small  amount  and  where  the  torque 
required  to  thus  “captux’e”  the  gyro 
is  used  as  a  measure  of  the  angular 
rate. 

An  example  of  type  A  was  taken  up  in  section 
5.4,  wherein  the  spring-like  'foi'ce  arose  out  of 
the  interaction  of  the  eddy  currents  in  the 
dome  with  the  magnetic  field  between  the  pole 
faces. 


Chapter  6 


BOMBING 


6.1  Introduction 

The  methods  of  bombing  from  airplanes  con¬ 
sidered  in  this  chapter  may  be  listed  as  follows: 

(A)  Horizontal  high-level  bombing 

(B)  Horizontal  low-level  bombing 

(C)  Dive  bombing 

(D)  Toss  bombing. 

In  level  bombing,  the  aircraft  flies,  during 
its  bombing  run,  a  horizontal  straight  line.  Low- 
level  bombing  is  restricted  in  general  to  alti¬ 
tudes  below  5000  feet,  a  region  in  which  the  air 
resistance  operating  on  the  bomb  during  its  fall 
is  negligible  by  comparison  with  that  obtaining 
at  much  higher  altitudes.  High-level  bombing 
then  refers  to  an  altitude  range  extending  from 
5000  feet  up  to  the  ceiling  of  the  aircraft. 

The  methods  of  dive  and  toss  bombing  are 
most  simply  explained  by  referring  to  figures 
88  and  89.  In  dive  bombing,  figure  88,  the  air¬ 
craft  is  directed  at  a  point  A  beyond  the  target 
T,  so  that  when  the  bomb  is  released  at  point  R 
it  will  not  fall  short  due  to  gravity.  Hence,  at 
release,  the  sight  line  to  the  target  and  the  line 
of  flight  are  at  an  angle  to  each  other.  In  toss 


Figure  88.  —  D/Ve  Bombing 


bombing,  on  the  other  hand,  the  aircraft  dives 
directly  at  the  target  along  the  “collision 
course”  DT,  pulls  out  of  the  dive  at  point  B  and 
releases  the  bomb  at  a  suitable  point  R  along 
the  pull-out  curve  BRE. 

It  will  be  the  aim  of  this  chapter  to  investi¬ 
gate  mathematically  the  determination  of  the 
correct  release  points  in  terms  of  suitable  input 
variables  for  each  of  the  four  bombing  methods. 

A.  HIGH-LEVEL  BOlvIBING 

6.2  Vacuum  Trajectory 

To  initiate  the  study  of  the  action  of  a  bomb 
in  the  air,  we  start  from  a  situation  with  which 
we  are  all  familiar :  the  motion  of  a  freely  fall¬ 
ing  body  in  a  vacuum.  Referring  to  figure  90, 
suppose  that  the  bomber  traverses  the  line  from 
O  to  O'  with  constant  speed  V  knots  during  an 
interval  of  if  seconds,  releasing  a  bomb  at  0 
which  is  H  feet  above  the  target  at  T.  Since 
no  air  resistance  is  presumed  to  be  acting,  the 
horizontal  component  of  the  bomb’s  velocity 
also  will  be  V  at  all  points  of  its  trajectory,  and 
hence,  during  its  fall  the  bomb  will  remain  ver- 


Figure  89.  —  Glide  Bombing 
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◄ -  Vtf  - ► 


0  o' 


Figure  90.  —  Vacuum  Trajectory  —  Bomb 


tically  below  the  aircraft.  The  space  path  of  the 
bomb  is  the  parabolic  arc  OBT  while  its  path 
relative  to  the  bombardier  is  simply  a  vertical 
straight  line. 

If  at  any  instant  t,  the  space  coordinates  of 
the  bomb  B,-  are  X  and  Z  (see  figure  90) ,  then 
the  differential  equations  defining  the  bomb 
trajectory  are 

(6.1)  X  =  V,  Z  =  g  -  S2.2it/sec.-. 
Integrating  (6.1)  with  the  initial  conditions 
t  =  0,  X  —  Z  —  0,  Z  =  0,  we  find 

(6.2)  X  =  Vt,  Z  =  \gt-. 

The  rectangular  equation  of  the  parabolic  path 
is  then 

(iX^ 

Z  = -  . 

27* 


At  time  t=:tt,  if  the  point  0  is  coiTectly  placed, 
the  bomber  is  directly  above  the  target  at  O' 
and  a  hit  has  been  scored  at  T.  The  vacuum 
range  R  is  then  equal  to  Vtf  and  the  range  angle 
f,  which  is  the  angle  at  the  time  of  release 
between  the  true  vertical  and  the  line  of  sight 
to  the  target,  is  given  by 

/  Vtf\ 

(6.3)  =  tan  ’ ( - j. 


From  (6.2), 


9 

- tr, 

2 


so  that  (6.3)  may  be  written  free  of  tf  as 


(6.4)  y  =  tan-'  ^  7 
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To  hit  a  target,  then,  when  flying  straight  and 
level  at  a  predetermined  altitude  and  speed,  it  is 
only  necessary,  assuming  air  resistance  on  the 
bomb  during  its  fall  to  be  negligible,  to  fly  in 
the  invariant  vertical  plane  containing  the 
target  and  to  drop  the  bomb  as  soon  as  the 
target  appears  at  an  angle  y  from  the  vertical, 
given  by  (6.4).  For  an  aircraft  flying  at  10,000 
feet  above  the  target  and  at  a  speed  of  350 
knots,  the  time  of  fall  tf  would  be  25  sec.,  the 
range  14,625  feet,  and  the  range  angle  y  would 
amount  to  55°38'. 

6.3  Air  Trajectory  Under  No  Wind 

Let  us  now  remove  the  vacuum  restriction, 
which  is  a  poor  first  approximation  at  any  but 
the  lowest  altitudes,  and  see  what  the  effects  of 
air  resistance  are  upon  the  bomb.  We  shall 


assume  in  this  section  that  there  is  no  motion 
of  the  air  with  respect  to  the  ground,  i.e.,  no 
wind  conditions  prevailing. 

Put  qualitatively,  air  resistance  has  the  fol¬ 
lowing  important  effects: 

(a)  It  decreases  the  vertical  velocity  of 
the  bomb  at  any  instant,  thereby  in¬ 
creasing  the  time  of  fall,  tf. 

(b)  It  diminishes  the  horizontal  velocity 
of  the  bomb  at  any  instant,  thus  caus¬ 
ing  the  bomb  to  trail  behind  the  verti¬ 
cal  line  from  the  bomber. 

These  effects  vary  with 

(a)  The  shape,  weight,  and  size  of  the 
bomb, 

(b)  The  altitude  (and  hence  the  air  den¬ 
sity) 

(c)  The  airspeed  of  the  bomber. 


0  o' 
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Figure  91  illustrates  the  change  of  the  position 
of  a  bomb  which  is  dropped  in  still  air  from 
that  of  a  bomb  dropped  in  a  vacuum,  if  the 
bombs  were  observed  at  the  same  instant  of 
time.  Thus,  two  bombs  released  at  the  same 
instant  at  point  0,  the  one  falling  in  still  air,  the 
other  in  a  vacuum,  will  describe  the  trajectories 
OBaT  and  OB,.D,  respectively,  in  the  same  time 
tf.  When  the  “air  bomb”  is  at  Ba,  the  “vacuum 
bomb”  will  be  at  B,.;  when  the  “air  bomb” 
strikes  the  target  at  T,  the  “vacuum  bomb”  will 
be  at  D.  The  bomb  falling  in  air  will  describe, 
relative  to  the  aircraft,  the  curved  path  O'T 
while  that  falling  in  vacuo  is  describing  the 
straight  line  O'D.  At  time  t,  then,  B„  will  lag 
Bi-  by  BuE  =  rit)  horizontally  and  by  EBv  = 
h{t)  vertically,  the  functional  notations  being 
used  to  indicate  dependence  on  time.  The  quan¬ 
tity  r{t)  is  called  the  TRAIL  and  is  denoted 
at  the  target  by  the  letter  r.  Thus, 

r{t,)  =  r. 

It  should  be  noted  that  the  trail  r  is  not  equal 
to  TK.  The  quantity  TK  is  known  as  the  ground 
lag.  Actually,  r  =  TK  +  KN,  which  says  that 
trail  r  is  equal  to  the  ground  lag  plus  the  dis¬ 
tance  that  the  aircraft  travels  during  the  time 
lag.  The  time  lag  here  is  the  fractional  part  of 
t;  which  it  takes  the  bomb  on  the  vacuum  tra¬ 
jectory  to  traverse  the  arc  KD. 

In  figure  91  there  is  indicated  the  set  of  forces 
acting  on  the  bomb  Ba :  the  weight  of  the  bomb 
W  and  the  air  resistance  F,  assumed  tangent 
to  the  trajectory  and  directed  opposite  to  the 
motion  of  the  bomb.  In  the  absence  of  yaw  and 
other  secondary  effects,  these  then  will  be  the 
only  forces  acting.  The  resistance  function  F 
depends  upon  the  weight  of  the  bomb,  its  shape 
and  size,  the  air  density  p„,  and  the  velocity  v 
of  the  bomb  with  respect  to  the  air  mass.  As 
explained  in  chapter  1  the  first  two  of  these  are 
incorporated  into  a  single  quantity  C,  called  the 
ballistic  coefficient.  The  force  F  can  then  be 
written 

(6.5)  F  =  —f(v) 

C 

'where  / (v)  is  a  function  of  velocity  only.  The 
air  density  [>,„  in  terms  of  the  coordinate  system 
of  figure  91,  is 


(6.6)  Pa  = 

The  quantity  p„  then  represents  the  density  at 
the  point  of  fall  T.  For  the  standard  air  struc¬ 
ture  considered  here,  see  section  1.7,  a.ssuming 
the  target  to  be  at  sea  level, 

Po  -  .07513  Ib./fb' ,  K  =  .0000316  ft.->  . 

It  will  be  noticed  from  (6.5)  that  F  diminishes 
as  C  increases  and  hence,  that  the  larger  the 
ballistic  coefficient  the  more  efficient  will  be  the 
bomb. 

With  6  defined  as  in  figure  91,  we  find,  upon 
taking  components  of  the  forces  F  and  W  upon 
the  horizontal  and  vertical,  that  the  equations 
of  motion  for  the  bomb  are, 

(6.7)  mX  = - fiv)  sin  6 

C 


Pa 

(6.8)  mZ  =  mg - f(v)  cos  d 

C 

(6.9)  X  =  Zt&r\e 

(6.10)  V  =  X  CSC  9  =  Z  sec  9  , 

with  the  initial  conditions 


(6.11)  t  =  0,  X-0,  Z  =  0,  9  = - , 

2 

v=zV,  Z  =  0 


wherein  V  is  the  true  airspeed  of  the  bombing 
plane.  Equations  (6.7)  and  (6.8)  reduce  to  (6.1) 
when  C  =  CO,  that  is,  for  a  vacuum  trajectory. 

An  interesting  interpretation  of  the  ballistic 
coefficient  C,  in  terms  of  the  terminal  velocity 
Vt  of  a  bomb  falling  vertically,  can  be  made 
using  (6.7)  and  (6.8).  Here  we  should  have 
0  =  0,  and,  at  the  instant  the  bomb  strikes  the 
ground,  v  =  v,,  p,,  =  p„,  Z  —  0;  hence 


(6.12)  C  =  —  f(v,). 

9 

Thus,  from  a  knowledge  of  the  terminal  velocity 
Vt,  the  ballistic  coefficient  can  be  computed  as 
soon  as  the  form  of  the  function  f{v)  has  been 
assigned. 


126 


BOMBING 


Integration  of  equations  (6.7)  thru  (6.10) 
also  will  depend  upon  the  retardation  function 
f(v).  Considerable  experimental  research  has 
gone  into  the  determination  of  suitable  forms 
for  this  function,  the  choice  of  form  being 
guided  by  the  accuracy  with  which  experimen¬ 
tally  determined  trail  values  can  be  approxi¬ 
mated.  In  particular,  the  form 

(6.13)  f{v)r=kv- 

where  k  is  an  empirical  constant,  leads  not  only 
to  trail  values  of  the  proper  order  but  also,  as 
the  interested  reader  may  verify,  renders  the 
equations  (6.7)  to  (6.10)  solvable  by  quadrature 
when  Pa  is  held  constant. 

The  amount  of  trail  is  a  function  of  the  indi¬ 
cated  airspeed  of  the  bomb,  or  plane,  at  the 
time  of  release.  It  is,  in  addition,  dependent 
upon  the  altitude  of  release  and,  of  course,  the 
ballistic  coefficient  C  of  the  bomb.  Trail  and  time 
of  fall  (tf)  values  for  each  type  of  bomb  are 
determined  during  the  calibration  of  the  bomb 
at  the  Proving  Ground  and  are  set  forth  in 
tabular  form,  trail  being  given  in  angular 
measure  (mils).  The  latter  measure,  sometimes 
referred  to  as  the  bombing  mil,  is  an  angular 
measure  that  should  not  be  confused  with  the 
Navy  mil,  the  Army  mil,  or  the  mathematical 
mil.  A  Navy  mil  is  a  definite  angle  and  is  equal 
to  the  tan-'  .001 ;  or  3.438  minutes  of  arc.  An 
Army  mil  is  1/6400  of  a  circle;  or  3.375  minutes 
of  arc  (tarv'  .000982).  A  mathematical  mil  is 


Figure  92.  —  The  Bombing  Mil 


1/1000  of  a  radian,  which  is  the  angle  subtended 
by  an  arc  whose  length  is  equal  to  the  radius 
of  the  circle. 

Angles  with  equal  bombing  mil  values  sub¬ 
tend  the  same  distance  on  the  base  line,  but 
ai'e  not  equal  in  angular  measure,  growing 
smaller  as  they  depart  from  the  vertical  as 
indicated  in  figure  92.  The  value  of  an  angle  in 
bombing  mils  may  be  found  by  dividing  the 
distance  on  the  ground  by  1/1000  of  the  alti¬ 
tude;  and  this  is  its  interpretation  in  bombing 
practice. 

In  comparing  bombing  scores,  an  air  bomber 
whose  average  error  from  10,000  feet  is  100 
feet  should  be  considered  as  good  a  bomber  as 
one  whose  average  error  from  5,000  feet  is  50 
feet  because  in  each  case  the  average  error  is 
10  mils.  The  bombing  mil  system  expresses 
distances  on  the  ground  in  terms  of  altitude, 
therefore,  statements  concerning  distances  on 
the  ground  must  be  qualified  by  a  statement  of 
the  bombing  altitude. 

From  figure  91,  it  is  evident  that  the  range 
jR  of  the  bomb  dropped  in  air  is  obtained  by 
subtracting  the  linear  trail  value  TN  from  the 
vacuum  range  AN.  Since  AN  =  Vtf  (target 
assumed  stationary),  we  have 

(6.14)  R=Vt,-  r 

and  the  range  angle  is  then  given  by 
Vtf  -  r 

(6.15)  f  =  tarn' -  . 

H 

For  a  bomber  flying  at  H  =  10,000  feet  at  an 
indicated  airspeed  of  300  knots  ( V  =:  350  knots 
true  airspeed),  the  bomb  ballistic  tables  show, 
for  a  bomb  of  ballistic  coefficient  C  =  2,  that 
tf  =  26.01  secs,  (an  increase  of  1.01  secs,  over 
the  vacuum  value),  trail  r  =  189  mils  (=  1890 
feet  in  linear  units),  so  that  equations  (6.14) 
and  (6.15)  yield  i?  =  12,735  feet,  ?  ==  51°52'. 
These  figures  show  quite  plainly  that  air  resis¬ 
tance  can  by  no  means  be  neglected  for  pre¬ 
cision  bombing. 


127 


NAVORD  REPORT  1493  MATHEMATICAL  THEORY  OF  AIRBORNE  FC 


6.4  Drift  and  Target  Motion 

The  discussion  up  to  this  point  has  been  based 
strictly  on  the  conditions  of  still  air  and  a 
stationary  target.  Let  us  for  the  present  remove 
the  first  of  these  restrictions  and  consider  the 
problem  of  hitting  a  stationary  target.  Later  in 
this  section  we  shall  see  how  target  motion  can 
be  accounted  for.  Since  we  are  here  assuming 
a  standard  air  structure,  the  wind  will  be  con¬ 
sidered  as  moving  horizontally  only,  with  con¬ 
stant  speed  and  direction  at  all  points  of  the 
bomb  trajectory.  Thus,  we  shall  have  no  vertical 
component  of  wind  to'  contend  with. 

In  the  plan  view  of  figure  93,  the  horizontal 
plane  through  the  bomber  A  is  projected  upon 
the  horizontal  plane  through  the  target  T.  Line 
AD  gives  the  direction  in  which  the  aircraft  is 
being  steered,  namely  the  plane’s  heading.  The 
vector  V  is  then  the  velocity  of  the  bomber 
with  respect  to  the  air.  The  wind  vector  W, 
representing  the  velocity  of  the  air  with  respect 
to  the  ground,  combines  with  V  to  give  ,  the 
velocity  of  the  bomber  with  respect  to  the 
ground.  Thus, 

V  4-  W  Ve  , 

wherein  the  line  of  action  of  the  vector  X  is 
called  the  bomber’s  track,  represented  by  line 
AA'.  The  angle  Z  A' AD  =  9,  formed  by  the 
heading  and  the  track,  is  called  the  drift  angle. 
We  use  the  notation  ¥  here  to  denote  the 
ground  speed  of  the  bomber  rather  than  the 


notation  Vg  because  the  former,  which  we  shall 
call  the  closing  speed,  includes  the  case  of  a 
moving  target,  even  though,  in  the  present 
instance,  the  target  is  considered  to  be  station¬ 
ary.  The  closing  velocity,  Vc ,  is  defined  in  gen¬ 
eral  by 

(6.16)  Ve=V  +  W-V^. 

where  is  the  velocity  of  the  target.  From 
this  we  see  that  if  there  is  no  wind  or  target 
motion,  then  =V  and  the  closing  speed  is 
then  the  same  as  the  true  airspeed  of  the 
bomber.  If  there  is  a  tail  wind,  If  becomes  true 
airspeed  plus  wind  velocity;  while  in  a  head 
wind,  X  becomes  true  airspeed  minus  wind 
velocity.  When  the  target  is  moving,  that  part 
or  component  of  the  motion  which  is  in  the  same 
direction  as  the  airplane’s  heading  gives  the 
same  effect  as  if  there  were  a  head  wind  of 
the  same  force  as  the  range  component  of  the 
target’s  speed.  A  target  moving  toward  the 
plane  gives  the  same  effect  as  a  tail  wind  since 
it  increases  X  . 

There  are  three  important  points  to  be  noted 
in  figure  93.  First  of  all,  the  direction  of  the 
trail  r:  the  trail  always  lies  in  the  vertical  plane 
through  the  longitudinal  axis  of  the  aircraft,  is 
measured  from  the  vertical  to  the  rear  of  the 
aircraft’s  heading,  and  is  independent  of  the 
wind.  Secondly,  it  will  be  noted  that  because  of 
this  fact  tha  bomber,  to  secure  a  hit,  must  fly 
so  that  its  track  will  pass  to  one  side  of  the 
target  by  the  amount  P'T  =  r  sin  9.  This  quan- 
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tity,  r  sin  6,  is  called  the  cross  trail.  Thirdly,  as 
figure  93  shows,  the  bomb  will  strike,  unless  a 
special  correction  is  made,  not  at  the  target  T 
but  at  a  slight  distance  forward  at  B.  To  account 
for  this,  it  must  be  remembered  that  r  depends 
on  C  (ballistic  coefficient),  V;  (indicated  air¬ 
speed  of  bomber  at  release),  and  H  (altitude 
above  target)  but  is  independent  of  W  and 
hence  of  6.  Thus,  only  when  6  is  zero,  namely 
for  flight  in  still  air,  upwind  or  downwind  along 
00'  will  the  bomb  strike  at  T.  Hence,  to  secure 
a  hit  at  T,  the  bomb  should  be  released  when 
the  aircraft  is  a  distance  TB  =  r  (1  —  cos  0) 
back  from  A  along  the  track.  The  expression 
?•  (1  —  cos  6)  is  called  the  range  component  of 
cross  trail.  It  is  usually  very  small,  being  ob¬ 
scured  by  other  bombing  errors,  and  for  this 
reason  is  sometimes  omitted  from  consideration 
in  constructing  bomb  sights. 

So  far,  we  have  considered  the  target  to  be 
stationary.  In  order  to  take  target  motion  into 
account  we  may  resolve  the  target  velocity 


into  components  along  and  perpendicular  to  the 
plane’s  heading.  Then,  that  component  of  the 
target’s  motion  along  the  plane’s  heading  gives 
the  same  effect  as  a  head  wind  or  a  tail  wind 
depending  upon  whether  its  direction  is  the 
same  as  that  of  V  or  —  V.  Similarly,  the  com¬ 
ponent  of  the  target’s  motion  across  the  plane’s 
heading  may  be  considered  as  a  cross  wind  and 
absorbed  in  the  solution  for  the  drift  angle  9  by 
combining  it  with  the  wind  vector  W.  Hence, 
the  effect  of  target  motion  is  merely  to  change 
the  values  of  V  and  W  and  then  to  regard  the 
target  stationary  as  before.  The  range  angle  v, 
whose  accurate  determination  is  the  crux  of  the 
whole  bombing  problem,  is  thus  obtained  from 

Vet,  —  r 

(6.17)  <p  =  tan-' -  . 

H 

The  final  diagram  for  high-level  bombing, 
depicting  the  situation  in  three  dimensions,  is 
shown  in  figure  94.  The  actual  trajectory  of 
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the  bomb  is  shown  with  impact  point  at  B,  so 
that,  as  in  figure  93,  the  range  component  of 
cross-trail  is  the  distance  TB.  In  still  air,  the 
track  of  the  plane  would  be  the  line  00'  but 
under  wind  conditions  the  track  becomes  AA'. 
A  bomb  dropped  in  a  vacuum  at  point  0  would 
strike  at  D  at  the  same  instant  that  the  actual 
bomb  strikes  at  B.  It  should  be  noted  finally 
that  in  the  figure  the  actual  trail  is  the  distance 
EB  and  that  this  distance  also  is  equal  to  EF. 

6.5  Mechanization 

As  formula  (6.17)  indicates,  the  correct 
range  or  dropping  angle  <f  is  a  function  of  the 
trail,  altitude  above  the  target,  time  of  flight 
of  the  bomb,  and  the  closing  speed,  Y-  .  Prelim¬ 
inary  to  this,  there  is  the  problem  of  establish¬ 
ing  the  proper  track,  parallel  to  a  collision 
cour.se  with  the  target  and  distant  from  it  an 
amount  equal  to  the  cross-trail,  r  sin  6.  A  bomb- 
sight  computer  for  determining  t  will  then  have 
as  inputs:  H,  (/,  and  Y  .  The  trail,  r,  is  ob¬ 
tained  from  trail  tables,  wherein  it  is  given  as 
a  function  of  altitude,  airspeed,  and  bomb  bal¬ 
listic  coefficient,  and  can  thus  be  set  in  by  the 
bombardier.  The  altitude  input  is  available  from 
an  altimeter  while  time  of  flight  is  tabulated 
as  a  function  of  altitude.  Closing  speed  Y  is 
obtained  by  tracking  the  target  with  a  telescope, 
keeping  the  horizontal  (range)  cross  wire  con¬ 
tinuously  on  the  target.  Modern  bombsights 
have  the  telescope  mechanically  stabilized  with 
vertical  and  horizontal  gyros  so  that  physical 
reference  lines  are  available  from  which  to 
measure  the  range  and  drift  angles.  The  drift 
angle  6  can  be  obtained  by  having  the  bomb- 
sight  always  point  directly  at  the  target.  Then 
the  angle  between  the  longitudinal  axis  of  the 
aircraft  and  the  direction  in  which  the  sight  is 
pointing  will  be  the  drift  angle  providing  that 
the  heading  of  the  plane  is  correct  for  the  wind 
conditions  prevailing.  The  bombardier  estab¬ 
lishes  the  angle  of  drift  by  positioning  the  tele¬ 
scope  cross  wires  so  that  the  target  moves  along 
the  vertical  cross  wire.  If  the  plane’s  heading  is 
slightly  off,  the  target  will  drift  off  the  wire. 
By  means  of  an  instrument  called  the  Pilot 
Direction  Indicator,  the  pilot  of  the  aircraft  is 
afforded  a  continuous  indication  of  the  direction 


in  which  the  target  drifts  off  the  vertical  wire 
and  can  then  direct  his  plane  accordingly.  Fin¬ 
ally,  the  matter  of  cross  trail  is  settled  easily 
by  tilting  the  telescope  transversely  through  a 
small  angle  sufficient  to  intercept  the  correct 
amount  of  cross  trail  on  the  ground. 

B.  LOW-LEVEL  BOMBING 

6.6  Impracticability  in  Range  Angle  Aiming 
at  Low  Altitudes 

A  bombsight,  designed  to  operate  at  altitudes 
below  5000  feet,  requires  extre.me  accuracy  in 
measurement  of  the  input  variables  when  the 
range  angle  method,  outlined  in  Part  A  of  this 
chapter,  is  used  as  a  criterion  for  bomb  release. 
This  is  especially  pronounced  when  the  altitude 
falls  below  1000  feet,  as  it  does  in  the  case  of 
depth-charging  of  submarines  from  low-flying 
aircraft.  At  such  low  altitudes  the  trail  term,  r, 
of  equation  (6.17)  is  negligible  by  comparison 
and  the  range  angle,  <r>,  is  given  quite  accurately 
by  the  “vacuum  expression” 

(6.18)  = 

The  very  form  of  (6.18)  shows  the  close  de¬ 
pendence  of  the  range  angle  upon  altitude  and 
closing  speed.  Hence,  unless  the  altitude  and 
closing  speed  can  be  held  very  closely  to  pre¬ 
assigned  values,  errors  in  these  quantities'  will 
produce  large  range  errors  on  the  ground.  Thus, 
a  !*/('  error  in  altitude  measurement  at  H  =  400 
feet  will  result  in  a  range  error  of  approximate¬ 
ly  9  feet,  being  assumed  equal  to  350  feet 
per  second  and  without  error.  Similarly,  a  1% 
error  in  closing  speed  at  =  350  feet  per 
second  and  H  =  400  feet  gives  a  range  error  of 
18  feet. 

To  overcome  the  above  difficulties,  recourse 
is  had  to  measurement  of  the  angular  rate,  f, 
instead  of  <?>,  as  a  criterion  for  bomb  release. 
The  mathematical  expression  for  <?>,  derived  in 
the  ne;’;t  section,  shows  it  to  be  relatively  inde¬ 
pendent  of  the  altitude  for  small  values  of  the 
altitude,  a  quality  which  serves  as  a  sound  basis 
for  a  low-altitude  bombsight. 
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6.7  The  Angular  Rate  Principle 


Therefore, 


During  the  early  stages  of  a  low-lcvcl  ap¬ 
proach,  when  the  target  is  at  a  considerable 
distance  from  the  aircraft,  the  angle  of  depres¬ 
sion  of  the  target  ‘{90°  —  <p)  changes  very  slowly 
so  that  the  angular  velocity  of  the  target  at  the 
observer’s  eye  is  low.  As  the  aircraft  nears  the 
target,  the  angular  velocity  increases,  finally 
becoming  a  maximum  as  the  aircraft  passes 
vertically  over  the  target.  At  some  stage  the 
target  was  in  an  appropriate  position  for  a  bomb 
to  be  released,  and  at  that  point  it  had  an  angu¬ 
lar  velocity  that  could  be  calculated  in  terms  of 
the  height  and  ground  speed  of  the  aircraft.  If 
this  calculated  angular  velocity  is  set  up  on  an 
appropriate  bombsight  in  such  a  manner  that  we 
can  detect  when  the  target  has  an  equal  angular 
velocity,  then  we  have  an  indication  as  to  the 
instant,  during  the  tracking  run,  when  a  bomb 
should  be  released  to  strike  the  target.  We  now 
derive  an  expression  for  the  calculated  angular 
rate,  7>. 

From  figure  95  we  note  that 
X 

(6.19)  tan  <p  =  — . 

H 

Differentiating  with  respect  to  the  time,  we 
find,  since  H  —  0, 

HX  HV, 

(p  sec-  <p  = - = -  . 


HV,  HV, 
{Hsecf)-^  ~  + 

At  the  proper  release  time, 


X  =  Yt,  =  V, 


whence, 

HV, 

9  =  - 

2HX- 

- 

9 


With  a  little  manipulating,  this  may  be  written 
finally  as 


(6.20) 


9/2 


If  = 


¥ 


Thus,  (6.20)  furnishes,  at  the  correct  moment 
of  bomb  release,  the  angular  velocity  of  the 
target  in  terms  of  the  height  and  closing  speed. 
It  will  be  noted  that  for  small  values  of  H  the 

9H 

term - is  small,  thereby  accounting  for  the 

2¥  == 

relative  insensitivity  of  <p  to  changes  in  altitude. 
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In  actual  practice,  the  time  of  free  fall  tf  used 
above  must  be  corrected  for  bomb  trail,  lag  of 
the  bomb  rack  in  making  its  release,  and  also 
for  horizontal  and  vertical  parallax  introduced 
by  the  physical  separation  of  bombsight  and 
bomb. 

6.8  Mechanization 

An  early  mechanization  of  the  angular  rate 
principle  involved  a  rotating,  internally  illumi¬ 
nated  drum  upon  which  was  cut  a  fine  pitch 
spiral.  A  portion  of  the  drum,  when  viewed 
through  an  optical  system,  revealed  to  the 
bombardier  a  set  of  horizontal  illuminated  lines 
moving  downwards  at  a  uniform  velocity.  The 
drum  was  driven  about  a  vertical  axis  by  a 
constant  speed  motor  through  a  variable  speed 
gear  which  allowed  for  variation  in  the  rate  of 
rotation  of  the  drum.  The  variable  speed  gear 
in  turn  was  connected  by  a  flexible  drive  to  a 
computer  whose  inputs  were  ground  speed  and 
altitude.  Proper  functioning  of  the  computer 
then  produced  a  drum  rotation  rate  such  that 
the  illuminated  horizontal  lines  moved  at  an 
angular  rate  equal  to  that  of  the  target  at  the 
correct  moment  of  bomb  release. 

When  the  target  first  appeared  to  the  bom¬ 
bardier,  on  the  upper  end  of  the  illuminated 
“ladder”,  it  was  moving  downward  more  slowly 
than  the  horizontal  lines  which  appeared  to  be 
overtaking  the  target.  The  difference  in  rates 
of  the  target  and  the  lines  became  less  and  less, 
until  at  one  instant  the  target  and  lines  ap¬ 
peared  stationary  together.  This  was  the  correct 
moment  of  bomb  release.  After  this  instant,  the 
target  had  a  greater  angular  velocity  than  the 
lines,  and  appeared  to  overtake  them. 

More  modern  mechanizations  of  the  angular 
rate  principle  employ  a  gyroscope  to  measure 
the  angular  rate  of  the  target.  Such  sights  are 
rotatable  about  horizontal  and  vertical  axes  so 
that  the  bombardier,  after  first  aligning  the 
sight  properly  in  azimuth,  tracks  the  target  by 
rotating  the  sight  vertically  at  such  a  rate  as 
to  keep  an  illuminated  reticle  on  the  target. 
Rotation  of  the  sight  precesses  the  gyroscope 
whose  precession  in  turn  is  opposed  by  a  spring. 
The  tension  of  the  spring  is  preadjusted  for  the 
bombing  course  to  be  run.  It  is  set  so  that  it 
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will  balance  the  torque  of  the  gyroscope  when 
the  gyroscope  is  precessed  at  the  angular  rate 
that  is  critical  for  that  course.  One  of  the  prin¬ 
cipal  advantages  of  the  modern  angular  rate 
bombsight  is  that  it  removes  the  undesirable 
feature  in  the  early  mechanizations  of  having 
the  pilot  judge  when  zero  relative  rate  between 
the  moving  lines  and  the  target  is  achieved. 
Indeed,  any  successful  mechanization  which  re¬ 
moves  the  personal  element  is  bound  to  improve 
the  accuracy  of  the  sight  in  question. 

C.  DIVE  OR  GLIDE  BOMBING 
6.9  Introduction 

The  situation  obtaining  in  dive  or  glide  bomb¬ 
ing  under  conditions  of  no  wind  is  represented 
pictorially  in  figure  96.  At  the  point  of  bomb 
release,  the  flight  line  OA  is  offset  from  the 
sight  line  to  the  target  OT  by  the  angle 
AOT  ~  X. 

This  angle  intercepts  on  the  ground  a  dis¬ 
tance  L,  called  the  linear  aiming  allowance.  In 
terms  of  the  sighting  angle  v  and  the  dive  or 
glide  angle  6  we  have,  where  X  is  the  range  DT, 

H 

(6.21)  A  =  90°  —  <p  —  $  =  arctan - &  . 

Z 

The  aiming  allowance  L  is  found  from 

(6.22)  L  =  Hcotd-X. 

In  the  vacuum  case,  the  range  DS  may  be  found 
by  eliminating  tf,  the  vacuum  time  of  flight, 
between  the  familiar  relations 

(6.23)  H  =  Igtr  -f  7  sin  0  t;,  DS=ztfV  cos  9  , 

where  V  represents  the  true  airspeed  of  the 
airplane.  Thus  it  is  found  that 


(6.24)  DS  = 


V  cos  9 


g 


^  iV  sin  9)^-  +  ^9H  -  V  sin  9 


and, 


BOMBING 


RELEASE 

POINT 


0^  HORIZONTAL 


(6.25)  tj  (vacuum)  == 

■^(V  sin  0)-  +  2gH  —  7  sin  0 

9 

Hence,  neglecting  air  resistance,  the  angular 
aiming  allowance  A  is,  from  (6.21), 

(6.26)  A  (vacuum)  = 


6.10  Angular  Rate  of  Sight  Line 
(Vacuum  Case) 

From  figure  96  and  the  relationship 

Z 

(6.27)  tan  (p  = - , 

H 

we  find,  upon  differentiating  with  respect  to 
the  time, 


cot  —  ‘ 


rv  cos  e 
gH 


y  (7  sin  e)^-\-2gh  -7sin0 


HX-XH 


f  seC"  f  = 


■  e. 


H- 


By  way  of  illustration  we  find  that  for  7  =::  300 
knots,  H  =  4000  feet,  0  =  40° : 

DS  •—  3345  feet,  tf  (vac.)  =  8.62  secs., 


Solving  for  <p  and  using  (6.27)  we  find 
r  HX  -  XH 


<p  =  COS'  <f 


A  (vac.)  =  10° 6' . 

Upon  consulting  a  ballistics  table  for  dive  bomb¬ 
ing,  we  find  that  when  air  resistance  is  taken 
into  account,  the  range  DT  is  3299  feet,  tf  be¬ 
comes  8.91  secs.,  and  A  is  increased  to  10°29'. 
The  ground  lag  TS  here  is  thus  46  feet. 


=  cos^  f 


~  X  —  H  tan  <p 
H 


or 


(6.28)  p  = 


cos  ip 

H 


X  cos  <p  —  H  sin 
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If  we  consider  the  origin  of  coordinates  to  be 
at  the  target,  then 

X  =  —  V  cos  d  —  —  Vx 
and 

H  =  —  V  sin  6  =  —  Vj, . 

Equation  (6.28)  then  becomes 

sin  (p  —  y.Y  cos  . 


cos  <p 

(6.29)  v.  = - 

H 


Let  us  now  rewrite  (6.29)  in  the  form 

sin  ip  cos  (p 
9  = - 

H 

and  combine  it  with  the  “hitting  criterion” 


V,i  —  Vx  cot  ip 


H  H 

cot  ip  =  - = - 

Vxt,  DS 


to  get 


.  sin  2  <p 

(6.30)  f=:  - 

2H 


H  ' 

tf  ~ 


From  (6.23)  we  find 
H 

- =  +  ^9'tf , 

if 

which,  combined  with  (6.30) ,  yields 


S 

(6.31)  ip  = - tfsin2ip. 

AH 


Employing  (6.25)  we  may  write,  finally, 


6.1 1  Mechanization,  using  Angular  Rate 

Formula  (6.32)  suggests  a  possible  mechani¬ 
zation  for  a  dive  bombsight.  If  a  mechanical 
computer,  with  inputs  <p,  H,  Vu,  and  operating 
in  accord  with  (6.32),  is  used  to  drive  a  tele¬ 
scope  at  the  rate  v  given  by  (6.32)  then  con¬ 
ceivably  a  pilot  could  so  fly  his  plane  that  the 
target  when  viewed  through  the  telescope  would 
show  no  motion  with  respect  to  its  cross-wires. 
At  the  instant  of  synchronization  of  target  and 
cross-wires,  the  bomb  would  be  released.  The 
input  <p  would  be  obtained  from  the  telescope’s 
position  in  a  vertical  plane  relative  to  the  spin 
axis  of  a  vertical  gyro  while  H  and  Vh  would  be 
obtained  from  an  altimeter  and  its  differential 
output. 

During  the  recent  war,  a  sight  was  con¬ 
structed  to  operate  on  the  above  principle  but, 
after  numerous  flight  tests,  was  finally  rejected 
for  several  reasons.  Firstly,  it  was  found  too 
difficult  for  the  pilot  to  maneuver  his  plane  in 
the  diving  attitude  so  as  to  achieve  synchroni¬ 
zation.  Actually,  the  pilot  had  to  fly  a  curved 
path  through  space  and  at  the  same  time  try 
to  recognize  a  condition  of  no  drift  between  the 
cross-wires  and  the  target.  Secondly,  when  once 
in  a  dive,  the  pilot  found  it  almost  impossible 
to  make  a  deflection  drift  correction  since  there 
is  no  way  to  make  an  airplane  move  sideways  in 
space.  The  fact  that  range  and  deflection  drift 
change  continuously  creates  a  problem  virtually 
impossible  for  the  dive  bombing  pilot  to  solve. 

The  difficulties  just  cited  could  be  made  less 
prominent  perhaps  by  a  new  mechanization  pro¬ 
cedure  but  could  hardly  be  avoided  altogether, 
since  they  are  inherent  in  the  dive  bombing 
method.  The  method  of  toss  bombing,  consid¬ 
ered  in  section  (6.13),  eliminates  these  diffi¬ 
culties  for  the  pilot  by  permitting  him  to  dive 
straight  at  the  target. 


-V„  • 

We  note  from  (6.32)  that  the  angular  rate  of 
the  sight  line,  v>,  is  a  function  of  H,  V and 
<p  only. 


6.12  Correction  of  Angular  Rate  for  Trail 

Since  bombing  does  not  take  place  in  a 
vacuum,  account  must  be  taken  of  the  effects  of 
air  resistance  upon  range.  Referring  to  figure 
96  we  note  that  the  actual  range  X  is  DT  = 
DS  —  TS,  where,  because  of  the  relatively  low 
altitude  for  release  H,  the  ground  lag  TS  may 


.  sin  2  ip 

(6.32)  f  = - 

AH 
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be  replaced  by  the  trail  r,  both  being  small.  We 
have,  then, 

(6.33)  X  ~  Vxt;  -  r 


BOMBING 


(6.34)  cot  f 


Using  (6.34)  in 


Vxtf  —  r 


{V „  —  Vx  cot  (f)  , 


we  obtain  at  release  time 


sin  2  p  rVx(Vj>tf  -H)  ~  rV, 
2H  [  Vxtf  -  r 


or,  upon  rearrangement. 


sin  2  19  r  V,,tf  —  H  rVn 


(6.36)  y= - ‘t/ sin  2  9?  • 

m 


Since  cot  <p  = - ,  we  can  put  (6.36)  in  the 

Vxtf 

form 


g  r  rdoiif 

(6.37)  ^  = - •  tf  sin  2  y  1  -| - 

L  igtf^ 


Comparing  (6.37)  with  (6.31)  we  note  that  the 
quantity  in  the  brackets  in  (6.37)  is  the  neces¬ 
sary  correction  factor  to  the  vacuum  rate  given 
by  (6.31).  Thus, 

(6.38)  '  —  -T  rcot^-l 


^air  ^vacuum  1  + 


Igtr 


D.  TOSS  BOMBING 


V „tf  —  H  —  —  ^gtf"^ , 

and  using  it  in  (6.35),  we  obtain 


6.13  Basic  Release  Conditions  for  a 
Stationary  Target 

In  toss  bombing,  the  airplane  is  flown  initially 
along  a  collision  course,  a  straight  line  path 
containing  the  target.  If  the  bomb  were  released 
enroute,  gravity  would  cause  it  to  fall  short.  To 
overcome  the  latter,  the  pilot  pulls  out  of  his 
straight-line  dive  and  releases  the  bomb  at  a 
precalculated  point  along  this  pull-out  curve. 
The  essential  geometric  features  of  the  problem 
are  indicated  in  figure  97. 

The  straight-line  dive  at  the  target  T,  here 
considered  to  be  stationary,  is  begun  at  a  point 
above  N,  pull-out  takes  place  at  0  along  the 
curve  OP.  If  the  point  P  is  calculated  properly 
and  release  of  the  bomb  occurs  when  this  point 
is  reached,  the  bomb  trajectory  will  intersect 
the  target.  In  the  theoretical  development  to 
follow,  we  assume  the  final  velocity  of  the  air¬ 
craft  in  the  dive  to  be  reached  at  the  point  N 
and  that  this  final  velocity,  which  we  shall 
denote  by  V,  remains  constant  along  the  timing 
run  NO  and  the  pull-up  arc  OP.  Knowledge  of 
the  time  it  takes  the  aircraft  to  cover  the  dis¬ 
tance  NO  is  used  in  determining  the  closing 
tc,  i.e.,  the  time  it  would  take  the  aircraft 
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to  fly  into  the  target  along  the  collision  course 
or.  The  quantity  tr,  in  turn,  is  needed  for  com¬ 
puting  the  position  of  the  release  point  P. 

Since  the  speed  V  is  constant,  the  point  0  can 
be  determined  by  requiring  the  time  for  the 
aircraft  to  cover  NO  to  be  a  fixed  fraction  /, 
(/  <  1),  of  the  closing  time,  tc.  If  we  denote  the 
altitudes  of  the  points  N  and  0  by  and  h-z, 
then  from  similar  triangles  it  is  apparent  that 

hi  — 1^2  ^jVo 

- = - =  f, 

lU  tc 

wherein  tv,,  is  the  time  for  the  aircraft  to  cover 
the  timing  run  distance,  NO.  From  this  it  fol¬ 
lows  that  the  point  0  corresponds  to  an  altitude 
hn,  where 

1 

(6.39)  /lo  nr  -  hi  . 

1  +  / 


The  relationship  (6.39)  can  be  effected  by  use 
of  a  suitably  arranged  altimeter.  The  quantity 
tc  is  then  1/f  of  the  time  taken  for  hi  to  drop 
to  1/(1  +  /)  of  its  original  value. 

As  a  solution  to  the  toss  bombing  problem, 
we  seek  a  formula,  in  terms  of  basic  inputs,  for 
the  pull-up  time  tr,  that  is,  the  time  to  fly  along 
the  pull-up  arc  from  the  initial  pull-up  point  0 
to  the  bomb  release  point  P.  We  shall  assume  a 
stationary  target  and  neglect  air  resistance. 

We  note  first  that  the  airplane  has  an  accel¬ 
eration  arising  from  the  curvature  of  the  pull- 
up  path  and  that  this  acceleration  is  normal  to 
the  direction  of  motion  at  any  instant  since 
the  tangential  component  of  the  acceleration 
vanishes  in  accord  with  our  assumption  of  con¬ 
stant  speed  along  the  pull-up  path.  If  we  denote 
this  acceleration,  measured  in  gees,  by  jn,  and 
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the  corresponding  radius  of  curvature  of  the 
pull-up  path  by  R,  then  iig  —  V-/R.  Let  a  set  of 
coordinate  axes  xOy  be  chosen  with  origin  at  0 
and  with  the  positive  a:-axis  passing  through 
the  target.  If  now  t  is  the  time  taken  for  the 
aircraft  to  fly  a  distance  s  along  the  arc  OP, 
and  6  is  the  angle  through  which  the  tangent 
to  the  path  has  turned  during  this  time,  then, 

ds  nQ  yg 

(6.40)  de  = - = - ds  = - dt . 

R  v^-  y 

Consequently,  at  any  time  during  the  pull-up 
period,  the  angle  8  will  be  given  by  the  integral 

t 

9  f 

(6.41)  8  = -  /  -^dt,  t<tr, 

V  J 
0 

where  time  is  measured  from  the  point  0. 

The  total  pull-up  angle  is  then 

tr 

9  f 

(6.42)  8r  = -  /  ixdt . 

J 

0 

If  now  we  introduce  the  average  normal  acceler¬ 
ation  /7  computed  over  the  time  interval 
0  <  t  <  tr,  that  is. 


tr 


0 


equation  (6.42)  can  be  rewritten 

(6.43)  8r  = - tr. 

V 

A  standard  aircraft  accelerometer  mounted 
in  an  airplane  shows  at  each  instant  during 
pull-up  the  number  K  of  gees  present  at  that 
instant  and  acting  normal  to  the  direction  of 
motion.  If  S  is  the  dive  angle,  then  approxi¬ 
mately, 

(6.44)  i^ig  =  {K  —  cos  8)  g  . 

This  relation  is  sufflciently  accurate  to  be  useful 
for  small  pull-up  angles.  It  is  exact  at  the  be¬ 
ginning  of  pull-up  since  in  the  dive,  K  =  cos  8 
and  ij.  =  0. 


If  X  and  y  are  the  coordinates  of  the  bomb  at 
any  time,  t,  always  measured  from  the  begin¬ 
ning  of  pull-up,  then  the  components  of  velocity 
on  the  coordinate  axes  at  any  instant  during 
pull-up  are, 

(6.45)  X  =  V  cos  8,  y  =  V  sin  8  . 


Hence, 

(6.46) 


t 


t 


cos  8  dt,y  =  V  /  sin  8  dt 


Eliminating  dt  from  (6.46)  by  using  (6.40), 
we  obtain  ^ 

V'^  f  cos  8 

(6.47)  -  / - d8, 

9  J  y 

0 


f  sin  8 

y  — - /  - d8 . 

9  9  y 
0 

By  placing  t  =  trin  these  relations,  expressions 
are  obtained  for  Xr,  Vr,  yr,  where  Xr  and  ijr  are 
the  coordinates  of  the  release  point  P. 

After  the  bomb  has  been  released,  the  impor¬ 
tant  force  acting  on  it  is  gravity.  Hence,  for 
this  phase  of  the  motion,  the  components  of 
velocity  and  the  coordinates  are 

(X  =  Xr  +  9{t  —  tr)  sin  8  , 
y  =  yr  —  9{t  —  tr)  cos  8  , 

lx  =  Xr  -j-  Xr{t  —  tr)-}-  i9  {t  —  t,)  ^  Sin  8  , 

\y  =  yr  +  yr{t—  tr)—  l9{t—tr)^  COS  8  . 

In  order  to  secure  a  hit,  x  must  equal  Vtc 
when  y  =  0,  since  the  coordinates  of  the  target 
are  (VL,  0) .  Let  this  occur  when  t  =  U,  so  that, 
from  equations  (6.48), 

Vtr=^Xr->rXr{t,,—  tr) 

+  i9ith—  tr)~  sin  8  , 

0  =  yr  -f  Vrith  —  tr) 

—  i9(U  —  tr)  -  cos  8  . 

On  replacing  x,,  y,,  a:,,  y,  by  their  values  from 
equations  (6.46)  and  (6.47),  the  following  basic 
equations  are  obtained. 


(6.49) 


137 


NAVORD  REPORT  1493  MATHEMATICAL  THEORY  OF  AIRBORNE  FC 


(6.50) 


r  cos  6 

n,  = - / - dd 

9  J  M 

0 

+7(4— 'ir)cos0;+4flr  (4  —  4)  -  sin  S 

6r 

T-’  r  sin  e 
0  = - / - de 

9  J  M 

0 

+7(4— 4)sin0r— if7(4  —  4)+os  8 . 


Equations  (6.50)  form  the  basis  for  a  toss 
bomb  computer  since  a  formula  for  4  may  be 
obtained  from  them  by  eliminating  the  param¬ 
eter  4-  The  formula  will  be  a  function  of  the 
input  parameters  4i  7,  Br,  and  8.  The  value  for 
4  is  obtained  during  the  timing  run,  8  is  given 
by  a  dive  angle  indicator,  and  6r  is  determined 
in  terms  of  pull-up  acceleration.  When  values 
for  these  parameters  are  fed  into  the  computer, 
the  release  time  is  automatically  com.puted. 

Instead  of  eliminating  only  4  from  equations 
(6.50),  it  is  easier  to  eliminate  4  —  4,  to  solve 
the  resulting  equation  for  Or,  and  to  then  find 
the  release  time  4  from  (6.43).  Solving  the 
second  of  equations  (6.50)  for  4  —  4  we  find. 


(6.51)  4-4  = 


g  cos  S' 


-  sin  Or 


f  sin  0 

sin^  +  2  cos  8  / - do 

J  IL 


Substituting  the  right  member  of  (6.51)  into 
the  first  of  equations  (6.50)  gives, 

gtc  cos  8  cos  Or  +  sin  8  sin  Or 

(6.52)  - = - - . 

7  cos^  8 


j  sin  0 

sin  Or  +'\  I  sin^  Or  +  2  cos  8  / - dO 

0  ^ 

Or  Or 

f  COS  0  f  sin  0 

+  /  - do  +  tan  8  /  -  dO 

J  ■  J  IJ- 

0  0 


In  equation  (6.51)  the  positive  sign  is  used 
before  the  radical  since  a  negative  sign  would 
make  4  less  than  4- 

Equation  (6.52)  contains  the  desired  quan¬ 
tity  Or  in  a  rather  complicated  way,  one  from 
which  an  exact  explicit  solution  is  not  easily 
obtained.  Nevertheless,  this  equation  is  basic 
to  further  discussion  insofar  as  a  practical  solu¬ 
tion  of  the  toss  bombing  problem  is  concerned. 
We  shall,  in  the  next  paragraph,  solve  equation 
(6.52)  for  Or  by  making  suitable  approxima¬ 
tions. 

6.14  An  Approximate  Solution  tor  the 
Release  Time 

As  a  first  step  in  obtaining  an  approximate 
solution  of  the  basic  equation  (6.52)  we  replace 
IX  in  the  integrals  by  the  average  normal  accel¬ 
eration,  fT.  Approximate  values  for  the  integrals 
can  then  be  found.  The  resulting  form  of  the 
relation  is 


(6.53) 


gtc  cos  8  cos  +  sin  8  sin 


cos^  8 


sin  Or  -j-  -X  sin-  0,.  +  2  cos  8  ■ 


1  —  cos  Or 


1  1  —  cos  Or 

-| - sin  Or  H - tan  8  . 


On  the  assumption  that  pull-up  angles  will 
be  small,  we  next  replace  the  trigonometric 
functions  sin  Or  and  cos  Or  by  Or  and  1  —  -i 
respectively.  The  resulting  equation  in  Or  then 
has  the  form 


gtc  r  (1  —  ii9r=)  cos  8  +  sin  8 

(6.54)  - =  Or  - 

7  cos^  8 


1  +  "v  |1  +  COS  8  -| - Or  -\ - Or^  tan  8  . 

\  jX  J  JU,  .  2/x 


Equation  (6.54)  is  a  cubic  polynominal  in  Or. 
However,  since  the  solution  sought  is  expected 
to  be  valid  only  for  small  pull-up  angles,  we  may 
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ignore  the  term  of  degree  3  in  9r,  at  least  if  bomb.  From  equation  (6.44)  it  follows  that 
cos 8  is  not  too  small.  This  then  gives  the  follow-  cos  8,  so  that  equation  (6.58)  can  be 

ing  quadratic  in  9  r.  expressed  in  the  form 


(6.55)  (1-f  2<t)  0,=  tan8-f-2(l-f  (t)  61, 


where 


<7 


2gtc  II 

- =  0, 

7 


|x+^j  cos  8) 


cos  8 


The  corresponding  equation  for  tr,  obtained  by 
using  relation  (6.43),  is 


1  +  2o- 

(6.56)  - gij.t,.- tan  8-^  (,l-{-or)tr  —  tc  =  0. 

2V 

Equation  (6.56)  has  a  positive  and  a  negative 
solution.  The  positive  solution,  which  applies 
here,  is 


(6.57)  tr  = 


I  l-|-2cr 

2tc 

l  +  cr  +  .l 

|(1-|-(7)^-}-2 - giitctanS 

\ 

V 

This  may  be  rewritten  in  the  form 

tc  cos  S 

(6.58)  tr  = - -  -■  - 

7  +  cos  8  -I-  -y'  'jliji  -f  cos  8) 

2 


1  -f-  Vl  +  2/3 

where 

"  1  -1-  2<r 

/3=  - 

_(1  +  <t)^ 

gtc  sin  8 

V  ju,  -|-  cos  8 

Let  K  designate  the  time  average  of  K  from 
the  beginning  of  pull-up  until  the  release  of  the 


g  i^tc 

- tan  8 

V 


tc  cos  8 

(6.59)  tr  =  — - - - - • 

X-f  -^K(K-cosS) 

2 

1+  ^1  +  2/3 

wherein  /S  can  be  rewritten  now  as 

gtc  sin  8  K  —  cos  8 

(6.60)  /3  = - • - ^ — . 

V  K 

As  the  final  form  for  the  expression  for  the 
release  time  L,  we  rewrite  (6.59)  as 


tc  4' 

(6.61)  tr  =  - -  J-  - 

K-h 


where  the  function  <j/  is  given  by 

A  -f  V  -K”  2  cos  8 

(6.62)  = - - - - . 

K  -f  \KiK  -  cos  6)  1  -f-  Vl  -f  2j8 

The  particular  property  of  the  ip  function  which 
makes  it  useful  in  this  connection  is  that, 
although  it  is  a  function  of  the  three  variables 
K,  8,  and  tc/V,  it  is  chiefly  a  function  of  8,  show¬ 
ing  but  little  variation  with  K  and  tc/V  over  the 
ranges  of  values  of  K  and  tc/V  which  occur  in 
toss  bombing.  Values  of  the  ij/  function  are  tabu¬ 
lated  for  appropriate  ranges  of  these  variables 
in  table  6.1  (Units  used  in  this  table  are  feet 
and  seconds,  with  g  taken  as  32.2). 

Since  ^  reduces  to  unity  when  8  =  0,  and 
since  shows  relatively  little  change  when  K 
and  tc/V  are  varied,  equation  (6.61)  shows  that 
tp  can  be  regarded  as  a  factor  whose  purpose  is 
to  reduce  the  pull-up  time  from  that  for  hori¬ 
zontal  bombing  to  the  cox'rect  value  for  bombing 
from  a  dive. 
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Table  6.1 

Values  of  the  ij/  Function 


1.000 

1.000 

1.000 

0.925 

0.909 

0.893 

0.836 

0.811 

0.788 

0.734 

0.705 

0.680 

0.621 

0.593 

0.568 

0.501 

0.475 

0.454 

0.376 

0.356 

0.338 

0.250 

0.235 

0.223 

0.124 

0.116 

0.110 

0.000 

0.000 

0.000 
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Figure  98.  —  Air  and  Vacuum  Trajectories 

dinates  of  the  tai-get  are  ii,  and  tj/,  at  time  t  z=  tu, 
elimination  of  the  quantity  U  —  t,.  from  equa¬ 
tions  (6.64)  yields  the  relation 

Wr  g 

(6.65)  Tjh  = - h  -h - hr  . 

Ur  2Ur^ 

The  corresponding  relation  for  the  air  trajec¬ 
tory  PST'  will  now  be  obtained.  If  u  =  k  and 
w  =  7),  then  the  velocity  of  the  bomb  in  its  path 

is  V  = ti-  v'^ .  The  retarding  acceleration,  a, 
due  to  the  air,  is  assumed  to  be  representable 
in  the  form 

(6.66)  a-Bv\ 


where  B  is  constant  along  the  trajectory.  The 
components  of  the  acceleration  in  the  |  and  t? 
directions  are  then, 

(6.67)  a,  =  Buv,  a  =  Bxov  . 

?  -n 

From  equation  (6.67)  the  equations  of  motion 
of  the  bomb  are 

(6.68)  ii  =  —  Buv,  XV  =  g  —  Bwv  . 


6.15  Air  Resistance  in  Toss  Bombing 

6.15.1  The  Trajectory  Equations  in  Air 

In  studying  the  effects  of  air  resistance  on 
the  bomb  trajectory  it  is  best  to  employ  a  coor¬ 
dinate  system  consisting  of  horizontal  and  verti¬ 
cal  axes  ^  and  rj  with  origin  at  the  point  of 
release  as  indicated  in  figure  98.  In  this  figure, 
the  curve  PT  is  a  vacuum  trajectory  through 
the  target  at  T,  PST'  an  air  trajectory  with  the 
same  release  conditions,  and  P'T  an  air  trajec¬ 
tory  from  a  release  point  determined  so  that  the 
bomb  will  hit  the  target.  The  percentage  in¬ 
crease  in  fe  required  to  obtain  the  trajectory 
P'T  is 

Afc  VAtc  TS 

(6.63)  - ^ = - . 

tc  Vt,  OT 

The  equations  of  the  vacuum  trajectory,  using 
Tj  coordinates,  are 

(  ^=Ur{t  —  tr) 

(6.64) 

I  7]  =  Writ  —  tr)  +igit~  tr)\ 

where  Ur  and  W r  are  the  horizontal  and  vertical 
components  of  velocity  at  release.  If  the  coor¬ 
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Let  If  be  the  angle  between  a  tangent  at  any 
point  on  the  trajectory  and  the  horizontal,  so 
that 


(6.69)  tan  f  = 


(6.73) 


In  1  -f 


BUr(t-tr) 


g  (t—tr) 
2BUrSec'f 


Equations  (6.68)  can  now  be  integrated  ap¬ 
proximately  under  the  simplifying  assumption 
that  the  total  change  in  direction  along  the 
trajectory  is  small.  Thus,  if  we  denote  the  mean 
value  of  f  over  the  arc  PT'  by  7.  the  constant  B 


Wr-  gcos-<f/{2BUr) 


BUr  sec^ 


In  1  4- 


BUr  it  -  tr) 


can  be  conveniently  replaced  by  B - ,  so 

cos  If 

that  equations  (6.68)  then  become 


(6.70)  u—  —  Bu-  sec  <f,tu  =  g  —  Bmv  sec  ip  . 


The  elimination  of  the  quantity  t—tr  be¬ 
tween  these  equations  yields  the  equation  of  the 
air  trajectory  PT'  in  the  form 


Wr  firf 

(6.74)  =  —  - 

Ur  2Ur^ 


Integrating  the  first  of  these  equations  and  where 
simplifying,  we  obtain 


[l  +  e(|)]  , 


(6.71)  u  = 


1  4-  BUr  it  —  tr)  sec' 


Using  this  result  in  the  second  of  equations 
(6.70)  gives 


IV  =  g 


BUrW  sec 


1  BUr  it  —  tr)  sec  If 


whose  solution  is 


(6.75)  s(|)=-l- 


COS^  If  _ 

-j - ,2B^  sec  If 

2^2  |2(.e  —  i)  . 

By  taking  the  first  four  terms  in  the  expansion 

of  ’’  and  dropping  the  rest,  an  approxi¬ 

mate  formula  for  e  (^)  is  found  to  be 


(6.76)  Ed)  =  2  secy. 


Wr  +  [git  —  tr)  +WUrit—  tr)-g  sec  f] 

(6.72)  ^ - 

1  4-  BUrit  —  tr)  sec  y 

Equations  (6.71)  and  (6.72)  give  the  com¬ 
ponents  of  velocity  in  terms  of  time  measured 
from  the  beginning  of  pull-up  and  the  conditions 
at  release.  Further  integration  gives  the  coor¬ 
dinates  ^  and  7]  of  the  bomb  after  release  in  the 
form 


Since  equation  (6.74)  differs  from  equation 
(6.65)  only  in  the  term  e  (^),  this  term  is  then 
the  desired  term  that  accounts  for  air  resistance. 

6.15.2  The  Ground  Error 

The  distance  T'T,  which  is  the  error  on  the 
ground  due  to  air  resistance  acting  on  the  bomb, 
can  now  be  evaluated.  We  shall  denote  this  error 
by  A  ^/,.  (It  will  be  recalled  that  the  coordinates 
of  the  target  T  are  (|;„  t],,)  in  the  tj  system  of 
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coordinates.)  The  coordinates  of  the  point  T' 
are  then  ($i,  —  sii,,  ip,).  If  these  are  substituted 
into  equation  (6.74)  and  use  of  relation  (6.65) 
be  then  made,  the  result  is 

WrHh  g 

(6. /7)  0  — - 1 - [ —  2f;,  Af;, 

Ur  2  [7/ 

“b  +  (l/i  —  A  t;,)  ■  r  (^;,  —  A  f/,)  ]  . 

Since  the  unknown  A  is  obviously  much 
smaller  than  h„  the  term  A  can  be  neglected 
in  comparison  with  the  term  —  2^,,  A  Simi¬ 
larly,  upon  employing  relation  (6.76)  with 
i  =  ill  —  ih 

we  can  replace  the  term 
{ill  —  ill) '  £  {ih  —  in) 

by 

n  B  a,''  —  3  ^;,-A  I;,)  sec  <p. 

Thus  equation  (6.77)  can  be  rewritten  as 

W,Aih  g 

0  ■= - 1 - [  —  2|;,  Aik 

Ur  2Ur^ 

+  fiBiik^  —  3|;,-  A  ^;i)  sec  yj]  , 
whose  solution  for  A  i,,  is 


Bgiii'  sec  ip 

(6.78)  A.?;,  = - —  . 

3  ( UrWr  -f  oil,  -f  Bgiir  sec  p) 

In  using  the  formula  (6.78)  it  is  sufficiently 
accurate  to  replace  y  by  S.  The  quantities  U ,, 
IF,,  and  i,,  can  be  computed  from  the  formulas 

Ur  =  V  cos  (8  —  0r)  , 

IF,  =  y  sin  (5  -  0r)  , 

=  Vt,.  cos  8  —  X,  cos  8  —  Vr  sin  8  . 

Formula  (6.78)  can  now  be  used  in  calculating 
the  percf  ntage  correction  A  t,/tr  of  t,-  necessary 
to  secure  a  hit.  Upon  adjusting  the  toss  bomb 
computer  to  account  for  this  correction,  the 
bomb  will  then  be  released  at  point  P'  (see 
figure  98)  and  its  trajectory  will  pass  through 
the  target.  Although  we  shall  not  justify  the 
statement  here,  it  can  be  shown  that  the  per¬ 
centage  correction  cited  is  given  approximately 

Vtc 

by  k - ,  where  k  is  an  empirically  determined 

C 

constant  and  C  is  the  ballistic  coefficient  of  the 
bomb. 
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7.1  Introduction 

The  problem  of  how  to  aim  and  fire  rockets 
from  aircraft  is  considerably  more  complicated 
than  that  of  aiming  and  firing  bullets.  The  com¬ 
plications  stem  mainly  from  the  ballistics  of 
the  rockets  and  the  method  of  launching  air¬ 
borne  rockets.  The  two  are  not  mutually  exclu¬ 
sive  since  the  trajectory  of  the  rocket  depends 
upon  the  manner  in  which  it  is  launched  as  well 
as  upon  other  considerations.  A  complete  dis¬ 
cussion  of  the  theory  of  motion  of  a  rocket  is 
beyond  the  scope  of  this  book.  For  such  a  dis¬ 
cussion  the  reader  is  referred  to  Reference  18 
of  the  bibliography  in  the  back  of  this  book.  We 
shall  concern  ourselves  only  with  a  qualitative 
discussion  of  how  rocket  trajectories  are  ob¬ 
tained  and  the  corresponding  sighting  problem. 
Furthermore,  we  shall  be  mainly  concerned  with 
air-to-ground  firing  of  rockets.  Air-to-air  com¬ 
bat  using  rockets  will  be  briefly  mentioned  at 
the  close  of  this  chapter. 

7.2  Methods  of  Launching  Airborne  Rockets 

The  motion  of  a  rocket  can  be  divided  into 
three  distinct  periods :  the  launching  period,  the 
period  of  burning  after  launching,  and  the  period 
of  motion  after  burning  is  over.  During  the 
launching  period,  the  rocket  is  under  the  influ¬ 
ence  of  the  aircraft  which  is  carrying  it.  During 
the  burning  period,  the  rocket  is  subjected  to 
the  forces  of  gravity,  jet  forces,  and  aerody¬ 
namic  forces.  After  the  rocket  fuel  is  consumed, 
the  rocket  moves  under  the  gravity  and  aero¬ 
dynamic  forces  only  and  its  behavior  is  then 
similar  to  that  of  a  bomb. 

Most  rockets  are  fin-stabilized  in  the  same 
manner  as  bombs.  The  trajectory  of  such  rockets 
differs  from  that  of  bullets  in  three  respects: 
(1)  rockets  are  slower;  (2)  rockets  tend  to 
follow  the  direction  of  flight  of  the  aircraft 
while  bullets  travel  in  the  direction  of  aim  of 
the  gun;  and,  (3)  the  rocket  trajectory  has  an 
appreciable  curvature.  These  three  character¬ 


istics  have  considerable  influence  upon  the  aim¬ 
ing  problem.  Since  we  have  a  longer  time  of 
flight,  greater  allowance  for  target  speed  and 
wind  must  be  made  and,  in  addition,  the  greater 
curvature  of  the  trajectory  means  larger  grav¬ 
ity  drop  allov/ance. 

Since  the  rocket  tends  to  follow  the  direction 
of  flight  of  the  aircraft,  its  trajectory  is  highly 
dependent  upon  the  manner  in  which  it  is 
launched.  Thus  the  launching  device,  the 
method  of  stabilization  (whether  fin  or  spin- 
stabilized),  and  the  attitude  of  the  aircraft  at 
the  instant  of  launching,  all  contribute  to  the 
aiming  problem.  Since  spin-stabilized  rockets 
are  still  very  much  in  the  experimental  stage 
we  shall  limit  our  discussion  to  fin-stabilized 
rockets. 

There  are  four  methods  in  common  use  for 
launching  airborne  rockets :  (1)  retro-launching, 
(2)  fixed  launching,  (3)  Dynamic  controlled- 
displacement  launching,  and  (4)  drop  launching. 
Let  us  consider  each  of  these  in  order. 

In  retro-launching,  the  rocket  is  fired  to  the 
rear  of  the  launching  aircraft.  This  method  of 
launching  is  very  effective  in  anti-submarine 
warfare. 

Fixed  launching  applies  to  rockets  fired  while 
held  in  fixed  positions  and  in  orientation  relative 
to  the  launching  aircraft.  Thus  the  term  in¬ 
cludes:  (a)  post  launching,  in  which  the  rocket 
is  held  in  position  by  lugs  and  is  free  of  the 
aircraft  after  moving  a  very  short  distance; 
(b)  rail  or  tube  launching,  in  which  the  rocket 
is  guided  for  the  first  several  feet  of  travel; 
and  (c)  fixed  displacement  launching,  whei'eby 
the  rocket  is  lowered  into  a  fixed  position  below 
the  aircraft  before  it  is  ignited. 

Dynamic  controlled-dis'placement  launching  is 
the  term  applied  to  the  method  of  launching  in 
which  the  rocket  is  dropped  before  ignition,  but 
is  guided  by  a  yoke  which  holds  the  rocket  in 
fixed  orientation  relative  to  the  airplane  until 
ignition  occurs.  This  method  of  launching  has 
been  abandoned  in  favor  of  drop  launching. 
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Drop  launching  is  the  term  applied  to  the 
method  of  launching  in  which  the  rocket  is 
dropped  completely  free  of  the  aircraft  and  is 
ignited  by  a  delay  firing  device  after  it  reaches 
a  safe  distance  below  the  airplane. 

7.3  Coordinate  System 

Before  we  consider  the  trajectory  of  the 
rocket,  let  us  focus  our  attention  upon  the  coor¬ 
dinate  system  which  will  be  used  to  describe  the 
trajectory.  The  action  will  be  considered  to  take 
place  in  the  vertical  plane  and  any  horizontal 
corrections  will  be  superimposed.  Figure  100 
shows  the  orientation  of 'the  lines  and  angles. 
Let  us  further  define 

(7.1)  F.L.  =  Flight  line,  the  direction  of 
motion  of  the  aircraft; 

L.L.=  Launcher  line,  attitude  of 
launchers ; 

E.L.L.  =  Effective  launcher  line,  line  of 
departure  of  rocket ; 

S.L.  =.  Sight  line,  line  from  ownship 
to  target; 

B.S.D.L.  =  Boresight  datum  line  —  a  ref¬ 
erence  line  fixed  in  the  air¬ 
plane  ; 


Z.L.L.  =  Zero  lift  line;  a  reference  lift 
line  fixed  in  the  airplane ; 

a  =  Angle  of  attack,  angle  from 
the  B.S.D.L.  to  the  F.L. ; 

ao  =  Angle  from  the  B.S.D.L.  to 
the  Z.L.L.; 

8  =  Dive  angle,  angle  from  hori¬ 
zontal  reference  line  to  F.L. ; 

0-  =  Angle  from  the  horizontal  to 
the  sight  line; 

X  —  Angle  from  the  sight  line  to 
the  flight  line; 

A  =  Lead  angle,  angle  from  the 
sight  line  to  the  B.S.D.L.; 

y  =  Angle  from  the  horizontal  to 
the  B.S.D.L.; 

fa  =  Angle  from  boresight  datum 
line  to  E.L.L. ; 

r  =  Present  range. 

The  clockwise  direction  is  taken  to  be  positive. 

Note  that  the  launcher  line  may  be  offset 
from  the  boresight  datum  line  by  a  fixed  angle. 
Since  both  lines  are  fixed  in  the  airplane,  this 
angle  is  constant  and  is  measurable.  The  angle 
fa  is  actually  the  angle  that  the  rocket  turns 


146 


ROCKETRY 


in  the  direction  of  the  flight  line  from  the 
launcher  line  and  thus  it  should  actually  be 
defined  from  the  launcher  line.  However,  to 
simplify  the  derivation  which  will  appear  later, 
we  shall  assume  that  the  boresight  datum  line 
and  launcher  line  coincide.  In  any  airplane 
where  this  is  not  the  case,  the  constant  offset 
angle  can  easily  be  accounted  for  as  is  made 
amply  clear  in  rocket  sighting  tables. 

7.4  Qualitative  Discussion  of  Trajectories 

The  motion  of  a  rocket  can  be  defined  by 
Newton’s  laws  and  the  differential  equations 
involved  can  be  derived.  However,  these  equa¬ 
tions  are  quite  complex  and  their  derivation 
would  consume  considerable  space  as  can  easily 
be  seen  by  referring  to  Reference  18.  in  the 
Bibliography.  For  the  purpose  of  this  book,  let 
it  suffice  to  say  that  under  justifiable  assumption 
of  the  aerodynamic  forces  and  with  experimen¬ 
tally  determined  values  of  the  necessary  para- 
m.eters,  the  equations  of  motion  can  be  solved 
and  the  pertinent  data  of  the  trajectory  can  be 
tabulated.  We  shall,  therefore,  discuss  only  the 
qualitative  characteristics  of  the  trajectories 
and  their  application  to  the  sighting  problem. 


We  begin  the  discussion  by  considering  the 
trajectories  of  fixed-launched'rockets.  Since  the 
rocket  is  already  moving  through  the  air  mass 
with  the  speed  of  the  aircraft,  the  air  acts  on 
the  fins,  turning  it  into  the  wind  as  soon  as  it 
leaves  the  launcher.  Angular  momentum  carries 
it  beyond  the  direction  of  the  wind  and,  conse¬ 
quently,  its  direction  oscillates  about  the  direc¬ 
tion  of  its  vector  velocity.  This  oscillation  dies 
out,  leaving  a  well  defined  initial  direction  for 
the  rocket  trajectory  which  we  shall  refer  to  as 
the  effective  launcher  line.  Thus  the  initial 
direction  of  the  path  is  along  this  imaginary 
line  whose  direction  is  a  certain  fraction  /  of 
the  way  from  the  launcher  line  to  the  flight 
direction.  The  quantity  /  is  called  the  launching 
factor.  It  is  possible  to  derive  a  formula  for  this 
launching  factor  and  to  compute  its  value  which 
depends  upon  the  rocket  type,  the  length  of  the 
constrained  motion  on  the  launcher,  the  propel¬ 
lant  temperature,  and  the  indicated  airspeed  of 
the  aircraft,  but  not  on  the  dive  angle.  There  is 
a  launching  factor  both  in  the  vertical  plane  and 
the  traverse  plane. 

Since  the  rocket  starts  out  in  the  general 
direction  of  the  aircraft  it  is  necessary  to  de- 
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termine  the  aircraft’s  direction  in  terms  of  the 
thrust  direction.  This  is  accomplished  by  con¬ 
sidering  the  boresight  datum  line  which  is  fixed 
in  the  airplane.  Since  the  latter  is  at  an  angle 
from  the  zero  lift  line  of  the  aircraft,  then, 
considering  the  influence  of  gravity,  the  flight 
direction  will  be  at  some  angle  a  —  «<,  below  the 
zero  lift  line.  This  angle  is  inversely  propor¬ 
tional  to  the  square  of  the  indicated  airspeed, 
Vo..  If  the  airplane  is  nosing  up  or  down,  there 
is  a  centripetal  acceleration  o.v  in  the  direction 
normal  to  the  flight  path  to  be  considered.  This 
acceleration  is  given  by 

(7.2)  a.v  =  7c  S  . 

The  formula  for  the  attack  angle  a.  can  then 
be  written  as 

b 

(7.3)  a  =  fto  ^ - igcos8  —  Va8) 

Vof 

where  6  is  a  constant  of  proportionality  which 
depends  upon  the  airplane.  See  figure  101. 

The  above  discussion  assumes  that  the  rocket 


is  launched  into  a  uniform  air  stream.  Thi.s 
assumption  does  not  hold  in  regions  close  to  an 
aircraft  wing.  It  is,  therefore,  necessary  to 
determine  an  “effective  angle  of  attack”  from 
sighting  data.  The  method  will  be  explained 
subsequently. 

The  gravity  drop  term  of  the  rocket  trajec¬ 
tory  depends  upon  the  rocket  type,  propellant 
temperature,  the  dive  angle,  the  launching 
speed,  and  the  slant  range  to  the  target.  This 
gravity  drop  is  computed  from  the  simplified 
equations  of  motion  and  the  values  are  tabulated 
together  with  other  ballistic  data  for  each 
standard  rocket  type.  This  data  consists  of 
tables  of  trajectory  drops,  launching  factor, 
flight  times,  and  projectile  velocities.  Numeri¬ 
cal  studies  on  the  values  of  the  trajectory  drop 
for  many  rockets  currently  in  use  has  revealed 
that  there  exists  linear  and  quadratic  functions 
of  the  range  which  can  approximate  the  trajec¬ 
tory  drop  and  angle  of  fall.  The  coefficients  for 
these  functions  also  are  tabulated.  A  portion  of 
a  typical  trajectory  drop  table  for  a  30’  dive 
angle  is  illustrated  in  table  7.1. 


Table  7.1 


Trajectory  Drop  —  30°  Dive  Angle 


Trajectory  Drop  (Mils)  Normal  to  Effective  Launching  Line 

Range 

o 

O 

40°F 

o 

o 

100°F 

0°F 

40°F 

70°F 

100°F 

(yds) 

320  knots 

380  knots 

> 

.98 

.97 

.97 

.95 

.99 

.99 

.98 

.97 

500 

27 

24 

21 

19 

23 

20 

18 

16 

600 

30 

26 

23 

21 

25 

22 

20 

IS 

800 

34  . 

30 

27 

25 

29 

26 

23 

22 

1000 

39 

34 

31 

29 

33 

29 

27 

25 

1200 

43 

38 

35 

32 

37 

33 

30 

28 

1500 

49 

44 

41 

39 

43 

39 

30 

34 

2000 

61 

55 

51 

50 

53 

49 

46 

44 

2500 

74 

68 

64 

62 

(io 

60 

57 

55 

3000 

88 

82 

78 

76 

78 

73 

69 

68 

4000 

118 

112 

107 

106 

107 

101 

97 

97 
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POSITION  AT  RELEASE 


T 

Figure  102.  —  Drop-launching  Conditions 


In  drop  launching,  the  rocket  is  dropped  com¬ 
pletely  free  of  the  airplane  and  the  ignition  of 
the  rocket  is  delayed.  Thus,  there  is  a  period 
of  free  fall.  The  effective  launcher  line  becomes 
effective  at  the  ignition  point  and  a  further 
correction  would  be  necessary  on  the  sighting 
equation.  See  figure  102.  Experiments  have 
been  devised  in  order  to  obtain  the  necessary 
information  on  the  free-fall  part  of  the  trajec¬ 
tory  and  the  effective  angle  of  attack. 

Retro-launched  rockets  are  fired  backward 


relative  to  the  aircraft  in  a  vertical  plane  and 
at  low  altitudes.  See  figure  103.  Under  these 
conditions  we  may  make  the  assumption  that 
the  only  forces  acting  upon  the  rocket  are  the 
rocket  jet  which  produces  a  constant  accelera¬ 
tion  equal  to  the  velocity  during  burning  divided 
by  the  burning  time,  and  the  force  of  gravity. 
The  computation  of  the  rocket’s  velocity  rela¬ 
tive  to  the  aircraft  becomes  the  major  ballistic 
data.  The  trajectory  is  then  combined  with  the 
sighting  problem. 
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(a) 


(b) 


(c) 


SMALL  SIGHTING  ANGLE 


INTERMEDIATE  SIGHTING  ANGLE 


LARGE  SIGHTING  ANGLE 


Figure  104.  —  Cravify  Drop  Comparison 


7.5  Illustrations  of  the  Effects  on  Rocket 
Trajectories 

Many  things  enter  into  the  determination 
of  rocket  trajectories.  Some  of  these  factors 
introduce  errors  in  the  firing  of  airborne  rockets. 
These  effects  are  best  described  by  illustrations 
and  the  following  figures  are  presented  here  for 
visual  explanation. 

Figure  104  shows  the  difference  in  magnitude 
of  the  gravity  drop  effect  for  shell  fire,  rocket 
fire,  and  bomb  dropping,  and  clearly  illustrates 
the  intermediate  role  of  the  rocket. 

Figure  105  shows  the  effect  of  the  dive  angle 
on  the  trajectory  drop  and  illustrates  the  fact 


that  the  trajectory  drop  decreases  as  the  dive 
angle  increases. 

Figure  106  shows  the  effect  of  Launching 
Speeds  on  the  rocket  trajectory  and  illustrates 
the  well-known  fact  that  the  greater  the  speed 
the  smaller  the  trajectory  drop. 

Figure  107  shows  the  effect  of  range  misesti- 
mation  on  the  trajectory. 

Figure  108  shows  the  effect  of  temperature 
on  the  rocket  trajectory.  The  burning  time  and 
distance  of  a  rocket  depends  greatly  upon  the 
temperature  of  the  rocket  propellant  at  ignition. 
This  in  turn  affects  the  trajectory  as  illustrated 
in  the  figure. 
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Figure  106.  —  Effect  of  Launching  Speed 


NAVORD  REPORT  1493  MATHEMATICAL  THEORY  OF  AIRBORNE  FC 


Figure  1 07.  —  Range  Misestimation 
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Figure  109  illustrates  how  the  rocket  turns 
into  the  flight  line  of  the  aircraft  in  the  lateral 
plane.  Thus,  there  is  an  effective  launcher  line 
in  both  the  vertical  and  lateral  plane. 

Figure  110  illustrates  the  effect  of  firing  in  a 
skid  or  side-slip.  The  rocket  will  again  tend  to 
follow  the  direction  of  motion  of  the  aircraft. 

Figure  111  shows  the  effect  of  the  angle  of 
attack  on  the  aiming  problem  of  rockets.  If  the 
B.S.D.L.  rides  higher  with  respect  to  the  flight 
line,  a  large  sighting  angle  is  necessary.  Condi¬ 
tions  to  increase  the  angle  of  attack  are  shallow 
dive,  heavy  airplane  loading,  or  low  indicated 
airspeed. 

Figure  112  illustrates  the  effect  of  nosing 
over  or  pulling  up  at  the  time  of  Are.  A  pull-up 
will  tend  to  undershoot  the  target  while  a  nosing 


over  will  tend  to  overshoot  the  target.  This  kind 
of  pull-up  is  not  to  be  confused  with  the  toss 
bombing  technique  where  the  projectile  is  re¬ 
leased  at  a  predetermined  instance  during  a 
pull-up  from  a  straight-line  dive. 

Figure  113  illustrates  a  typical  curve  of  ap¬ 
proach  for  a  standard  airplane  tracking  a  ground 
target  with  a  fixed  sight  setting. 

Figure  114  illustrates  the  effect  of  wind  and 
target  motion  on  the  aiming  problem.  It  is  seen 
that  the  effect  of  the  wind  is  essentially  the 
same  as  a  target  motion  and  therefore  need  not 
be  considered  as  a  separate  problem.  Conven¬ 
tional  sighting  systems  measure  the  relative 
motion  of  the  airplane  and  the  target  and  this 
relative  miotion  contains  the  wind  effect  as  an 
inherent  part. 
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Figure  113.  —  Curve  of  Approach 
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Figure  114.  —  Wind  and  Target  Motion 
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Figure  115.  —  Trajectory  Drop,  f 


7.6  The  Sighting  Problem 

It  has  been  pointed  out  that  in  the  forward 
firing  of  rockets  the  direction  of  motion  of  the 
rocket  is  essentially  the  direction  of  motion  of 
the  airplane  at  the  instant  of  firing.  Hence,  in 
order  to  hit  the  target  the  airplane  must  have 
the  proper  direction  of  motion  at  the  instant  of 
firing.  The  airplane,  therefore,  is  maneuvered 
into  a  correct  attitude  and  held  there  for  a 
period  of  time  after  which  the  direction  of 
motion  will  have  taken  a  calculable  position 
with  respect  to  the  airplane.  This  direction  of 


motion  may  be  specified  in  terms  of  an  angle 
between  the  flight  line  and  the  sight  line.  The 
behavior  (ballistics)  of  the  rocket  itself  may 
now  be  superimposed  upon  this  problem  and  the 
correct  lead  angle  may  be  determined.  This, 
then,  is  the  sighting  problem,  of  which  we  con¬ 
sider  the  following  three  distinct  cases : 

(a)  attacks  against  a  stationary  target; 

(b)  attacks  against  a  target  moving  in 
range ; 

(c)  attacks  against  a  .target  moving  in 
azimuth. 
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These  cases  are  treated  separately  and  the  com¬ 
plete  picture  is  obtained  by  superposition. 

A.  Stationary  Target 

We  shall  first  consider  “the  sighting 
angle”  which  is  needed  to  compensate  for  the 
gravity  drop  of  the  rocket.  This  angle  may  be 
measured  from  the  sight  line  to  the  boresight 
datum  line  (.\)  or  to  the  flight  line  (a)  .  Since  the 
rocket  turns  from  the  launcher  line  to  the  effec¬ 
tive  launcher  line  through  the  angle  fa,  the  tra¬ 
jectory  drop  to  be  considered  is  tj/,  the  angle 
between  the  effective  launcher  line  and  the  sight 
line.  See  figui’e  115. 

It  is  then  clear  that 
(7.4)  A  =  -(6  +  fa) 

or.  in  terms  of  the  lead  of  the  flight  line  over 
the  sight  line, 


(7.5)  A  =  A  -{-  a  =  —  ^  -1-  (!  —  /)«. 

The  above  formulas  are  expressions  for  the 
sighting  angle,  except  for  the  parallax  correc¬ 
tion  which  arises  because  the  sighting  system  is 
invariably  mounted  in  the  airplane  at  some  dis¬ 
tance,  d,  above  the  launchers.  This  correction 
may  be  approximated  by  d/r  and  is  added  to  the 
right-hand  side  of  equations  (7.4)  and  (7.5). 
Since  this  parallax  correction  can  be  superim¬ 
posed  it  will  not  be  carried  along  in  future 
mathematical  expressions. 

Let  us  again  emphasize  that  6  and  /  depend 
upon  the  rocket  type  and  the  launching  condi¬ 
tions  only  and,  therefore,  tables  of  their  values 
may  be  used  for  ^  aircraft.  On  the  other  hand, 
n  and  d  depend  upon  the  aircraft  type  and  the 
manner  of  installation  of  the  launchers  and, 
therefore,  must  be  determined  separately  for 
each  kind  of  aircraft  and  installation. 

The  existence  of  the  sighting  angle  gives  rise 
to  an  angular  rate  of  the  sight  line  during  a 
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tracking  period.  This  angular  rate  may  be  used 
to  obtain  the  required  lead  which  must  be  com¬ 
puted  by  any  instrument  which  measures  the 
angular  rate.  Consequently,  we  need  a  relation¬ 
ship  between  the  angular  rate  of  the  sight  line 
and  the  lead  angle. 

Let  us  refer  to  figure  116  and  ignore  any 
changes  in  the  angle  of  attack,  «,  during  the 
time  under  consideration.  The  airplane  is  con¬ 
sidered  at  two  positions  P{t„)  and  P, 

The  law  of  sines  applied  to  aPPiT  yields 

|sin((7At)l  |sinA| 

(7.61  - = - . 

Since  both  "uM  and  A  are  small,  we  may  use  the 
angle  approximation  to  the  sine  of  the  angle 
so  that 

|(7At|  |,\|  l(r| 

(7.7)  - = - or - 

VaM  riU  +  M)  Vg 

1^1 

-f- 

Since  it  is  small,  a  further  appi'oximation  may 
be  used  on  the  range,  so  that  r(t„  it)  r(to) 
=  r.  Let  us  now  consider  the  signs  and  dii'ec- 
tions  of  the  angles  as  given  in  figure  116  so 
that  we  may  remove  the  absolute  value  signs 
in  equation  (7.7).  According  to  our  convention, 
(T  is  positive  and  A.  is  negative.  The  motion 
described  is  such  that  a  increases  as  t  increases, 
therefore  a  is  positive.  Equation  (7.7)  may  then 
be  written  in  the  following  form 

Vo 

(7.8)  cr=: - A  = - (A  +  «). 

r  r 

This  equation  gives  the  rate  of  rotation  of 
the  sight  line  that  is  required  to  keep  it  on  the 
target  and  to  provide  the  proper  gravity  drop. 

B.  Target  Moving  Along  the  Firing  Range 

This  problem  is  solved  by  resolving  it 
into  two  parts  and  superimposing  their  solu¬ 
tions.  The  first  part  is  the  problem  of  the 


stationary  target  discussed  above  from  which 
we  get  all  the  necessary  information  as  far  as 
the  gravity  drop  is  concerned.  In  the  second 
part,  we  assume  the  airplane  to  be  stationary 
and  the  rocket  path  to  be  a  straight  line.  We 
are  then  interested  in  expressions  for  the  kine¬ 
matic  lead  required  by  the  motion  of  the  target 
and  for  the  rate  of  rotation  of  the  sight  line 
necessary  to  produce  this  lead.  We  introduce 
\k  to  express  the  kinematic  lead  and  give  it 
direction  as  shown  in  figure  117,  where  we  have 
pictured  a  situation  with  the  target  moving 
away  from  the  airplane  at  a  speed  Vj.  Let  t;  be 
the  time  of  flight  of  the  rocket  over  the  path 
'>'{t„  -j-  t,).  From  the  law  of  sines  we  have 

I  sin  Aa-[  sin  a 

(7.9)  - = - . 

Vrtf  Tf 

Since  \k  is  small,  we  use  the  approximation 

Vrtf 

(7.10)  lA^l  =  |sin  Ak\  = - sin  a  . 

ri 

Again  we  use  the  approximation  Vf  =  r  and  the 
fact  that  the  times  of  flight  over  the  present 
and  future  ranges  are  very  nearly  equal.  (Re¬ 
member  that  the  target  is  a  ground  target  and 
is,  therefore,  moving  relatively  slowly.)  If  we 
let  V  be  the  average  velocity  of  the  rocket  over 
the  future  range  we  have 

(7.11)  y  =  — 

tf 

and  the  magnitude  of  the  desired  kinematic  lead 
at  any  instant  of  firing  is  given  by 

Vr 

(7.12)  ]A,-|  -sina. 

y 

Since  A^  and  o-  are  oppositely  directed  angles  as 
shown  in  figure  117,  we  have 

y^ 

(7.13)  Ak  — - sin  a  . 

V 


988995  0  -  52  -  12 
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By  superposition  we  can  now  express  the  total 
lead  by 

(7.14)  A  =  Ax,r.  ±  Ak 

or  in  terms  of  the  flight  line  over  the  sight  line 

(7.15)  A.  =  As. 7-.  ±  Ak  =  —  (1  —  /)  «  ±  -'■A- 

where  a^.t.  andA^.r,  are  the  leads  for  stationary 
targets;  the  plus  sign  holds  when  the  target  is 
moving  away  from  the  airplane  and  the  minus 
sign  holds  when  the  target  is  moving  toward 
the  airplane. 

The  problem  of  proper  tracking  to  give  this 
lead  requires  an  expression  for  tr,  the  rate  of 


rotation  of  the  sight  line.  Consider  the  problem 
over  a  short  increment  of  time,  At,  during  which 
both  the  airplane  and  the  target  are  in  motion. 
Let  us  refer  to  figure  118. 

Apply  the  law  of  sines  to  aToT^T*  to  give 

VaAt 

(7.16)  - = - 

IsinA]  sin  (180“  —  O') 

or, 

V,;At  !sin  A] 

(7.17)  ra  z= - . 

sin  o 


rocketry 


Apply  the  law  of  sines  to  ^P^T^Tn  to  give 

%T2 


(7.18) 


or, 


sin  ((tAO 


sin  tr 


(7.19)  aM  = 


sm  cr 


since  rif„  -i-  At)  =  r  and  sin  uAt~<jAt 


Now,  r.r,  =  r,r,  -  tj,  =  t/Lz  -  VtAI,  and 
using  sin  A,  =  A,  we  may  write 
sin  tr 

(7.20)  'iTAt  = - {TcTz  —  yrAt) 


sintr  r  Vf.AtiAl 


T*vAf 


sin  tr 


or, 


(7.21)  tr  = 


sin  tr . 
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Figure  119.  —  Azimuth  Target  Motion 


To  remove  the  absolute  value  sign  from  A  we 
note  that  for  the  situation  pictured  a  >  0  and, 
since  A  <  0,  it  is  necessary  to  have  a  negative 
sign  for  the  first  term.  Further,  making  use  of 

(7.13) ,  we  have  cr  in  terms  of  A  and  Ak.  Thus, 
Fo  Vr 

(7.22)  a- = - A - sin  <7- 

r  r 

Vo  V 

— - X  - . 

r  r 

If  the  target  is  moving  toward  the  airplane, 
then  (T  is  increasing  more  rapidly  and  the  com¬ 
ponent  of  o-  due  to  target  motion  has  the  oppo¬ 
site  sign  from  that  given  in  equation  (7.22). 

C.  Azimuth  Target  Motion 

Azimuth  target  motion  is  a  correction  applied 
to  the  sighting  problem.  The  amount  of  this 
correction  is  obtained  from  the  formula 

Vrtf 

(7.23)  tan  A.i  r= - 

r 


which  is  easily  obtained  by  considering  figure 

119. 

By  using  an  approximation  for  the  tangent,  this 
expression  usually  takes  the  form 

Fr 

(7.24)  A.,  = - . 

F 

7.7  Determination  of  Sighting  Tables 

Sighting  settings  are  determined  for  aircraft- 
launched  rockets  by  firing  enough  rounds  under 
a  number  of  specified  controlled  conditions  and 
from  these  data  sight  settings  for  all  other 
desired  firing  conditions  are  extrapolated  or 
interpolated  by  theoretical  methods.  The  num¬ 
ber  of  conditions  needed  for  the  computation  of 
reliable  sighting  tables  depends  upon  how  com¬ 
pletely  the  ballistics  for  the  particular  rocket, 
aircraft,  and  launcher  are  known.  Usually,  a 
large  number  of  rounds  have  to  be  fired  under 
many  conditions. 

The  usual  procedure  is  first  to  determine  the 
launching  factor  and  trajectory  drop  for  the 
particular  type  of  ammunition.  The  parallax 
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factor  can  be  introduced  by  direct  measurement 
in  the  aircraft.  The  problem  then  is  to  determine 
the  “effective  angle  of  attack”  for  the  firing 
condition.  This  is  accomplished  by  having  an 
accurately  boresighted  airplane  fire  a  given 
number  of  rounds  of  one  type  of  ammunition  at 
known  initial  release  conditions,  making  succes¬ 
sive  passes  in  opposite  directions  to  cancel  out 
wind  effects.  An  arbitrarily  chosen  sight  setting 
is  used.  The  range  data  are  then  reduced  to  a 
standard  set  of  firing  conditions  and  the  cor¬ 
rected  sight  setting,  which  would  bring  the 
mean  point  of  impact  on  the  target,  is  estab¬ 
lished. 

Thus,  everything  in  equation  (7.4)  is  known 
except  the  angle  of  attack  and  thus  the  effec¬ 
tive  angle  of  attack  is  determined.  Having  estab¬ 
lished  the  effective  angle  of  attack,  sighting 


tables  of  the  lead  angle  can  then  be  computed. 
It  has  been  found  that  the  effective  angle  of 
attack  can  be  computed  from  the  formula 

CW  cos  S 


where  C  and  K  are  constants  determined  from 
firings.  Thus.  C  and  K  are  tabulated  in  sighting 
tables  for  the  particular  aircraft. 

The  above  discussion  conveniently  pertained 
to  post  launchers.  In  the  case  of  drop  launchers, 
another  variable,  namely  the  time  of  drop,  must 
be  determined.  This  is  again  accomplished  by 
firing  enough  rounds  to  establish  the  correct 
sight  settings  for  a  number  of  conditions. 

A  typical  sight  setting  table  is  shown  in 
table  7.2. 


Table  7.2 

Typical  Sight  Setting  Table 


Type  of  Rocket 

30“  Dive  i 

Sight  Sotting  (Degrees) 

Propellant  Temperature  (F) 

o 

70'=’ 

100° 

0“  40° 

7 

0° 

100“ 

240  : 

HPH 

300 

MPH 

2.9 

2.0 

2.3 

2.2 

3.0 

2.0 

2.4 

2.2 

3.1 

2.7 

2.0 

2.3 

3.3 

2.9 

2.0 

2..0 

3.4 

3.0 

2.8 

2.0 

3.7 

3.3 

3.0 

2.8 

4.0 

3.0 

3.2 

3.1 

4.4 

4.0 

3.7 

3.0 

4.9 

4.0 

4.2 

4.0 
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7.8  Basic  Principles  of  a  Rocket  Sight 

In  the  forward  firing  of  any  projectile,  the 
aircraft  must  have  the  proper  direction  of 
motion  at  the  instant  of  firing.  A  “sight”  may 
be  regarded  as  a  device  which  insures  this  cor¬ 
rect  direction  of  motion.  As  has  already  been 
shown,  this  direction  of  motion  may  be  specified 
in  terms  of  the  sighting  angle  or  lead  angle  and 
hence  is  a  function  of  a  number  of  variables 
such  as  range,  airspeed,  dive  angle,  type  of 
rocket,  etc.  The  sight  then  must  perform  the 
following  functions : 

(1)  It  must  measure  or  predict  the  values 
that  the  variables  will  assume  at  the 
instant  of  fire; 

(2)  From  these  data  it  must  compute  the 
correct  lead  angle ; 

(3)  It  must  employ  some  aiming  device 
so  that  the  pilot  can  produce  the  re¬ 
quired  direction  of  motion. 

Each  of  these  functions  may  be  performed  in 
a  number  of  ways  and  the  goal  is  to  arrive  at  a 
combination  of  these  ways  which  not  only  will 
give  the  correct  lead  angle  but  also  will  be  easy 
to  mechanize.  Although  the  correct  direction  of 
motion  of  the  aircraft  can  be  attained  by  using 
a  fixed  sight,  it  has  been  demonstrated  that 
greater  accuracy  can  be  obtained  by  using  a 
computing  sight.  We  shall,  therefore,  limit  our 
attention  to  computing  sights. 

A  computing  sight  is  a  device  which  auto¬ 
matically  computes  the  correct  lead  from  input 
data  w'hich  is  continuously  made  available  to 
it.  Such  a  device  can  be  designed  to  reproduce 
the  tabular  sight  settings  that  have  been 
arrived  at  by  calculations  discussed  in  the  last 
section.  Thus,  a  computer  circuit  of  a  sight  may 
be  designed  to  provide  a  continuous  solution  to 
a  basic  sighting  equation  and,  by  proper  adjust¬ 
ment  of  the  computer  constants  to  match  the 
equation,  the  computer  can  be  made  to  repro¬ 
duce  the  sight  settings  for  any  type  of  projectile. 
The  tabular  sight  settings  are  then  used  to 
calibrate  the  sight. 

The  fundamental  equation  may  take  many 
forms  depending  upon  the  method  of  mechani¬ 
zation  to  be  used.  Thus  the  simple  rocket  sight 
may  be  based  on  the  equation: 


(7.25)  Sight  angle  =  trajectory  drop  -|-  f 
times  the  angle  of  attack ;  i.e.,  equation  (7.15)  ; 
or  it  may  utilize  the  angular  rate  of  the  sight 
line  and  be  based  upon  equation  (7.22). 

7.9  A  Rocket  Sight  Based  on  Equation  (7.25) 

A  simple  rocket  sight  suitable  for  use  again.st 
stationary  targets  can  be  designed  on  the  basis 
of  equation  (7.25).  This  equation  for  no  target 
motion  also  is  equation  (7.4)  or, 

(7.26)  —  A  =  !/<  -j-  /a  . 

Tests  on  rocket  ballistics  indicate  that  the 
trajectory  drop,  ijj,  can  be  approximated  by 
(a  -f  6r)  cos  S  where  a  and  b  are  the  coefficients 
for  a  linear  approximation.  If,  further,  the  sight 
is  based  upon  the  measurement  of  the  altitude 
and  not  the  range,  we  have 

h  h 

(7.27)  7— - = - .■ 

sin  (T  sin  (S  —  A  —  o) 

If  we  substitute  these  approximations  into 
(7.26),  we  have, 

/  bh  \ 

(7.28)  —  A  =  (  a  -j - I  cos  8  -f  /«  . 

\  sin  (7  / 

The  effective  angle  of  attack  is  determined  from 
the  following  formula 

CW  cos  8 

(7.29)  «  = - K 

Vof 

where  C  and  K  are  constants  determined  from 
firings  and  given  for  the  particular  aircraft  in 
sighting  tables.  Equation  (7.28)  will  then  take 
the  form 

/  hf;(v)  \ 

(7.30)  -A=(/,(r)q - )cos8-/A 

\  sin  o-  / 

whei'e 

few 

/i  {v)  rr  (i  - and  /•■  (v)  =  b  . 
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A  further  simplification  is  obtained  from  the 
fact  that 

sin  (T  =  sin  (S  —  [A  +  a]) 

=  sin  8  cos(A  +  «)— cos8sin(A  +  a) 

and  since  A  +  «  is  small,  we  may  approximate 
sin  (T  by 

(7.31)  sin  o-  =  sin  8  —  (A  +  a)  cos  8 
h 

— - (A  +  a)  cos  8  . 

The  function  /-.(v)  is  now  assumed  to  be  in- 

k 

versely  proportional  to  7^;  i.e.,  f^iv)  = - ,  so 


that  the  final  form  of  equation  (7.26)  is  then 
(7.32)  -  A  = 


.  hk 

~}~  ■: - ~— 

—  7g  (a  +  a)  cos  8  _ 


cos  S  —  Kf  . 


The  mechanization  of  this  equation  is  accom¬ 
plished  by  a  voltage  computer  in  which  the 
various  parameters  are  represented  by  variable 
electrical  potentials.  The  necessary  operations 
of  addition,  subtraction,  multiplication,  and 
division  are  performed  by  suitably  connected 
potentiometers.  A  simplified  diagram  showing 
the  principle  of  this  computing  circuit  is  illus¬ 
trated  in  figure  120. 
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7. 10  A  Rate  Gyro  Rocket  Sight 

Another  type  of  rocket  sight  utilizes  the  rate 
of  rotation  of  the  sight  line  which  may  be  mea¬ 
sured  by  a  gyroscope  (gyro).  If  the  basic 
mechanization  of  the  gunsight  described  in 
chapter  5  is  adopted  for  rocketry,  then,  as 
explained  there,  the  precession  rate  of  the  gyro 
and  the  coupling  factor  or  sight  param.eter,  a, 
will  be  employed  for  solving  physically  a  linear 
differential  equation  of  the  first  order  in  the 
lead,  similar  to  equation  (4.23)  for  gunnery. 

To  initiate  the  discussion  that  will  finally  lead 
to  a  differential  equation  of  the  type  just  men¬ 
tioned,  let  us  assume  that  the  rocket  firing 
aircraft  is  tracking  a  ground  target,  all  motion 
being  in  a  vertical  plane.  Let  us  further  assume 
that  the  rocket  sight,  basically  similar  to  the 
gunsight  of  chapter  5,  performs  physically  in 
its  operation  in  accordance  with  the  geometry 
of  figure  121.  With  the  launcher  line  and  bore- 
sight  datum  line  taken  to  be  coincident  for  con¬ 
venience,  the  essentially  new  feature  to  be  noted 
here  is  the  initial  angle  /?■..  by  which  the  gyro 
axis  is  offset  from  its  geometric  center  or,  since 
normally  the  latter  direction  and  the  B.S.D.L 
are  separated  by  an  angle  /?,  the  initial  angle 
j8  =  /I,  P--  between  gyro  axis  and  launcher 

line.  Thus,  if  initially  the  line  of  sight  and  gyro 
axis  coincide,  the  sight  reticle  will  be  depressed 
below  the  B.S.D.L.  by  the  angle  /?.  In  order  to 
fly  with  the  depressed  reticle  on  the  target,  the 
pilot  must  keep  pushing  the  aircraft  into  a  dive 
of  increasing  steepness.  This  downward  curva¬ 
ture  of  the  flight  path,  and  consequent  rotation 
of  the  sight  unit  with  the  gyro  loosely  con¬ 
strained,  causes  the  reticle  to  drift  up  from  the 
offset  position,  thus  reducing  the  lead. 

Figure  121  shows  the  situation  with  gyro  axis 
and  sight  line  undergoing  rotation  and  also 
shows  where  the  sight  line  would  be  if  there 
were  no  rotation  to  influence  the  gyro. 

The  new  angles  which  enter  the  problem  are 
defined  as  follows : 

<jo  =  sight  line  angle  under  no  rotation ; 

^  =  angle  from  the  reference  line  to  the 
magnetic  center  line  of  the  gyro ; 


r)  ■=  angle  from  the  reference  line  to  the 
gyro  axis; 

C  =  angle  from  the  reference  line  to  the 
gyro  geometric  centerline; 

jS,  =  angle  from  the  B.S.D.L.  to  the  gyro 
geometric  centerline;  a  constant 
offset; 

/?2  =  angle  from  the  gyro  geometric  center- 
line  to  the  sight  line  under  no  ro¬ 
tation  ; 

/8  =  /?,  + 

The  precession  rate  of  the  gyro  is  propor¬ 
tional  to  the  angle  between  the  actual  magnetic 
field  center  and  the  gyro  axis  so  that  we  may 
write 

(7.33)  =  Z  (^  -  n) 

where  K  is  a  positive  constant. 

A  discussion  similar  to  the  one  in  section  4.7 
shows  that  the  coupling  factor,  a,  achieved  by 
an  optical  linkage  satisfies  the  relationship. 

(7.34)  la~C|= - . 

1  —  a 

Furthei’more,  it  is  clear  from  figure  121  that 

(7.35)  |a-Cl  =  |A-f  -  (A-f /3,) 

so  that  the  coupling  equation  (7.34)  states 

■q  —  Z 

(7.36)  _(A  +  i3,)= - . 

1  —  a 

Differentiation  of  this  equation  yields 

'i}  —  l 

(7.37)  -  A  = - 

1—a 

since  /Si  is  a  constant. 

If  we  now  employ  equation  (7.33),  we  have 

(7.38)  _(i_a)  a  =  K(|-7,) 
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Figure  121  clearly  shows  that  1^2  =o’<,  —  so 
that  in  the  zero  position  of  the  coupling  equa¬ 
tion 

(7.39)  (l_a)  (1-a) /?,. 

From  equation  (7.36)  we  have 

(7.40)  ^  =  _(l-a)  (A-f /?,)  -f  ^ 

If  we  combine  (7.39)  and  (7.40),  we  obtain 

(7.41)  (l_a)  (1-a)  (A-f /?,) 

=  (1  -  a)  (A  +  /?,) 

=  (1-a)  (A-f /?)  . 

Equation  (7.38)  then  takes  the  form 

(7.42)  _(l_a)  A  =  Ii:(l-a)  [A-f /?] -^ 
We  now  define 

1 

(7.43)  /iC(l_a)=  — 

u 

where  u  is  the  sensitivity  of  the  gyro.  Further¬ 
more, 

(7.44)  i  = 
so  that 

(7.45)  ^  ;  -f  A 

and  equation  (7.42)  becomes 

1  1  .  . 

(7.46)  (l-a)A-f  — A= - /3_)_cr-fA 

u  u 

or 

1  .  1 

(7.47)  — «  A -j - A  =  o- - p  . 

li  u 

Equation  (7.47)  is  the  differential  equation 
which  a  rate  gyro  rocket  sight  solves.  The  quan¬ 
tity  (T  is  obtained  from  (7.21)  in  terms  of  the 
inputs  to  the  system.  The  sighting  system  may 
be  calibrated  for  a  few  constant  values  of  p  or 
a  variable  p  may  be  introduced  into  the  system. 
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7.1 1  General  Theory  of  Rocket  Tossing 

The  technique  for  rocket  tossing  is  similar  to 
that  for  bombs  (see  chapter  6) .  Rocket  tossing 
differs  from  bomb  tossing  in  that  the  rocket  has 
a  propellant  which  causes  its  trajectory  to  differ 
from  that  of  bombs.  The  geometry  of  rocket 
tossing  may  be  decomposed  into  three  parts,  see 
figure  122) : 

(1)  The  pull-up  period,  arc  OP. 

(2)  The  delay  period,  arc  PD. 

(3)  The  period  after  the  ignition  of  the 
propellant,  arc  DT. 

The  forces  acting  on  the  aircraft  during  the 
pull-up  period  are  the  same  as  those  which  we 
discussed  in  the  case  of  -  bomb  tossing.  During 
the  delay  period,  the  rocket  is  acted  upon  only 
by  the  force  of  gravity,  and  if  we  assume  that 
the  rocket  is  released  so  that  its  direction  of 
motion  is  that  of  the  line  of  flight  of  the  airplane 
at  release,  its  coordinates  may  be  obtained  in 
the  same  manner  as  those  for  the  falling  bomb. 
The  deviation  of  rocket  tossing  from  bomb 
tossing  then  is  in  the  behavior  of  the  rocket 
during  the  third  period.  Thus,  the  path  of  the 
rocket  may  be  described  completely  by  consider¬ 
ing  only  two  parts ;  namely,  the  part  which  is 
the  same  as  the  bomb  (path  from  0  to  D)  and 
the  rocket  trajectory  from  D  to  T.  It  also  is 
assumed  that  the  rocket  does  not  yaw. 

We  shall  consider  the  rocket  tossing  problem 
under  the  same  conditions  that  we  considered 
the  tossing  of  bombs.  That  is,  the  rocket  carry¬ 
ing  airplane  flies  a  straight  line  collision  course 
at  a  constant  velocity,  Vr„  against  a  stationary 
target.  The  pull-up  from  this  collision  course 
is  begun  at  the  point  0 ;  the  rocket  is  released  at 
the  point  P{x,;yr)  and  is  ignited  at  the  point 
D  (x,i,  y,,) .  The  time  delay  between  release  and 
ignition  is  denoted  by  t,,  and  if  there  is  no  time 
delay,  it  is  only  necessary  to  set  f,,  =  0  in  the 
following  equations. 

The  equations  of  motion  of  the  rocket  over 
the  path  from  0  to  D  are  the  same  as  those  for 
the  bomb.  See  equations  (6.48),  (6.45)  and 
(6.46).  Let  us  rewrite  equations  (6.48)  at  the 
end  of  the  delay  time,  td, 
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(7.48) 


x, i  =z  Xr  +  gt,i  sin  8 

y. i  =  Ur  —  gt.i  cos  S 

x,i  =x,.  +  -\-igt,r  sin  8 
g.i  =?/,  4-  y,t,i  —igt,r  cos  8  . 


Let  us  recall  a  few  definitions  and  clearly 
focus  our  notation.  Refer  again  to  figure  122. 


The  path  of  the  rocket  from  D  to  T  is  defined 
by  the  trajectory  i^/ .  A  study  of  trajectory  drop 
tables  for  rockets  currently  in  use  has  shown 
that  it  can  be  fitted  with  an  empirical  formula 
of  the  type  . 


(7.49) 


ar^e 


-V^/6 


+ 


c^(T) 

~Vo 


ifR  (Sd) 


where 


(x,  y)  The  coordinate  system  which  has 
the  x-axis  along  the  collision 
course  OT  and  the  origin  at  the 
point  of  initiation  of  pull-up,  0. 

(Xr,  y,)  Coordinates  of  the  rocket  at  release 
time. 

{Xd,Vi)  Coordinates  of  the  rocket  at  point 
of  ignition. 

The  release  time. 
tc  The  closing  time. 


a,  b,  and  c  are  empirical  constants  for  a 
particular  type  of  rocket; 

<l>(r)  is  an  empirically  determined  qua¬ 
dratic  function  of  the  propellant  temperature  T; 

<Pit  (8,;)  is  an  empirical  function  which 
depends  essentially  upon  the  dive  angle  8,;  and 
thus  is  the  same  for  all  rockets.  This  function 
was  originally  defined  graphically;  however,  a 
table  of  values  has  been  calculated  and  it  also 
has  been  fitted  by  expressions  involving  trigo¬ 
nometric  functions. 


id 

Ts 


8 

e 

Or 

Od 


V 


h 


The  delay  time. 

The  slant  range  of  the  rocket  from 
the  ignition  point  to  the  target, 
DT. 

The  flight  line  dive  angle  before 
pull-up. 


The  rocket  tossing  pi’oblem  can  now  be  formu¬ 
lated  by  a  close  study  of  figure  122.  This  study 
reveals  that  a  necessary  and  sufficient  condition 
for  the  rocket  to  hit  the  target  is  that  the  fol¬ 
lowing  angular  relation  must  be  satisfied: 

(7.50)  I,!-  =  V  4-  • 


The  pull-up  angle  at  any  instant,  t. 

The  pull-up  angle  at  release. 

The  angle  the  tangent  to  the  path 
of  the  rocket  at  D  makes  with 
the  .r-axis. 

The  angle  between  the  rocket  slant 
range  and  the  collision  course. 

The  trajectory  drop  of  the  rocket. 


The  problem  then  reduces  to  one  of  finding 
expressions  for  these  angles  which  when  sub¬ 
stituted  into  equation  (7.50)  will  permit  that 
equation  to  yield  a  solution  for  the  correct  pull- 
up  time. 

It  is  easily  seen  by  referring  to  figure  122  that 

y.i 

( 7.51 )  tan  v  =  - - - 

OT  —  x,i 


The  dive  angle  of  the  tangent  line  substitution  of  the_^lues  for  .r., 

to  the  path  of  the  rocket  at  D.  equation  (7.48)  and  OT  —  TV,j  we 

Since  the  tangent  line  is  actually  obtain 
the  effective  launcher  line  at  Z), 

the  angle  8,/  =  y  4-  /« ;  see  figure  y,  +  y,td  —  igU"  cos  8 

121.  From  figure  122  it  also  is  (7.52)  tan  v  —  — - - 

easily  seen  that  8,  =  8  ~  Oa.  t^V.j  _  .r,  _  XrU  -  Igt/  sin  5 
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D 


Figure  1  23.  —  Velocity  Diagram  at  D 


An  expression  for  d,,  is  obtained  by  consider¬ 
ing  the  velocity  diagram  at  D  as  shown  in 
figure  123. 

Thus, 

2/,/  l/r  —  gt;  COS  8 

(7.53)  tan  = - = - 

a’cj  X,.  gtu  sin  S 

If  we  now  I’ecall  from  chapter  6,  equations 
(6.45)  and  (6.46),  that 


we  could  substitute  these  values  into  (7.52)  and 
(7.53)  and  obtain  expressions  involving  only 
the  unknown  0,.  The  subsequent  substitution  of 
(7.49),  (7..52)  and  (7.53)  into  (7.50)  would  yield 
the  general  equation  which  should  be  solved  for 
0,  and  finally  the  release  time  t,-.  The  complexity 
of  this  equation,  however,  renders  it  imprac¬ 
tical  from  the  point  of  view  of  mechanization. 
Consequently,  further  simplification  is  neces¬ 


sary  and  we  shall  turn  our  attention  to  the 
approximations  which,  although  quite  numer¬ 
ous,  nevertheless,  has  resulted  in  an  equation 
that,  w’hen  mechanized,  has  given  good  results 
in  field  tests. 

7. 12  A  Specialized  Equation  for  Pull-up  Time 
in  Rocket  Tossing 

Due  to  the  fact  that  the  pull-up  angle  is  small 
and  the  rocket  trajectories  which  are  considered 
in  rocket  tossing  are  rather  flat,  the  following 
approximations  are  considered  to  be  acceptable : 

(1)  During  pull-up,  the  spacial  accelera¬ 
tion  of  the  airplane  is  in  a  direction  perpendicu¬ 
lar  to  the  collision  course. 

(2)  The  slant  range  of  the  rocket  is  given 
by 

(7.55)  7-.,  =  tr)  Yg  . 

(3)  The  angle  d,i  is  approximated  by  its 
tangent. 

(4)  The  angle  v  is  approximated  by  its 
tangent. 

It  is  necessary  to  make  one  further  assump¬ 
tion  w'hich  is  to  be  placed  on  the  spacial  accelera¬ 
tion  of  the  airplane  during  pull-up.  There  exists 
tw'o  possibilities  for  this  choice.  One  of  these 
assumes,  as  was  done  in  toss  bombing,  that 
there  exists  a  suitable  mean  value  IT  of  K  dur¬ 
ing  the  pull-up.  This  assumption  results  in  a 
quadratic  equation  for  the  pull-up  time.*  How'- 
ever,  studies  of  rocket  tossing  have  showm  that 
the  rocket  is  usually  released  while  the  spacial 
acceleration  is  incz'easing  so  that  the  second 
choice  is  to  assume  that  the  spacial  acceleration 
is  proportional  to  some  power  of  t  ;  that  is, 

7/  =  kgt'  or  K  ~  cos  «  . 

In  particular,  the  acceleration  can  be  approxi¬ 
mated  b,v  a  linear  expression  so  that  we  shall 
develop  the  case  for  which  ?•  =  1  or 

*  The  reader  can  easily  verify  this  by  following  the 
procedure  which  we  shall  prc.sent  for  the  second  choice. 
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(7.56)  y  =  kgt , 


Upon  substitution  of  (7.59),  (7.60)  and  (7.61) 
into  equation  (7.50),  we  have 


where  A:  is  a  constant  of  proportionality. 

In  view  of  these  assumptions,  the  velocity 
components  at  release  are  given  by 


Xr  —  Vo  t 

(7.57)  ’  ir 

Kj,  —  j  kgt  dt  =  ikgU" 


and  the  coordinates  at  release  are  given  by 


IXr  —  V otr  ) 

(7.58) 

[Vr  =  ikgt/  . 

If  we  substitute  these  values  into  equations 
(7.52)  and  (7.53)  and  use  approximations  (3) 
and  (4)  above,  we  obtain 


(7.63) 


9  1 


2 


A,  (tc 


ir)  +  ■ 


2c^> 


9  J 


'pR 


\9  +  ktdtr^  —  t/  cos  8] 


[Vcitc  —tr  —  U)  —  igV  sin  8] 
ig  [kt/  —  2td  cos  8] 


[Vo  +  gtd  sin  8] 

To  simplify  this  equation  and  ease  the  notation, 
2Vo 

first  multiply  by - and  let 

9 

2c 

Cl  =  gti  sin  8/Vo  and  = - $ 

9 

thus,  we  obtain 


(7.59)  V  =  tan  v 


Ikgt/  +  \kgt/  U  —  \9U^  cos  8 


tcVo  —  V otr  — V gt, I  —  \9t<f  sin  8 


and 

ikgtr-  —  gtd  cos  8 

(7.60)  6d  =  tan  Od  — - 

Vo  +  gtd  sin  8 


Let  us  rewrite  equation  (7.49)  in  the  form 


[  (tc  —  id  —  tr)  A.2  -f-  $i]  xj/R 

ikt/'  +  ktdtr-  —  td^  cos  8 

tc  —  tr  —  (1  +  lc/)td 

ktr^  —  2td  cos  6 

I  . 

^  1  +  Cl 

'After  clearing  the  fractions  and  combining 
terms,  we  get  a  cubic  equation  in’  tr 


1 

(7.61)  tp  =  -  [^g{tc  —td—  tr)A2  4-  C‘I>]  fu 

Vo 

where 

274 

(7.62)  A,  = - ae 

9 

=  $(T)  and  =  </'/{(Sd) 

and 

has  been  replaced  by  its  approximation 

(2). 


(7.64)  ^(2  -  Cl)  k  tr^  -  Bet/  -  B,tr  +  =  0 

where 

Be  ki^tc  4Citrf)  —  (1  Cl) A 2^1^ li 

Bi  —  2td  cos  8  -f-  (1  -f~  (^i)xJ'R  • 

[$i  “F  2 As  (tc  —  td  —  iCitrf)  ] 
Bo  =  (1  +  cAij/ii  [to  —  (1  -|-  lCi)trf] 

[(tc  —  td)  An  +  <3)i]  +  2tdtc  cos  8  — td  cos  8 


ROCKETRY 


Figure  124.  —  Rocket  Tossing  with  No  Time  Delay 


T 


Y 


The  solution  of  this  cubic  equation  will  then 
yield  the  release  time  t,-. 

The  exact  solution  of  this  cubic  equation  is 
diflicult  to  express  and,  more  to  the  point  for 
our  consideration,  is  difficult  to  mechanize. 
Consequently,  various  approximate  solutions 


have  been  derived.  We  shall  not  concern  our¬ 
selves  with  these  approximations  since  that 
would  entail  a  study  of  the  relative  magnitudes 
of  the  constants  involved.  Suffice  it  to  say  that 
such  approximations  are  arrived  at  by  extensive 
study  of  experimental  data  obtained  from 
firings. 
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7.13  Rocket  Tossing  with  no  Time  Delay 

The  special  case  of  rocket  tossing  where  there 
is  no  time  delay  is  of  interest  because  one  of  the 
first  rocket  tossing  directors  was  fashioned 
after  the  toss  bombing  director.  Furthermore, 
it  is  possible  to  design  a  rocket  tossing  director 
by  first  ignoring  the  time  delay  and  also  the 
temperature  variations  of  the  propellant,  and 
then  to  correct  for  these  effects  by  proper 
changes  in  the  mechanism.  We  shall,  therefore, 
develop  the  equation  which  results  when  these 
two  assumptions  are  applied.  Thus,  if  we  delete 
those  terms  in  equation  (7.64)  which  contain 
td  and  4>„  this  equation  reduces  to 

(7.65)  ^ktr^  —  (ktc  —  \j/itA2)t/  —  2ii/r.A2tr 

"i"  —  0  . 

The  solution  of  this  equation  would  then  yield 
the  release  time  f, .  We  shall,  however,  obtain 
the  equation  in  a  different  form.  We  note  that 
dd  now  becomes  the  pull-up  angle  6r  (see  figure 
124)  which  is  given  by 
tr 

9  f 

(7.66)  er  = -  /  (K  -  cos  S)  dt  ; 

J 

0 

[See  equations  (6.42)  and  (6.44)]. 

Thus,  we  now  have 
1 

<i'  =  —r  [i9(tc  —  tr)A2]  <I/R 


Vo 


Vr 


(7.67)' 


Vo{t,  —  tr) 


tr  t 


9 


Vo{tc-tr) 


{K  —  cos  8)  dt'dt . 


0  0 


Equation  (7.50)  then  takes  the  form 
9'I'r-^2 


(7.68) 


2Va 


[tc  —  tr]  = 


(K  —  cos  S)dt 


+ 


9 


Voitc—  tr) 


V 

/ 


tr  t 


{K  —  cos  S)  dt'dt . 


which,  after  multiplying  through  by 
Voitc  —  tr)/g,  may  be  written 

(7.69)  URA.Atc-tr)-  = 

tr 

(tc-tr)  j  (K  -  COS  S)df 
0 

tr  t 

+J  j  (K  —  COS  8)  dt'dt . 

0  0 

If  we  now  apply  the  assumption  that 
K  —  cos  8  —  kt  have 

tr 

f  (K  -  COS  8)  dt  =  Iktr- 


0 

and 
tr  t 


tr 


J  j  (K  —  COS  8)  dt'dt  z=  j  ikt-dt  =  Iktr^ 

0  0  0 

and  (7.69)  becomes 

(7.70)  ifnA.  {tc^  ~  2tctr  +  tr^)  = 

tr 


tc  J  {K  —  COS  8)  dt  —  iktr^ ^ktr^ 


or,  dividing  through  by  tc, 

(7.71)  ^fuA-Ac  -|-  i\j/RA->tAtr~  —  ^RAotr 

tr 


-j-  J  (K  —  cos  8)  dt 


If  we  use 


tr"  —  -  A^^Rtc 

k 

as  a  first  order  approximation  to  the  solution  of 
(7.65) ,  equation  (7.71)  takes  the  form 

1 

(7.72)  ^^PrAAc  -j - = 

2k 

tr 

ifnA.  —  Msi/'r)  tr-h  j  —  cos  8)  dt . 


0  0 


!7Q 

I  /  W 
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tr 

Since  tr  =  j"  dt,  we  rewrite  to  obtain 
0 
tr 

(7.73)  j  (K  _  cos  S  +  dt  == 

0 

1 

i'JjllA'dr  -j - <j/lt‘A2~  . 

2k 

The  term  would  not  have  occurred  if 

we  had  replaced  Rf' by  OT  in  the  formula  for  v. 
If  such  an  approximation  is  acceptable,  equa¬ 
tion  (7.73)  reduces  to 

tr 

2  f 

(7.74)  - /  (K  —  cos  S  +  ?i<i/KA;)dt  =  >^ntc  • 

A2  j 
0 

Equation  (7.74)  is  easy  to  mechanize  since  the 
electrical  circuit  can  be  made  to  solve 

tr 

2  f  dt 

(7.75)  -  /  - =  frtc 

A,  J  R(t) 

0 

where  R(t)  is  a  resistor  whose  value  is  deter¬ 
mined  by  the  integrand  of  (7.74). 

7.14  Spin-Stabilized  Aircroft  Rockets 

Since  fin-stabilized  rockets  are  suitable  only 
for  forward  firing  from  aircraft  and  because 
their  direction  of  travel  is  so  dependent  upon 
the  direction  of  motion  of  the  aircraft  and  the 
effective  angle  of  attack,  much  thought  has  been 
given  to  the  problem  of  spin-stabilized  rockets. 
Such  rockets  are  often  called  spinners.  The 
advantages  of  spinners  are  numerous.  Theoreti¬ 
cally,  they  may  be  fired  in  any  direction  and 
thus  may  be  used  in  air-to-air  combat  as  well 
as  air-to-ground  firings.  They  are  less  sensitive 
to  changes  in  angle  of  attack.  They  are  shorter 
and  thus  are  adaptable  to  being  released  by 
automatic  launchers  installed  in  manj’’  parts  of 
the  aircraft.  Their  aeroballistics  thus  become 
similar  to  the  ballistics  of  spinning  shells.  They 
differ  from  spinning  shells  in  that  they  do  not 
have  their  final  spin  nor  their  final  velocity  when 
released  from  the  launcher  since  most  spinners 
obtain  their  spin  as  the  propellant  burns. 


The  stability  of  spinning  rockets  is  a  major 
problem  both  in  the  design  and  the  use  of 
spinners.  When  a  spinning  rocket  is  fired  from 
a  m(-ving  aircraft,  it  is  acted  upon  by  large 
aerodynamic  forces  as  soon  as  it  is  released. 
Any  slight  yaw  which  may  be  produced  by  static 
or  dynamic  unbalance,  cross  currents  of  air,  or 
gravity  tip-off,  transforms  these  forces  into  an 
overturning  moment  as  was  explained  in  chap¬ 
ter  1.  Now  the  gyroscopic  action  of  the  spin 
tends  to  turn  the  rocket  about  an  axis  at  right 
angles  to  that  about  which  the  moment  is  acting, 
and  if  the  spin  is  too  weak  the  yaw  will  increase 
and,  in  turn,  the  overturning  mom.ent  increases 
and  the  rocket  may  become  unstable.  The  action 
of  the  overturning  moment  causes  the  rocket  to 
travel  in  a  spiral  during  its  initial  period  of 
motion.  The  phase  and  amplitude  of  this  spiral 
at  the  end  of  burning  determine  the  subsequent 
direction  of  flight.  This  spiral  motion  tends  to 
average  out  the  cross  thrust  due  to  initial  yaw ; 
however,  the  amplitude  and  period  must  be 
made  as  small  as  possible. 

It  took  much  experimentation  to  develop  spin- 
stabilized  rockets,  but  successful  ones  have  been 
designed  and  tested.  The  theoretical  behavior 
and  analysis  follows  that  of  spinning  shells. 

7.15  Air-+o-Air  Rocketry 

The  entire  discussion  of  this  chapter  has  been 
limited  to  air-to-ground  rocketry.  The  air-to-air 
problem  should  probably  be  compared  with  gun¬ 
nery  rather  than  bombing.  Since  rockets  are 
slower  and  have  a  larger  trajectory  drop  than 
bullets,  the  problem  of  aiming  is  far  more  diffi¬ 
cult.  However,  the  innovation  of  the  spin- 
stabilized  rocket  has  led  to  considerable  study 
in  attempting  air-to-air  combat  with  rockets. 

The  mathematical  theory  is  similar  to  that 
for  gunnery.  The  only  changes  in  the  theory  are 
those  arising  from  the  differing  ballistics  of 
rockets  and  bullets  and  the  consequent  redesign 
of  sighting  systems.  The  large  gravity  drop  and 
the  large  target  speed  results  in  very  large  lead 
angles.  This  in  turn  limits  the  combat  tactics 
of  the  attacking  aircraft.  An  attack  suitable  for 
a  rocket  salvo  in  air-to-air  combat  is  that  of  a 
collision  or  interceptor  course  which  was  con¬ 
sidered  briefly  in  chapter  3. 
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TERMS  AND  SYMBOLS 


GREEK  ALPHABET 


Letters 

Names 

Letters 

Names 

Letters 

Names 

A 

a 

Alpha 

I 

1 

Iota 

P 

p 

Rho 

B 

p 

Beta 

K 

K 

Kappa 

S 

a 

Sigma 

r 

y 

Gamma 

A 

X 

Lambda 

T 

T 

Tau 

A 

8 

Delta 

M 

P- 

Mu 

r 

V 

Upsilon 

E 

e 

Epsilon 

N 

V 

Nu 

<t> 

<p 

Phi 

Z 

Zeta 

e 

i 

Xi 

X 

X 

Chi 

H 

V 

Eta 

0 

0 

Omicron 

't' 

Psi 

9 

d 

Theta 

n 

IT 

Pi 

n 

CO 

Omega 

SYMBOLS 


=  ,  is  equal  to; 

,  is  not  equal  to ; 

=  is  aproximately  equal  to; 

<  ,  is  less  than; 

>  ,  is  greater  than; 

<  ,  is  less  than  or  equal  to; 

>  ,  is  greater  than  or  equal  to; 

X  ,  derivative  of  x  with  respect  to  t ; 
Vr  ,  V  sub  F ; 

A'  ,  A  prime 


n-^  CO  ,  n  approaching  infinity ; 

yjn  ,  square  root  of  w; 

Z  ABC  ,  angle  with  vertex  at  B ; 
(V,  u)  ,  angle  from  V  to  u; 

A  ABC  ,  triangle  ABC ; 

A  X  ,  increment  of  a;; 

.  .  . ,  and  so  on ; 

OA  ,  vector  frpm  0  to  A ; 

A  triangles ; 
f{u)  function  of  u. 
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Chapter  8 


GLOSSARY  OF  NOTATION 


8.1  Introduction 

The  mathematical  theory  of  airborne  fire 
control  is  the  work  of  many  writers.  Each  of 
these  writers  has  employed  more  or  less  his 
own  notation,  a  circumstance  which  has  often 
led  to  considerable  confusion.  The  publication 
of  this  book  affords  an  opportunity  to  attempt 
to  standardize  the  notation. 

The  notation  employed  in  this  book  con¬ 
forms  in  ^reneral  to  the  standard  notation  of 
mathematical  writers  and  insofar  as  is  po.ssible 
agrees  with  that  used  by  organizations  such  as 
NACA,  Bureau  of  Standards,  Aberdeen  Prov¬ 
ing  Oounds,  universities,  and  with  textbooks 
on  ballistics,  vector  analysis,  and  other  mathe¬ 
matical  subjects. 

situation  which  has  been  found  to  be  un¬ 
avoidable  is  that  of  employing  the  .same  letter 
to  represent  more  than  one  concept.  However, 
.judicious  care  has  been  taken  to  keep  the  mean¬ 
ing  of  a  letter  or  symbol  the  same  throughout 
any  one  chapter  and  thus  the  meaning  to  be 
ascribed  to  a  given  symbol  should  be  that  corre- 
si)onding  to  the  chapter  in  which  it  is  defined. 
Moreover,  whenever  it  was  possible  to  do  so,  a 
given  concept  was  represented  by  the  same 
s\  mbol  in  all  chapters.  Thus,  for  example,  the 
lead  angle  has  been  denoted  by  throughout ; 
the  present  range  by  r;  future  range  by  r,. 

Care  has  been  exercised  in  the  use  of  sub- 
■scripts  and  the  attempt  has  been  made  to  attach 
a  meaning  to  all  the  subscripts.  Thus  the  prac¬ 
tice  of  using  the  sub.script  “o”  to  denote  initial 
values  has  been  applied  to  the  muzzle  velocity, 
C...  In  order  to  eliminate  cumbersome  mathe¬ 
matical  notation,  subscripts  are  employed  as 
sparingly  as  possible. 

There  are  some  general  definitions  and  state¬ 
ments  concerning  notation  which  apply  to  the 
book  as  a  whole.  These  are  summarized  in  sec¬ 
tion  8.2.  The  individual  .symbols  are  defined 
chapter-by -chapter  in  sections  8.3  through  8.9, 
inclusive. 


8.2  General  Defini+ions 

The  following  definitions  are  general  and  hold 
throughout  the  book. 

Vectors  are  denoted  by  bold  face  letters  and 
their  respective  magnitudes  are  indicated  by 
ordinary  print  of  the  .same  letter. 

Example;  The  vector  V  has  magnitude  V. 

Unit  vectors  are  denoted  by  small  letters. 

Example;  i,  j,  k,  e,  e  . 

o 

The  derivative  of  any  function  with  respect 
to  time  is  indicated  by  placing  a  dot  above  the 
letter  repre.senting  the  function. 


E.xample;  jc 


dx  ..  d-9  ...  d’2/ 

dt  '  dU  ’  ^  ~  dU 


The  re.solution  of  forces,  velocities,  and  accel¬ 
erations  into  their  components  along  coordinate 
axes  is  accomplished  by  attaching  to  the  letters 
denoting  the  Quantity  subscripts  employing  the 
letters  of  the  axes. 


E.xample:  The  components  of  the  velocity 
V  along  the  axes  x,  y,  and  z  are 
denoted  by  V„  V„,  and  V.. 

The  position  of  any  object  in  the  figures  and 
diagrams  is  represented  by  a  letter  which  most 
nearly  de.scribes  the  object. 

Example:  The  position  of  a  gun  station  is 
denoted  by  G.  The  position  of  a 
bomber  aircraft  is  denoted  by  B. 

In  the  main,  Greek  letters  are  used  to  denote 
angles.  For  the  complete  Greek  alphabet,  see  the 
list  of  Terms  and  Symbols  at  the  beginning  of 
this  chapter. 
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It  should  be  pointed  out  that  the  term  mil  has 
four  definitions.  The  Army  mil  is  defined  to  be 

1 

an  angle  equal  to - of  one  revolution.  Thus, 

6400 

360 

1  Armv  mil  = - degrees  =  0.05625  = 

6400 

0.0009817  radians. 


The  Navy  mil  is  defined  to  be  an  angle  equal  to 
tan  '.001.  Thus, 


1  Navy  mil  —  tan*'. 001  =  3.438  minutes  of  arc. 
The  mathematical  mil  is  defined  to  be  an  angle 
1 

equal  to - of  a  radian ;  i.e.,  it  is  a  milliradian. 

1000 

Thu.s,  1  mil  =  0.001  radian  =  0  3'26".3. 


The  bombing  mi!  values  subtend  the  .same  dis¬ 
tance  on  a  base  line,  but  are  not  equal  in  angular 
measure.  The  value  of  an  angle  in  bombing  mils 
may  be  found  by  dividing  the  distance  on  the 


ba.se  line  (the  ground)  by 


- of  the  altitude. 

1000 


8.3  Definitions  of  Symbols  for  Chapter  I 

A  axial  moment  of  inertia. 

azimuth  angle  of  the  gun  bore; 
that  is,  the  angle  from  the  V„ 
vector  to  the  projection  of  the 
gun  bore  axis  upon  the  hori¬ 
zontal  plane. 

A'  azimuth  angle  of  the  Siacci  co¬ 
ordinate  P  \  i.e.,  the  angle  from 
the  gun  station  direction  of 
motion,  V,,,  to  the  projection 
of  the  Siacci  coordinate  P  upon 
the  horizontal  plane.  P. 

A(u)  Siacci  altitude  function. 

a  speed  of  sound. 

B  moment  of  inertia  about  the 
transverse  axis. 


AN  K,, 

b 

= - (Formula  1.86). 

md  Kn 

mg 

C 

the  ballistic  coefficient  = - . 

id- 

(7, 

dimensionless  ballistic  coefficient 

for  type  ?!  projectile. 

c 

=  (c,  -f  c.)  p„  •  (Formula  1.69). 

d'K„  d^K, 

c. 

= - 1 - (Formula  1.46). 

2B  2m 

d- 

Cj 

— - K„  (Formula  1.54) . 

2(s„  —  1)  ??i 

D 

drag  force. 

d 

diameter  of  the  projectile. 

Eo 

elevation  angle  of  the  gun  bore. 

e 

the  exponential  symbol. 

F 

force  acting  on  the  projectile. 

Fy,  F, 

components  of  the  force  F  along 

the  X,  y,  2  axes. 

f 

subscript  denoting  future  situ¬ 

ation. 

G 

gun  station  position. 

G„{u) 

drag  function  for  type  n  projec¬ 

tile  at  zero  yaw. 

9 

acceleration  of  gravity. 

H 

point  vertically  above  projectile 

at  any  time  t . 

/(«) 

Siacci  inclination  function. 

i 

form  factor  for  a  projectile. 

[L  i.  k] 

auxiliary  coordinate  system. 

1  So  ^ 

K  —  - Kn^  S„- - 

2  C,  c  So—1 

(Formula  1.71). 

Kn  drag  coefficient. 

Kni  yaw  drag  coefficient. 

K„  yawing  moment  coefficient. 
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cross  wind  force  coeffiient. 

Vs,  Vy,  Vs 

components  of  the  projectile 

Ku 

moment  coelJicient. 

velocity  in  the  direction  of  the 
coordinate  axes  x,  y,  z. 

L 

cross  wind  force. 

w 

weight  of  the  projectile. 

M 

overturning  moment. 

w 

wind  velocity. 

m 

mass. 

lA  y,  Z] 

stationary  coordinate  system 

N 

spin  of  the  projectile. 

(See  figure  2). 

n 

number  of  calibers  for  one  turn 
of  the  rifling. 

(•r,  y.  z) 

coordinates  of  the  center  of  grav¬ 
ity  of  the  projectile  at  any 
time  t . 

0 

origin  of  coordinate  sys'.em. 

|A'.  Y,Z] 

moving  coordinate  sy.stem  (See 

0 

subscript  denoting  initial  values. 

figure  1). 

P 

Siacci  range  coordinate. 

Z 

zenith  angle  of  the  gun  bore. 

F 

projection  of  P  upon  the  hori¬ 
zontal  plane. 

8 

s» 

angle  of  yaw. 

initial  angle  of  yaw. 

P  = 

■  ^  1  —  (1  s)  (Formula  1.43). 

e 

windage  jump. 

Q 

Siacci  gravity  drop  coordinate. 

projectile  coordinates  in  gun-line 

R 

retardation  force. 

axes  system. 

r, 

future  range  of  the  projectile. 

gun-line  coordinate  system. 

S(u) 

Siacci  space  function. 

(9 

angle  of  inclination  of  the  tan¬ 

SA>i)  = 

S{u„),  initial  value  of  Siacci 

gent  to  the  trajectory. 

space  function  for  which 

U  =  Uo. 

9o 

initial  angle  of  inclination  of  the 
trajectory. 

3 

stability  factor. 

K 

moment  factor. 

S„  = 

Y.,-s,  p  !(„■ . 

A 

lateral  deflection. 

S. 

value  of  the  stability  factor  near 

vertical  deflection. 

the  muzzle  of  a  stationary  gun 

V 

angle  from  V,j  to  u„. 

in  air  of  standard  density. 

3.14159 

T(u) 

Siacci  time  function. 

p 

relative  air  density,  pApo. 

tf 

time  of  flight  of  the  projectile. 

pa 

air  density. 

u 

Siacci  pseudo  velocity. 

Po 

reference  density  (.07513  Ibs/- 

Vo 

initial  true  airspeed  of  the  pro¬ 

ff). 

jectile. 

<r 

Viscosity  of  the  air. 

V 

projectile  velocity  relative  to  the 

T 

angle  from  V,i  to  V„. 

air. 

9 

angle  of  orientation  of  the  plane 

gun  station  velocity. 

of  yaw  from  the  vertical. 

^0 

muzzle  velocity  of  the  projectile. 

tlf 

angle  between  the  horizontal 
plane  and  the  plane  containing 

V 

velocity  of  the  projectile. 

Vy and  V„ . 
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Definitions  of  Symbols  for  Chapter  2 

'a 

unit  vector  along  the  terminal 
side  of  angle  A  . 

A, 

azimuth  angle  of  the  gun  bore 

unit  vector  along  the  terminal 

axis. 

• 

side  of  angle  Ao . 

A 

azimuth  angle  of  the  sight  line. 

i 

unit  vector  along  the  terminal 

a 

total  acceleration  of  the  ownship 
with  components  Oi,  Os 

along  i  ,  k  . 

B 

TT 

side  of  angle  A  -1 - . 

2 

unit  vector  directed  forward 

i^,  —  component  of  ^  . 

along  the  longitudinal  axis  of 

B, 

j  —  component  of  %  . 

the  ownship. 

<■ 

i, 

unit  vector  along  the  terminal 

B, 

—  component  of  ^  . 

TT 

b 

ballistic  constant  appearing  in 
the  formula  for  windage  jump. 

i. 

side  of  the  angle  E - . 

2 

horizontal  unit  vector  fixed  in 

C 

air  course  of  the  gun-platform. 

space. 

c. 

tangent  line  drawn  to  C'  at  point 

T. 

j 

windage  jump  vector. 

hi 

unit  vector  directed  outboard 

c 

air  course  of  the  target. 

from  ownship  and  parallel  to 

c. 

parabola  tangent  to  C  at  point  T. 

the  starboard  wing. 

E 

elevation  angle  of  the  sight  line. 

h 

=  n  X  i. . 

Eo 

elevation  angle  of  the  gun  bore 
axis. 

K 

unit  vector  directed  downward 
along  the  ownship  vertical. 

e 

unit  vector  in  the  direction  of 

K 

=  n 

the  sight  line  to  the  target. 

i 

=  <7  -  1. 

unit  vector  along  the  line  of  in¬ 
tersection  of  the  plane  e,  k^ 

M 

=  r-ta  angular  momentum  of  the 
sight  line  at  the  time  of  fire. 

with  the  plane  c  .  'j,  • 

M(t) 

angular  momentum  of  the  sight 

«. 

unit  vector  in  the  direction  of  the 

line  at  the  time  t . 

gun  bore  axis. 

Mr. 

component  of  M  along  i^  . 

F 

decrease  in  the  vertical  accelera¬ 
tion  of  the  bullet  due  to  air  re¬ 

M,. 

component  of  M  along  i^  . 

sistance. 

m 

slope  of  gun-target  line  (co- 
planar  case)  with  respect  to 

g 

acceleration  due  to  gravity. 

fixed  axes  in  space. 

G 

present  position  of  the  gun-plat- 

N 

=  (1  —  sin-  a.sin^a,)"’'- . 

form. 

n 

unit  vector  directed  vertically 

Go 

position  of  gun-platform  at  start 

downward  in  space. 

of  combat. 

0 

origin  of  coordinate  system  fixed 

Gf 

future  position  of  the  gun-plat- 

in  space. 

form. 

P 

Siacci  range. 
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Q 

Gravity  drop  of  bullet  during  its 

w 

time  of  flight. 

(^•»  l/») 

q 

bullet  slow’down  factor. 

R 

bullet  range  =  GTi . 

r 

present  range  to  target  =  GT . 

.  , 

future  range  to  target  =  G,Tt . 

03 

T 

present  position  of  target. 

P 

T. 

position  of  target  at  start  of 
combat. 

T, 

future  position  of  target. 

y 

T,, 

position  of  target  as  predicted 
by  a  first  order  computer. 

?i> 

'Tf: 

position  of  target  as  predicted  by 
a  second  order  computer. 

s 

t 

variable  time  t  ,  measured  from 
instant  of  fire  t  —  0  . 

t 

present  time  of  flight,  i.e.  time 
of  flight  of  the  bullet  over  the 

n 

present  range  r . 

e 

tf 

time  of  flight  of  bullet  from  pres¬ 

ent  position  of  the  gun  to  the 
point  of  impact  with  the 

A 

A., 

target. 

U 

value  of  t  at  time  of  impact. 

A» 

u 

time  for  bullet  to  traverse  R  in 

A 

a  vacuum. 

Ay 

initial  speed  of  bullet  with  re¬ 

A* 

spect  to  inertial  space. 

u 

average  speed  of  bullet  over  the 

A.s/, 

Siacci  range. 

Ask 

y, 

average  speed  of  bullet  over  the 
future  range. 

Vc 

velocity  of  gun-platform. 

V 

V. 

muzzle  velocity  of  bullet. 

? 

V, 

average  projectile  speed  over  the 
present  range. 

Vt 

velocity  of  target. 

•  •  •  •  •  a 


a  a 


rate  of  gravity  drop. 

rectangular  coordinates  of  the 
point  labeled  S . 

approach  angle  of  the  target 
=  (-  r,  V^)  . 

angle  of  attack  =  (i 

angle  of  skid  (i  ,  ^")  . 

G 

bank  angle  of  ownship  =  angle 
through  which  aircraft  has 
rolled. 

gun  angle-off  =  (i  ,  V  )  . 

G  a 

initial  yaw  angle  of  the  projec¬ 
tile. 

dive  angle  of  ownship 

=  90°  -  (i  ,  n)  . 
c 

first  and  second  order  bias  er¬ 
rors. 

angle  from  fixed  reference  line 
to  Vo  . 

angle  directed  from  reference 
line  to  sight  line. 

total  lead  angle  =  (e,  e  )  . 

azimuth  component  of  .\ 

=  A,-A. 

ballistic  lead  =  (V  ,  r^)  . 

elevation  component  of  a 
zz,E,-E. 

kinematic  lead  angle  =  (r^,  r)  . 

sight  lateral  component  of  .V  . 

sight  vertical  component  of  . 

angle  directed  from  a  horizontal 
reference  line  to  u  . 

angle  ( V  ,  u  )  . 

G  o 

unit  vector  directed  along  . 

unit  vector  directed  along  the 
projection  of  upon  the  own- 
ship  vertical  plane  determined 
by  i  ,  k  . 

G  G 
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V 

unit  vector  directed  along  the 

Ci 

projection  of  V(,  upon  the  own- 
ship  azimuth  plant  determined 
by  i  ,  j  . 

D 

G  G 

E 

central  angle  subtended  at  the 

center  of  a  circular  path  by  an 
arc  traversed  by  the  gun  plat¬ 
form  at  time  of  fire. 

F 

value  of  ill  at  time  t  =  fi . 

(i,  j.  k) 

p 

relative  air  density. 

K 

r 

■sight  line  angle-off  =  (i  ,  r)  . 

To 

Ki 

T/ 

future  range  line  angle-off 

=  (i  ,  r  )  . 
c  r 

L 

v 

angle  between  bullet  range  and 

tn 

the  sight  line  =  (R,  r)  . 

R 

ft. 

angular  velocity  of  the  sight  co¬ 

Rp 

ordinate  system  with  respect 
to  space. 

r 

rr 

(a 

angular  velocity  of  the  sight  line 

rf 

with  respect  to  space 

O 

<0< 

component  of  ft.  along  e  . 

s 

<0F 

component  of  SX.  along  i^ . 

T 

me. 

component  of  ft.  along  i^ . 

t 

Definitions  of  Symbols  for  Chapter  3 

tf 

t* 

A 

azimuth  angle  of  projectile’s  rec¬ 

tilinear  trajectory. 

Mb 

aspect  ratio,  b-/  S . 

normal  acceleration. 

Vb 

B 

subscript  pertaining  to  bomber 

Vk 

aircraft. 

b 

wing  span  of  aircraft. 

U 

Co 

drag  coefficient. 

Vi 

Co 

lift  coefficient. 

V 

c  = 

■■Vo/V,. 

Cl  = 

■■  Vj,/u. 

W 

aerodynamic  constants 
(Formula  3.66). 

drag  force. 

elevation  angle  of  projectile’s 
rectilinear  trajectory, 

force  notation ;  as  a  subscript  it 
pertains  to  fighter  aircraft. 

unit  vectors. 

2 

-  (Formula  3.65). 

1  +  2  /ff 

dimensionless  constants 
(Formula  3.72). 

lift  force. 

slope  of  line. 

radius  of  curvature. 

projectile  air  range. 

present  range. 

future  range. 

wing  area. 

length  of  arc ;  dimensionless 
range  (Formula  3.71) . 

thrust  force. 

variable  time. 

time  of  flight  of  projectile. 

dimensionless  time 
(Formula  3.71). 

dimensionless  bomber  velocity 
(Formula  3.71) . 

velocity  of  bomber  aircraft. 

velocity  of  fighter  aircraft. 

average  speed  of  projectile  over 
r-f 

indicated  air  speed. 

dimensionless  velocity 
(Formula  3.71). 

weight  of  aircraft. 
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(j-«.  Uh.  Zh) 

coordinates  of  bomber  aircraft. 

k 

coefficient  in  linear  differential 

}h't  Zy) 

coordinates  of  fighter  aircraft. 

equation,  k  x  x  r=  f  {t) . 

a 

angle  of  attack  of  gun  bore  line. 

kt 

=  1 

cio 

angle  from  zero  lift  line  to  thrust 

M 

angular  momentum  of  line  of 

line. 

sight. 

p 

bank  angle. 

Q 

bullet  slowdown  factor. 

y 

angle  from  reference  line  to 

r 

present  range  to  target. 

flight  line. 

r, 

future  range  to  target. 

s 

angle  of  deviation. 

T, 

future  position  of  target. 

V 

propeller  efficiency. 

r. 

position  of  target  at  time  of  fire. 

e 

angle  from  reference  line  to 
sight  line. 

t 

time  variabb'  measured  from  an 

arbitrary  origin. 

A 

angle  from  V„  to  sight  line. 

t, 

time  of  flight  of  projectile. 

Xp,  A(,  Aj 

see  Formula  (3.68). 

U 

arbitrary  origin  of  time  t . 

P 

relative  air  density. 

Va 

speed  of  gun-platform  at  time  of 

T 

angle-off  of  the  sight  line. 

fire. 

Vr 

speed  of  target  at  time  of  fire. 

8.6  Definitions  of  Symbols  for  Chapter  4 

Vr 

average  projectile  speed  over 

a 

sight  parameter. 

present  range. 

A,  B 

constants  in  the  aided  tracking 
formula. 

V, 

average  projectile  speed  ovex* 
future  range. 

C 

amplification  ratio  =  amplitude 

V, 

projectile  muzzle  speed. 

of  sight  oscillation  amplitude 

X 

output  functions  of  the  time  cor- 

of  gun  oscillation. 

responding  to  the  input  f(t)  . 

d 

distance  from  reticle  to  gyro 

Xo 

value  of  X  at  time  . 

mirror. 

Xi 

output  function  of  the  time  cor- 

e 

base  of  natural  logarithms 

responding  to  the  input  /AO  ■ 

2.71828  .  .  . 

Xn 

output  function  of  the  time  cor- 

f 

focal  length  of  collimating  lens. 

responding  to  the  input  /AO  • 

f(t) 

arbitrary  input  function  of  the 

a 

approach  angle  of  target. 

time. 

y 

gun  angle-off  =  (V^,  V  )  . 

fAt),fAt) 

“signal”  and  “noise”  components 
of /(O  . 

yi 

sinusoidal  oscillatory  motion  of 
the  gun. 

G 

present  position  of  gun  platform. 

y 

.steady  state  value  of  y  . 

h  = 

1  +  1  t,{ - ),  a  dimensionless 

t 

time  lag  corresponding  to  phase 

M 

difference  of  gun  and  sight 

quantity. 

oscillations. 
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jj  angle  between  reference  line  and 
gyro  axis. 

rj  angle  through  which  gunner’s 
handgrips  have  turned  from  a 
neutral  position. 

8  angular  coordinate  of  tracking 
device. 

.\  total  lead  angle. 

Ai,  ballistic  load  angle. 

.\»  kinematic  lead  angle. 

T  =  3.14159  .  .  . 

a  angle  between  reference  line  and 
and  sight  line. 

<7„  steady  state  value  of  a . 
cr,  value  of  n  corresponding  to  y,  . 

T  sight  line  angle-off. 

<ii  angular  rate  of  the  line  of  sight. 

8.7  Definitions  of  Symbols  for  Chapter  5 

A,  B,  C  moments  of  inertia  of  a  solid  of 
revolution  with  respect  to  the 
principal  axes  of  inertia,  x, 
i/,2. 

a  sight  parameter. 

B  fixed  miri’or  in  the  sight  head 

optical  system. 

c,.  C;,  c,  proportionality  constants. 

d  distance  from  reticle  to  gyro 

mirror. 

E  electro-motive  force. 

F  an  arbitrary  force. 

/  focal  length  of  collimating  lens. 

G  viewing  glass  on  the  sight  head. 

H  magnetic  field  strength. 

H  moment  of  momentum  of  a  force 

O 

system  about  the  point  0. 

I:  moment  of  inertia  about  the 

r-axis. 


i 

it 

k 

A'. 

I 

L 

ni 

Mo 

N 

O 

P 

p 

r 

R 

R 

T 

u 

V 

Vr 

V 

W 

\r,  1/.  2] 


a 


•% 


7 


current  strength, 
eddy  current  strength, 
unit  vector  along  the  ^-axis. 
constant  of  proportionality, 
length  of  torque  axis, 
arbitrary  torque  vector, 
mass. 

moment  of  »'iass  m  about  point 
O. 

center  of  spinning  dome,  located 
on  its  surface. 

any  fixed  point. 

a  particle. 

perpendicular  distance  from  jxiint 
O  to  line  of  action  of  force  F. 

position  vector  of  particle  P  rela¬ 
tive  to  0. 

electrical  resistance. 

reaction  force  at  point  of  gyro 
support. 

torque  vector,  \V/. 

gyro  sensitivity. 

velocity  of  particle  P  relative  to 
O. 

target  velocity. 

linear  speed  of  a  point  on  the 
spinning  dome. 

weight  of  gyro  rotor. 

principal  axes  of  inertia  of  a  solid 
of  revolution. 

angle  by  which  the  line  from  the 
reticle  to  the  gyro  mirror  is 
off.set  from  the  gun  bore  axis. 
Also  used  elsewhere  as  a  vari¬ 
able  angle  and  as  angular  ac¬ 
celeration. 

it 

gun  angle-off. 
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s 

aiiKlc  between  Kryo  spin  a.xis  and 

k(t) 

difference  in  altitudes  of  points 

A 

Kun  bore  axi.s. 

error  operator. 

i 

B,  and  B„  at  time  t. 

ballistic  form  factor  of  bomb. 

V 

ariffle  between  reference  line  and 

K 

empirical  constant  =  .0000316 

e 

)?yro  axis. 

anjirle  of  deflection  of  ^yro  spin 

k 

ft.  . 

constant  of  proiwrtionality. 

A., 

A,; 

axi.s  in  azimuth. 

azimuth  component  of  .\i. . 

elevation  component  of  Ak . 

m 

00' 

mass  of  bomb. 

line  of  flight  of  1,'omber  during 
time  of  flight  of  bom.b  in  vacuo. 

Ak 

kinematic  lead  anj^le. 

R 

range  of  target  along  the  hori¬ 

T 

=  ;i.l4159  .  .  . 

zontal. 

P 

distance  of  mass  m  from  ^-axi.s. 

r 

bomb  trail. 

<r 

anjrle  between  reference  line  and 

/•(O 

difference  in  abscissas  of  points 

9 

line  of  sight. 

angle  of  deflection  of  gyro  spin 

T 

B,  and  B.,  at  time  f . 

target. 

axis  in  elevation. 

t 

arbitrary  time  since  release  of 

(d 

angular  rate  of  the  line  of  sight. 

bomb. 

(i> 

=  ai  -i-  o>' . 

t, 

time  of  flight  of  bomb. 

0>J,  fl,i,  Cl; 

components  of  angular  velocity 

Vc 

closing  speed  between  plane  and 

/ 

(t> 

i£ 

of  to  along  /,  I/,  z-axes. 

angular  velocity  of  precession. 

=  spin  angular  velocity  oi  gyro 
rotor. 

V 

Vi 

target  =  ground  speed  of  plane 
when  target  is  stationary. 

true  air  speed  of  bomber. 

indicated  air  speed  of  bomber. 

8.8  Definitions  of  Symbols  for  Chapter  6 

V 

target  velocity. 

velocity  of  bomb  with  respect  to 

A.  anp  H.  Lkvel  Bombing 

B.,  iKjsition  of  bomb  in  still  air  at  an 

the  air  mass. 

terminal  velocity  of  bomb  in  air. 

arbitrary  time  t  since  release. 

W 

weight  of  the  bomb. 

B, 

position  of  bomb  in  vacuo  at  an 

w 

wind  velocity. 

arbitrary  time  t  since  release. 

X 

horizontal  coordinate  of  bomb. 

d 

diameter  of  bomb. 

z 

vertical  coordinate  of  bomb. 

F 

drag  force  due  to  air  resistance 
acting  on  bomb. 

9 

angle  which  tangent  line  to  bomb 

f(r) 

drag  force  acting  on  bomb;  func¬ 

trajectory  makes  with  the  ver¬ 
tical. 

tion  of  bomb  velocity  only. 

9 

drift  angle. 

3 

H 

acceleration  due  to  gravity. 

altitude  of  plane  above  target 
level. 

IT  = 

Pi 

3.14159  .  .  . 

density  of  air  at  a  given  altitude. 
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density  of  air  at  sea  level, 
range  angle  of  target. 


P 

R 


C.  Dive  or  Glide  Bombing 

[Note:  Letters  not  defined  have  same  mean¬ 
ing  as  for  Level  Bombing.] 

L  linear  aiming  allowance. 

Vii  vertical  comiionent  of  V’ . 

Tv  horizontal  component  of  V  . 

X  horizontal  range  of  target. 

I)  angle  between  flight  line  aiKbthe 

horizontal. 

,v  lead  angle  of  flight  line  over  the 
sight  line  to  the  target. 


D.  Toss  Bombing 

l.N'ote:  Letters  defined  have  the  same 
meaning  as  for  Level  and  Dive 
Bomiiing.  Letters  with  zero  sub¬ 
script  indicate  values  of  letters  at 
the  time  of  pull-out  from  a  straight 
dive.  I 

(I  retarding  acceleration  on  bomb 
due  to  air  resistance. 


B  proportionality  constant. 

/  =  (  /)  ;  —  h  )  f  . 

/(;.  h.  altitudes  of  points  .V  and  O,  re- 
siiectively. 

K  number  of  gees  acting  on  air¬ 
craft  due  to  both  curvature 
and  gravity  at  any  point  on 
the  pull-up  path, 

X'  time  average  of  K  over  the  [nill- 
U])  arc  OP. 

.V  point  at  which  straight-line  dive 
at  target  is  begun. 

0  point  of  pull-out  from  a  straight 
dive. 


s 


t 

tr 

ts„ 

h 


tr 


U,  1C 


(J„Wr 

V 


X,  U 


^rt  Vr 

P 

a 

e(i) 

9 


point  of  bomb  release. 

radius  of  curvature  of  pull-up 
path. 

variable  distance  measured  along 
the  pull-up  path,  beginning  at 
O. 

time  taken  to  fly  the  di.stance  .s, 
a  variable  time  since  initiation 
of  pull-up. 

closing  time  =  time  for  aircraft 
to  cover  distance  OT  . 

time  for  aircraft  to  cover  dis¬ 
tance  S'O  . 

I,  t,  —  time  when  bomb  strikes 
the  target  measured  from  start 
of  pull-up. 

pull-up  time  measured  from  point 
of  ))ull-out  to  point  of  bomb 
release. 

horizontal  and  vertical  compo¬ 
nents  of  bomb  velocity  since 
release. 

horizontal  and  vertical  compo¬ 
nents  of  V'  at  P . 

true  air  speed  of  plane  along  the 
pull-up  path. 

coordinate  a.xes.  along  and  per¬ 
pendicular  to  the  collision 
course,  respectively,  with  ori¬ 
gin  at  0 . 

coordinates  of  point  P. 

a  particular  function  of  input 
variables  t.,  S,  u,  V  . 

dive  angle  of  the  collision  course 

or. 

a  term  which  accounts  for  change 
in  trajectory  due  to  air  resis¬ 
tance. 

angle  between  J'-axis  and  the 
tangent  line  to  pull-up  path  at 
time  t . 


GLOSSARY  OF  NOTATION 


Sr  aiiKle  between  j'-axis  and  the 
tangent  line  to  the  pull-up  path 
at  P . 

„  =  K  cos  &  =  normal  acceleration 
on  aircraft  alon;;  its  i)ull-up 
path,  in  gees. 

Jl  average  normal  acceleration  over 

the  pull-up  arc  OP . 

ij  horizontal  and  vertical  axes  with 

origin  at  P. 

f-,,  coordinates  of  T  at  time  ti, . 

(7  a  function  of  u  and  S  . 

■f  angle  between  the  horizontal  and 
the  tangent  line  to  the  bomb 
trii.jectory. 

^  mean  value  of  y-  over  arc  PT . 

C  a  function  of  A',  5  and  fi . 

8.9  Definitions  of  Symbols  for  Chapter  7 

a„  normal  acceleration. 

B.S.D.L.  boresight  datum  line:  a  refer¬ 

ence  line  fixed  in  the  airplane. 

b  constant  of  proportionality, 

E.L.L.  eff('ctive  launcher  line;  the  line 

of  departure  of  rocket. 

F.L.  flight  line;  the  direction  of  mo¬ 

tion  of  the  aircraft. 

/  launching  factor. 

H  altitude  of  the  airplane  above  the 

target, 

L.L.  launcher  line  ;  altitude  of  launch¬ 

ers, 

r  present  range. 

Tf  future  range. 

S.L.  sight  line;  line  from  own  ship  to 

target. 

ft  burning  time  of  rocket. 


t,  closure  time. 

t,i  the  delay  time. 

tf  time  of  flight  of  rocket. 

t,,  the  time  the  rocket  stays  in  the 
launchers. 

t,  release  time  of  rocket. 

Vf  average  velocity  of  the  rocket 
over  future  range. 

V,.  gun  station  velocity. 

V,i.  indicated  airspeed  of  the  gun 

station. 

final  velocity  of  the  rocket  rela¬ 
tive  to  the  aircraft. 

V,p  velocity  of  the  target. 

X  horizontal  i)osition  of  the  rocket. 

Z.L.L.  zei'o  lift  line;  a  reference  line 
fixed  in  the  airplane. 

«  angle  of  attack  of  the  B.S.D.L. 
angle  from  B.S.D.L  to  Z.L.L. 

fn  angle  from  B.S.D.L.  to  E.L.L. 

/?  =  /?,+  p, . 

/?,  angle  from  B.S.D.L.  to  the  gyro 
geometric  centerline. 

ft.  angle  from  the  gyro  geometric 
centerline  to  the  sight  line  un¬ 
der  no  rotation. 

8  angle  from  the  horizontal  to  the 

B.S.D.L. 

y  dive  angle,  angle  from  horizontal 

reference  line  to  the  F.L. 

f  angle  from  the  reference  line  to 
the  gyro  geometric  centerline. 

T)  angle  from  the  reference  line  to 
the  gyro  axis. 

9  pull-up  angle  at  any  instant  t . 

Sr  pull-up  angle  at  release. 
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9,1  the  angle  the  tangent  to  the  path 
of  the  rocket  at  D  makes  with 
the  j'-axis. 

A  lead  angle,  angle  from  sight  line 
to  R.S.n.L. 

A ,  lead  angle  in  azimuth  plane. 

At  kinematic  lead  angle. 

r.  lead  angle  for  stationary  target. 

A  angle  from  the  flight  line  to  the 

sight  line. 

As  r.  angle  A  for  stationary  target. 


V  the  angle  between  the  rocket 
slant  range  and  the  collision 
course. 

I  angle  from  reference  line  to  the 
magnetic  centerline  of  the 
gyro. 

a  angle  from  the  horizontal  to  the 
sight  line. 

<To  sight  line  angle  under  no  rota¬ 
tion. 

iji  trajectory  di'op;  the  angle  from 
the  elTective  launcher  line  to 
the  sight  line. 


Appendix  A 


VECTOR  OPERATIONS 


A.  I  Vector  Algebra — Addition  and  Sub¬ 
traction 

By  a  vector  is  meant  a  straight  line  segment 
possessing  a  definite  length  and  direction.  Any 
physical  magnitude  which  also  involves  the  idea 
of  direction  may  be  .-epresented  vectorially. 
Thus  we  may  cite  a.s  e.xamples:  velocity,  accel¬ 
eration,  force,  and  torque. 

Notationally,  we  shall  distinguish  between  a 
vector  quantity  A  and  its  corresponding  .scalar 
value  A  by  employing  bold  face  type  for  the 
former  and  ordinary  type  for  the  latter.  Thus 
for  vector  A  we  have  A  while  its  .scalar  value 
is  denoted  by  A.  Alternately,  we  shall  employ 

the  notation  AR  for  the  vector  directed  from 
point  A  to  point  R. 

Definition  I:  V'ectors  pos.sessing  the  same 
length  and  direction  are  .said  to  be  equal.  Geo¬ 
metrically  speaking,  this  means  that  the  vectors 
in  question  are  necessarily  parallel  or  .segments 
of  the  same  straight  line. 

Definition  2:  The  sum  of  two  vectors  A  and 
B  is  written  A  -f  B  and  is  defined  as  the  vector 
represented  by  the  diagonal  of  a  parallelogram 
of  which  A  and  B  are  adjacent  sides.  This  is 
shown  in  figure  125. 

Since  from  the  figure  we  also  have  B  =  PQ, 
we  see  immediately  that  an  alternate  way  of 
constructing  .A  -f-  B  is  to  draw  B  from  the  term¬ 
inus  of  A  and  recognize  that  A  B  is  then  the 
vector  directed  from  the  initial  point  of  A  to 
the  terminus  of  B. 


Also,  from  the  figure,  we  note  that 

(Tp  +  ^  =  ^  +  m. 

which  expresses  the  fact  that  vector  addition 
is  commutative.  Thus, 

A  -f  B  =  B-h  A. 

The  reader  may  convince  himself,  by  drawing 
an  ap])ropriate  figure,  that  the  associative  law 
also  holds  for  vector  addition : 

(A+B)+C  =  A-F(B-|-C). 

The  sum  of  any  number  of  vectors  may  now  be 
obtained  by  constructing  a  broken  line  whose 
component  segments  are  the  vectors  in  ques¬ 
tion;  the  sum  vector  will  then  be  directed  from 
the  beginning  to  the  end  of  the  broken  line. 

Definition  3:  The  negative  of  a  vector  is 
defined  as  a  vector  of  the  same  length  but  of 

opposite  direction.  Thus  —  AB  =  BA  and 
— 

—  (— AB)  =  AB.  To  subtract  the  vector  B 
from  the  vector  A,  amounts  then  to  forming 
the  sum  .4  -f-  (  —  B).  In  figure  125,  A  —  L  would 

be  given  by  the  vector  RP. 

Definition  i:  The  product  a  A  or  Aa  of  a 
vector  A  and  a  real  number  a  is  defined  as  a 
vector  whose  length  is  a  times  that  of  A  and 
whose  direction  is  the  same  as  that  of  A  if  a 
>  0,  opposite  to  that  of  A  if  a  <  0. 

Multiplication  of  vectors  by  real  numbers  is 
commutative,  associative,  and  distributive.  This 
is  reflected  in  order  by  the  following  equations : 

a  A  =  A  a 

iab)  A=a  (&A) 

(a-f6)A=aA4-6A. 

The  product  of  the  sum  of  two  vectors  by  a 
number  also  is  distributive; 


a(A-|-B)  =  aA-(-aB 
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In  summary,  we  may  say  that  so  far  as  addi¬ 
tion,  subtraction,  and  multiplication  by  real 
numbers  is  concerned,  vectors  may  be  operated 
upon  formally,  using  the  rules  of  ordinary 
algebra. 

A.2  Vector  Algebra — Scalar  and  Vector 

Products 

The  product  of  one  vector  by  another  may 
lead  to  a  scalar  or  to  a  vector,  quantity  depend¬ 
ing  upon  what  type  of  product  is  specified.  Two 
types  of  product  are  defined  :  the  scalar  or  “dot” 
product  and  the  vector  or  “cross”  product.  For 
vectors  A  and  B,  these  products  are  denoted  by 
A  •  B  and  A  B. 

1.  Scalar  Product 

Definition  5:  The  .scalar  product  A  •  B  i.s 
defined  by 

A  •  B  =  AB  cos  (A,  B)  , 

where  (A.  B)  is  the  angle  included  between  A 
and  B,  (O’  <  (A.  B)  _<  180’). 

It  will  be  noted  that  A  •  A  =  Thus  the 
scalar  product  of  a  vector  by  itself  gives  the 
square  of  its  length.  Also,  if  A  is  a  unit  vector, 
i.e.,  A  =  1,  then  A  •  B  will  give  the  directed 
length  of  the  projection  of  B  upon  the  line  of  A. 
Since  the  defir'  expression  for  A  •  B  is  sym¬ 
metric  in  A  a’.d  B,  it  follows  that  scalar  multi¬ 
plication  of  vectors  is  commutative: 

A  •  B  =  B  •  A 

Using  the  definition  for  dot  product,  it  also  can 
be  shown  that  scalar  multiplication  is  distribu¬ 
tive  with  respect  to  addition : 

A  •  (B  A- C)  =  A  •  B  +  A  •  C  . 

A  useful  formula  for  evaluating  A  •  B  can  be 
written  when  A  and  B  are  each  referred  to  a 
right-handed  orthogonal  set  of  unit  vectors  as 
the  basic  coordinate  system.  Thus,  if  i,  j,  k  are 
unit  vectors  so  oriented  that  a  rotation  of  i  into 
j  appears  counterclockwise  when  viewed  from 
the  terminus  of  k  and  if  the  same  can  be  said 
for  rotations  of  j  into  k  and  k  into  i  when  viewed 
from  the  termini  of  i  and  j,  respectively,  the 
ordered  triple  [  i,  j.  k  |  forms  a  right-handed 
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orthogonal  set.  If  the  components  of  A  and  B 
in  the  i,  j,  and  k  directions  are  denoted  respec¬ 
tively  by  A„  A,„  A;,  and  /?„  B,„  /?;,  then  since 
i*iz=j«jr=k*k  =  l  and  i  •  j  r-  i  •  k  =  k  •  j  = 
0,  we  find 

A  •  B  =  (AA  +  AJ  -t-  A:k)  •  {R/i  B„j  +  B^k) 
=  ArB,  -h  A„R„  -f  A.B: . 

2.  Vector  Product 

Definition  6:  The  vector  product  \  '■  B  of 
two  vectors  A  and  B  is  a  vector  perpendicular 
to  the  plane  of  A  and  B  and  so  oriented  that  the 
ordered  triple  |  A,  B,  A '■  B|  forms  a  right- 
handed  orthogonal  set.  The  magnitude  of  A  >'  B 
is  defined  by  A  R  sin  (A,  B) ,  where  0’  _<  (A,B) 
<  180  . 

We  note  first,  in  the  special  case  when  A  B, 
that  (A,  B)  is  O'  or  180'  and  hence  that  A  B 
—  0.  Thus,  we  may  say  that  two  non-zero 
vectors  are  parallel  if  and  only  if  their  cross- 
product  vanishes. 

From  figure  125,  it  is  immediately  evident 
that  the  magnitude  of  A  <  B  is  represented 
geometrically  by  the  area  of  the  parallelogram 
determined  by  A  and  B.  Also,  if  the  order  of 
A  and  B  is  reversed  in  A  B,  that  is  to  say,  if 
one  considers  the  product  B  \  A,  then  to  pre¬ 
serve  the  right  -  handedness  of  the  triple  |  B,  A, 
B'-  A|  the  direction  of  B'<A  must  be  opposite 
to  that  of  A  B.  Thus, 

A  X  B  r=  -B  X  A 

and  wo  see  that  cross  multiplication  is  not  com¬ 
mutative.  As  we  shall  see  below,  cross  multipli¬ 
cation  is  not  associative  either;  that  is, 

(A  y  B)  ^  C  A  V  (B  X  C)  , 
but  it  is  distributive  with  respect  to  addition: 

A  V  (B-f-  C)  A  X  B-f  A  X  c. 

With  A  and  R  referred  to  a  right-handed 
orthogonal  coordinate  system  |i,  j,  kj,  we  may 
derive  a  formula  for 

A  V  B  ^  (AA  +  A„j  +  A,k)'-  {RA  -h  BJ-fB.k) 


VECTOR  OPERATIONS 


by  use  of  the  distributive  law  and  the  relations 

i  X  i  =  j  Xj_=  k  X  k  =  0, 
iXj  =  k,  jxk=i,  kxi  =  j. 

The  result  is 

A  X  B  =  (AM.  -  A  B„)i+  {A  E,-AM  )l 
+  (A,«„- A„/?,)k. 

A  more  convenien*  form  for  remembering  the 
latter  is 

i  j  k 

A  X  B  =  A^  A,  A,  , 

3^  3f/  B~ 

the  determinant  being  expanded  by  minors 
according  to  the  elements  of  the  first  row. 

3.  The  scalar  triple  product,  A  x  B  •  C,  is 
first  of  all  a  scalar  since  it  is  obtained  by  finding 
the  dot  product  of  the  vectors  A  X  B  and  C.  One 
can  easily  show  that,  when  C  has  components 
C„  C,„  C;,  the  product  A  X  B  •  C  is  given  by  the 
formula 

A  f  Ay  A  * 

A  X  B  •  C  =  B,  By  B,  . 

C,  Cy  C: 

Geometrically,  the  numerical  value  of  A  X  B  •  C 
represents  the  volume  of  the  parallelepiped 
having  A,  B,  C  as  concurrent  edges.  More  pre¬ 
cisely,  it  represents  ±  Volume  according  as  the 
triple  |.A,  B,  C]  is  or  is  not  a  right-handed  set. 
Indeed,  from  figure  126,  we  have 

A  >;  B  •  C  =  ’  A  X  B  ]  ^  C 1  cos  9 

=  (area  of  base  parallelogram) 
(it  Altitude) 

=  ±  Volume. 

Since  cyclic  permutation  of  the  letters  in  A  X  B 
•  C  does  not  alter  the  parallelepiped  we  note  that 

AXB-C  =  BXC-A  =  CXA«B. 

From  this  we  conclude  that  a  given  scalar  triple 
product  is  left  unchanged  by  interchanging  the 
dot  and  the  cross. 


A 

Figure  126.  —  Scalar  Triple  Product 


4.  The  vector  triple  product,  (A  x  B)  x  C  is 
a  vector  perpendicular  to  A  X  B  and  hence  is 
coplanar  with  A  and  B.  It  is  easily  verified  that 

(A  X  B)  X  C  =  (A  •  C)  B  -  (B  •  C)  A  , 

and 

A  X  (B  X  C)  =  (A  •  C)  B  -  (A  •  B)  C . 

This  shows,  incidentally,  that  cross  multiplica¬ 
tion  is  not  associative. 


Figure  1 27.  —  Vector  Different/ofion 


A.3  Vector  Calculus — The  Derivative 

The  derivative  of  a  variable  vector  A(f)  with 
respect  to  the  scalar  variable  t  is  defined  by 

dA  aA 

A(t)  = -  —  lim  - 

dt  A«->0  It 


988995  0  -  52  -  19 


/ 


Unlike  the  motion  described  in  A. 3.,  where 
the  axis  of  rotation  was  fixed,  here  the  axis  of 
rotation  passinjr  throrj'h  0  varies  from  instant 
to  instant.  If  P  is  another  fixed  i)oint  of  the  rigid 
body  different  from  O,  then  at  each  instant  the 
velocity  of  P  relative  to  O  is  given  by 


(OP)  =r.  it  .  OP. 


Differentiating  (A. 4)  we  have 

d\  dj 

A(t)  =  AA  +  +  A..k  +  - hA,— 

dt  dt 

dk 

+  A:-. 
dt 

Identifying  OP  in  (A.3)  successively  with  i,  j, 
and  k,  we  obtain 

rt'i  dj  rfk 

—  =  it  \i  ;  _  =  SI!  ^  j  :  —  =  Si  \  k  . 
dt  dt  dt 


Figure  I  29.  —  Time  Derivation  of  a  Vector  Referred  to  a  Rotating  Frame 

In  figure  120,  let  G-XYZ  be  a  fixed  system  of  Combining  the  above  steps  and  simplifying,  we 
coordinate  axes  and  O-xnz  a  moving  system,  ^nd 

being  rotated  and  translated  relative  to  G-XYZ.  .  ... 


Let  ,\(t)  be  a  vector  which  is  at  times  to  be 
referred  to  both  systems  of  axes.  We  seek  a 
formula  for  A(t). 

Let  the  vector  .Vft)  in  component  form  be 
(A.4)  A(t)  A,i  +  A„j  4- A:k. 


A(t)  =  A,i  +  A,j  +  A,k  4-  M  X  (AA  +  A  J 

+  A..k). 


(A.5)  A  --  A/i  4-  A„j  4-  A,.k  +  S*  x  A  . 

When  Aft)  is  fixed  in  magnitude,  (A.5)  reduces 
to  (A.3). 


•  • 


•  •••••••••• 


•'  .t'  ;■ 


•  • 
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Appendix  B 


CONVERSION  TABLES 


B.  I  Introduction 

Throughout  this  book  it  has  been  necessary 
to  employ  military  terminology  and  for  that 


reason  it  is  convenient  to  have  conversion  tables 
which  change  military  units  to  standard  units 
and  vice  versa.  Several  such  tables  are  listed  in 
this  appendix. 


Table  B.i 


Conversion  Table  —  Knots  to  MPH  to  FT/SEC 


()()8()  0080 

1  knot  = - MPH  = - IT  S1-:C 

5280  3000 


1  knot  =  1.151515  MPH  =  1.08888!)  FT/SKC 


KN'oT.s 

MPH 

rr  si'X’ 

KNOTS 

MPH 

FT  SKC 

KNOTS 

MPH 

FT  SKC 

2(H) 

230 

338 

350 

403 

.501 

.5()() 

570 

’^'4 

210 

242 

35.-) 

300 

415 

008 

510 

.587 

801 

220 

2.')3 

372 

370 

420 

025 

520 

5!)!) 

878 

2.50 

20.'> 

.388 

380 

438 

042 

530 

010 

8!).5 

2\i) 

270 

405 

3!K) 

44!) 

0.5!) 

.540 

022 

!)12 

2.')0 

2S.S 

422 

4(H) 

401 

070 

.5.50 

033 

!)2!) 

200 

2!)!) 

43!) 

410 

472 

0!)2 

.500 

045 

!)40 

270 

311 

450 

420 

481 

70!) 

570 

0.50 

!)03 

2S0 

322 

473 

430 

4!).5 

720 

.5.80 

008 

!)8() 

2!M) 

334 

4i)0 

440 

.507 

743 

.5!M) 

07!) 

my 

3(H) 

34.5 

.507 

4.50 

518 

700 

0(H) 

0!)) 

1013  ' 

310 

3.57 

524 

400 

.530 

777 

010 

702 

1030 

320 

30S 

.540 

470 

.541 

7!)4 

020 

714 

1047 

330 

380 

.557 

480 

.5.53 

811 

030 

725 

1(H)4 

340 

3!)2 

574 

4!)0 

504 

828 

040 

737 

1081 

198 
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Table  B.2 

Conversion  Table  — MPH  to  FT/SEC  to  KNOTS 

•)280  o28<) 

1  M  PH - rr,  si:(  - - kn«  )Ts 

3r>(M)  6080 

1  ^rp^  =  1.46«’.667  n'  SIX’ ..868421  KNOTS 


MPH 

IT  SIX’ 

KNOTS 

MPH 

FT  SFX’ 

KNOTS 

MPH 

IT  SIX' 

KNOTS 

200 

203 

174 

4(M) 

587 

347 

600 

880 

521 

210 

308 

182 

410 

(UH 

:3.66 

610 

805 

.630 

220 

323 

lOi 

420 

616 

:36.6 

620 

0(H» 

.6:38 

230 

3.37 

•2(K) 

430 

6:31 

37:3 

6:30 

024 

.617 

240 

362 

208 

440 

646 

:382 

640 

030 

.6.66 

2.'>0 

367 

.'17 

4.V) 

660 

:301 

6.60 

0.63 

5414 

260 

381 

2’26 

460 

67.6 

:300 

660 

068 

573 

270 

306 

234 

470 

680 

408 

670 

08:3 

.682 

280 

411 

243 

480 

70-4 

417 

680 

007 

.601 

2!H) 

426 

2.62 

4!M) 

710 

426 

600 

1012 

500 

300 

440 

261 

.6(H» 

7:53 

434 

700 

1027 

608 

310 

4.V) 

260 

610 

748 

443 

710 

1041 

617 

320 

460 

278 

.620 

76:3 

4.62 

720 

1056 

625 

330 

484 

287 

5:30 

i  i 

460 

7:30 

1071 

634 

340 

400 

•206 

.640 

702 

460 

740 

108.6 

643 

360 

613 

;404 

.660 

807 

478 

7.60 

1100 

651 

360 

6’28 

313 

.660 

821 

486 

760 

1115 

660 

370 

.643 

321 

.670 

8:36 

40.6 

770 

1120  ' 

6410 

380 

O*)" 

330 

.680 

8.61 

.604 

780 

1144 

677 

3!K) 

.672 

330 

600 

.841.6 

612 

71H) 

11.60  1 

686 

Toble  B.3 

Conversion  Toble  —  FT/SEC  to  MPH  to  KNOTS 

.’ItKK)  36<M) 

I  FT  SIX’.  -  MPH - KNOTS 

.•)280  6080 


I  IT  SIX’  =  .6SIHI8  MPH  =..*)'.t’2IO.'>  KNOTS 


FT  SIX' 

MPH 

KN4)TS 

IT  SIX’ 

MPH 

KN4)TS 

IT  SIX’  ' 

MPH  ! 

KNOTS 

:34M) 

205 

178 

414M) 

400 

:3.6.6 

IHN) 

4114  ! 

324) 

218 

180 

620 

42:3 

:3)17 

0’2I) 

4127  1 

54”) 

:344) 

2:32 

201 

6-40 

4:36 

370 

044) 

4141  ! 

;)o< 

:3410 

’24.6 

213 

660 

4.64) 

:50l 

04)0 

*»■)’)  I 

.>68 

:380 

•2.60 

2’2.6 

684) 

464 

40:3 

084)  ; 

668 

580 

44H) 

•273 

2:37 

7<K) 

477 

414 

IIMN) 

4)82  ' 

502 

4'24) 

2841 

240 

724) 

401 

4’26 

14)-20 

410.6  ! 

604 

4  44) 

:304) 

261 

744) 

.605 

4.38 

14)44)  i 

700 

616 

44H) 

314 

•272 

7414) 

.618 

4.60 

l4Mi)) 

72:3  i 

628 

484) 

:327 

•284 

784) 

.6-22 

162 

14)84) 

7:341 

41:30 

~  .64H) 

:34l 

206 

,84K) 

.545 

474 

114)0 

7 .60  j 

651 

.6’21) 

:3.6.6 

308 

8’21) 

.650 

486 

II ’20 

7414 

663 

.6-44) 

3418 

:120 

844) 

57^ 

407 

1140 

777  i 

67.6 

.6414) 

3?>2 

3:12 

,8410 

58«1 

.64)0 

11)10 

701  1 

4187 

.684) 

30.6 

:34:3 

884) 

41)M) 

.621 

1 184) 

805  1 

4)00 

_ _ _ 

_ _ - 

- -  - 

-  -  ■ 

-  - 1 
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Table  B.4 

Conversion  Table  —  DEGREES  to  MILS 

1  di;(;ri;k  =  -’"-(KKMi)  mii-s  =  i7.45;j2<w  mils 
180 


(The  Fire  Control  Mil) 


Degrees 

MimUes 

Sownds  1 

1 

0 

0  (MXK) 

00 

1(447.  1970 

120 

2094. 4951 

0 

0  (KKIO 

0 

.  (KXK) 

1 

17  4.*)44 

01 

l(H44  (>.i0X 

121 

2111. X4X4 

1 

0  21X)9 

1 

.(K)48 

2 

44  !MXUi 

02 

10X2.  1(4(1 

122 

2129  4017 

2 

O.iXIX 

2 

.(K)97 

."j 

.■)2  .V)99 

04 

lOiH)  ■).i74 

124 

2140  7.').i0 

4 

O.X727 

4 

.0145  ' 

» 

09  S142 

04 

1 1 170107 

124 

21()4.20X;( 

4 

1 . 1040 

4 

,0194 

O 

H7  2f)0') 

(m 

li;!4  4040 

12.i 

21X1 .0010 

o 

1.4.544 

o 

.0242 

t) 

104  7I9S 

00 

ll.il. 9174 

120 

219!>.  1149 

0 

1 . 74.54 

0 

i  .0291 

7 

122  1740 

♦»7 

1 109  47(M) 

127 

2210  .iOX2 

7 

2.0402 

7 

.0449 

H 

149  fi2fi4 

ox 

1 1X0  X2.49 

12X 

22.44.0214 

8 

1  2.4271 

8 

1  .04X8 

9 

l.’)7.079fi 

09 

I2(4(  2772 

129 

2251  4747 

!) 

2.01X0 

9 

■  .(M40 

10 

17!  ■)429 

'70 

1221 .740.i 

140 

220X  !»2X() 

10 

2.90X9 

10 

.(MX5 

11 

191  9«02 

■1 

1249  ix;{x 

141 

22X0.;iX14 

11 

4.i!mx 

1 1 

,0.544 

12 

209  149.') 

72 

.  I2.')0.0471 

142 

240.4.X;{4() 

12 

4.4907 

12 

.05X2 

i:i 

220.M92M 

74 

1274  ()!M41 

144 

2421 .2X79 

14 

i  4.7X15 

14 

'  .00.40 

14 

244.4401 

74 

1291  ..'>440 

144 

2W8.74I2 

14 

!  4.0724 

14 

.0079 

lo 

20I.7!HM 

7o 

140X0909 

I4.i 

2450. 1!»45 

15 

!  4  .4044 

15 

i  .0727 

If) 

27!)  2.’.27 

70 

1420  4.i02 

140 

2474.0478 

10 

i  4.0.542 

10 

!  .077(5 

17 

2!H).70f>0 

i  4 

l444.!X)4.i 

147 

2.491 .1011 

17 

1  4.9451 

17 

.0824 

IH 

414  l.•)94 

7X 

1401  .4.iOX 

I4X 

240X..i.i44 

IX 

,  5.2400 

18 

.0X74 

19 

;UI  (1120 

79 

147X.XIOI 

149 

2420. (X»77 

19 

,  5. 5209 

19 

.0921 

20 

449.00.V.( 

'  MO 

1.4%  2044 

140 

2444.4010 

20 

.5,XI7X 

20 

.0970 

21 

400.. '>191 

XI 

1414.7107 

141 

2400  9142 

21 

;  0.10X7 

21 

i  .1018 

22 

4K1.9724 

H2 

1441 . 17(X( 

142 

24 7X  4075 

22 

i  ().4!H)5 

22 

1  . 1(M>7 

ifi 

101  42.')7 

Kl 

144X  0244 

144 

2495. 820X 

24 

0.0904 

24 

1  . 1 1 1.5 

24 

4IH.H71M) 

H4 

1400  0700 

144 

2514.2741 

24 

0.9X14 

24 

i  .1104 

2.') 

440  4424 

H.i 

I4K1  .i2!H) 

H.i 

2.540.7274 

2.5 

i  7.2722 

2.5 

.1212 

20 

4.')4 . 7K.')0 

Xfi 

l.i(K)OX;(2 

140 

2.i4X,  1X07 

20 

7. 5041 

20 

1  .1201 

27 

471  24X9 

x7 

l.ilX.4404 

147 

25().i  (mo 

27 

1  7.8.540 

27 

1  .1409 

2S 

4XX  (1922 

XX 

|.i4.i.XX97 

14X 

25X.4  0X74 

2X 

!  8. 1449 

28 

!  .  1457 

29 

■)00.  14.').') 

X9 

i.i.');(  4440 

149 

20(K).  .■)4(M) 

29 

i  X ,  44.5X 

29 

I  . 1400 

40 

.■)24 .  .')9XX 

!K) 

l.i70.7!Xi4 

l.iO 

2(il7  !H(49 

40 

i  X  7200 

40 

1  .  14.')4 

41 

.'>■11 .0.')2I 

!)l 

l.iXX  2490 

l.il 

20;{.i.4472 

41 

■  9.0175 

41 

!  .  1.504 

42 

.').')X  ')( ).>4 

92 

:  ioo.i.7029 

l.i2 

20.52.  !HK)5 

42 

'  9.40X4 

42 

1  . 1.5.51 

44  ; 

57.')  9.W7 

94 

'  1024.  I. ')02 

l.i;{ 

207o.;j.i;ix 

44 

i  9  .5994 

44 

'  .  1()(M) 

44 

.')!)4.41 19 

94 

1040  ()09.i 

I.i4 

20X7. X070 

44 

9X902 

44 

!  . 1048 

4.j 

'  010  X0.')2 

!).i 

KwX  (Mi2X 

I.V> 

2705  2f)04 

45 

10  1X1 1 

S") 

1  . 1(597 

41) 

02X.41X.') 

!)0 

107.')-.  .i40l 

l.iO 

2722.7140 

40 

10  4720 

40 

1  . 1745 

47 

♦>45 .7718 

!)7 

I  1092.9094 

157 

2740. 1009 

47 

10  70‘29 

47 

i  . 1794 

4S 

004, 22.il 

9X 

1710  4227 

l.iX 

27.57 . 0202 

4X 

II.0.54X 

48 

;  .  10(2 

49 

0X0.07X4 

99 

I727.X7(H) 

l.iO 

277.5 . 0745 

49 

11  4440 

4!l 

t  .1X91 

40 

09X. 1417 

:  IIK) 

I74.i.42!)4 

100 

2792..52()X 

40 

1 1  ,04.55 

40 

j  . 1949 

41 

71.i..iN.')0 

101 

1702.7X2.i 

101 

.  2X09  0X01 

41 

11  !)204 

41 

1  . 19X8 

42 

744 . 04X4 

102 

.  17X0  24.iX 

‘  102 

2X27.4444 

42 

:  12.2174 

42 

1  ,2040 

44 

7.i0  4910 

104 

1797.0X91 

lo:{ 

28-14  XX07 

44 

:  12. 50X2 

44 

!  . 20X5 

44 

707  9449 

1(44 

lXl.i.l424 

,  KH 

j 

2X02. 44(X) 

i 

44 

I2.7!H)1 

1 

1 

44 

i  .2144 

1 
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Table  B.4  —  Continued 
Conversion  Table  —  DEGREES  to  MILS 

1  1>I:(:UI;K=  iKXX))  MiL'<  =  IT.4'»:521W  mils 
I  HO 

(Th<“  Fire  CdiOntl  Mil) 


l)ogri'<'s 

Miiiiit<>s 

S<-c()ii(l.«i 

t.') 

10.') 

~8;{2  .■)0.'>7 

Hi.') 

2.S70  7!»44 

4') 

14.0!I1HI 

1.5 

.2182  1 

4(> 

S02.H.‘>I.'. 

loti 

IH.'>0  ()4!IO 

Hili 

2807.2401) 

40 

I4.48(K) 

40 

.2240  1 

47  ^ 

S20  ;«M7 

107 

lKli7  .■)t)2:< 

H)7 

2014  0!K)0 

47 

14.0717 

47 

.227!>  1 

4S 

H;i7  7:)Ho 

lOS 

ISH4  !).').')li 

HiS 

2042  l.')41 

48 

14.!Ki-20 

48 

.2427 

4!) 

So.')  21 1;{ 

10!) 

1!H)2. 40S0 

HiO 

2!M0  IKMil 

40 

1 4  2')X') 

4!) 

.  2470 

.■>() 

S72.004t) 

1  HI 

l!IIO.Hti22 

170 

2!M)7.0.o!)7 

.')0 

14  .5444 

.50 

,  2424 

■)1 

S!KI  1170 

1  1  1 

1047  ;ji.v> 

171 

20KI  .ol40 

.')! 

1 4  84.54 

51 

.2474 

o’ 

1K)7  .■>712 

1 12 

I0.')^l .  7tiSM 

172 

4INH  .!Nili4 

.52 

1.5  I  ’O  ’ 

52 

.2.521  I 

o:) 

02.')  (»24.*) 

1 14 

1072  2221 

174 

40I0.4l!Hi 

.')4 

1.5  4171 

.54 

. 2570  i 

.■)4 

042.477S 

1 1  t 

lOKO  ti7.')4 

174 

404li  87  ’0 

.')! 

1.5  7080 

.')4 

.2iii8  ; 

!>.V.).o;ill 

1 1.'> 

2(K)7  l2S(i 

17o 

40o4  4202 

.5.5 

1.5.0080 

.">5 

. 2000  ' 

.■>() 

077.:{KH 

1  Hi 

2021  .'iSI!) 

I7t) 

4071  770o 

.50 

Hi  2807 

.51i 

.2715 

.77 

004.8.477 

117 

,  2012  ()4.')2 

177 

4080  242.H 

.57 

10  .')8<Hi 

i}t 

.2704 

oH  • 

1012  2010 

1  IS 

20.')0  ISKi") 

17S 

4HMi  0.S0I 

.58 

Hi  8715 

")S 

.2812 

•>!) 

I02tt  7  I4;{ 

1  l!l 

•207li.!)-llS 

170 

4124  1404 

.50 

17  1021 

.50 

.  2800 

00 

1047  1070 

120 

20!»1  .40.'il 

180 

4141  .V.)-27 

01) 

17  4.544 

00 

.21KH1  1 

Toble  B.5 

Conversion  Table  —  MILS  to  DEGREES 

1  M() 

I  MIL^ - 10-’  Di:(iHi:i-S  =  .05721t«  DW iKKLS 

* 

rX'ciniul  Viiliics  of  IVgn*<‘s 

!  i  '  1 


loix)  .Mil... 

loo  mils  1 

lU  mils  1 

1 

1  lutls 

1 

1 

1  -  mil 

10 

1 

57. 20.5.8 

5. 721  Mi 

,5740 

1  .0574 

;  .(X).')7 

.) 

114. 5010 

11.1.502  i 

1.14.50 

1  .1140 

1  .0115 

.1 

171 .8874 

17.1.887 

1.7180 

,1710 

j  .0172 

1 

22!)  I.8;{| 

22.01.84 

2  2018 

.  2202 

'  .0220 

.5 

2.80.  17.8!) 

28.0170  ' 

2.8018 

.280^5 

.0280 

0 

444.7747 

44  4775 

4  4477 

I  .4448 

j  .0444 

7 

101  (170.5 

40. 1070 

4  0107 

1  ,4011 

;  .0401 

8 

1.58  4002 

4.5  84(i0 

4 .  .5847 

i  .4.58-1 

.0-l.')8 

!l 

.51.5  (i020 

.5 1 .  .5002 

.5. 7.500 

.0510 

Degree.s,  Minutes, 

,  and  Seconds 

HMX)  lulls 

HKI  mils 

10  mils 

mils 

'  mil 

10 

1 

“.57°  17' 14  8” 

5°44'4ii  5' 

0°44'22  (i- 

0°4'20.4'' 

0°0'20.0 

.) 

1I4°4.')'20  0' 

1  l°27'44.()' 

1°8’4.')  4" 

0°0'.52.5' 

0°0'4 1 . 4 

4 

171°.')4'I4  1' 

17°II'I0.4' 

r4.ro7.o' 

0°10'I8.8' 

0°j'01 .0 

1 

220°IO'.')0  2" 

22°.')5d.').0' 

2°17'4O.0' 

0°I4'45, 1  ’ 

0°1'22..') 

.5 

280°28'11  0' 

28°48'.52.4' 

2°.')r.')4  2' 

0°17'l  1 .4" 

0°r44. 1 

(i 

4 14°40'28  S ' 

:{4°22'48.0' 

4°20'1.')  0' 

0°20'47  ti” 

0°2'04.8 

7 

10l°4'14  0' 

4()°0'2.5.4' 

4°0'48  5’ 

O°24'O4.0'’ 

()°2'24 . 4 

8 

4.58°2I'.')8.4' 

4.5°.')0'11.8' 

4°4.5'l.2' 

0°27'40.  1  ' 

0°2'4.').0 

0 

.5I.5°4!»'44.4'' 

.')1°34'.58.4' 

.5°0'24.8' 

0°40'.50 . 4 ' 

0’4'0.5.0 

•  ••••••••••• 
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Table  B.6 

CONSTANTS 


RKCIIMKK'AI^ 

1  T 

3.14150 

2«).')35 

80703 

I 

w 

0.31830  08801 

83701 

r 

~2 

1.57070 

()32t)7 

0-IS07 

2 

r 

0.03001  07723 

07.582 

! 

t).2S;tl.S 

.53071 

70.5,8») 

1 

•Jr 

0.  1501.5  40430 

0180.5 

T- 

O.StiOtlO 

44010 

803.50 

1 

T"' 

0.10132  11 8:10 

42:138 

\  JT 

1 .77245 

38.500 

0.5.510 

1 

8  T 

0.50418  0.5835 

477.50 

i.2.>;«i 

41373 

1.5.')00 

Vx 

0.70788  4;5tl08 

02805 

N  2t 

2  .■)IHltl2 

82740 

3I(K)I 

1 

v'27 

0.3!t801  228(41 

01 4:1:1 

c 

2.7182H 

I82!U 

.5!HM.5 

C 

0. 31)787  01411 

71442 

f- 

7.:{S!KI5 

tMIOHO 

3tH)50 

e'^ 

0.13.533  528112 

:10013 

v7 

1  .t)4.H72 

12707 

00128 

1 

Vf 

0.0(M).53  00.507 

12t):i3 

log  10' 

0.43420 

44810 

032.52 

log,  10 

2.302.58  .50020 

04040 

g=:{2.174ff  >(•('■  =  10.72.)  yds  sec-  I  nxlijiii  =.57.21>o77  OoIUO  H2321  di'nrit's. 

p  =  ,07.'>ld  Ids  ft  ' =  .002;5d.")  slugs  ft’  1  dogm' =0.0174.)  .3202')  10043  nuliaiis. 

1  si;itul<-  mill-  =.')2S0  ft.  1  nautical  mile  =(>080  ft. 


The  Speed  of  Sound 


Ti-miicraturc 

S|Kcd  of  .8oun<l 
FT.  SEC 

Si))'<'d  of  Souiul 
.MPH 

O" 

1088 

742 

20'’  ' 

1120 

770 

100° 

1260 

803 

.5(X)° 

1811 

1237 

1(KX)° 

2207 

1.560 
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